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Groups Generated by Two Operators Whose ‘Relative 
Transforms ure Equal to Each Other. 


By G. A. MILER. i 


If s and { represent two operators of a group the important operator 
gu | 
is known as the transform of t with respect to e. Similarly ¢~‘st is called the 
transform of s with respect to t.. These two transforms are usually distinct. 
When s and ¢ are commutative they are equal to each other whenever.s and ¢ 
are identical and only then. When s and ¢ are non-commutative the equality 
of these transforms still implies, among other ‘things, that s and ¢ have the 
same order, since the order of an operator is equal to that of all its transforms. 
The main object of the present paper is to determine fundamental properties 
of the groups generated by s and £ when they satisfy ihe equation 
sUs=tst, o o: | (Α) 

but are not otherwise restricted. | 

Our first object is to determine the order of t~s when the common order 
of s and | is an arbitrary positive integer a. For the determination of this | 
order it is convenient to employ the equation 


"IM (s) = st, x = (B) 
which ean readily bé established by writing (A) in the form 
P558 5I. 
and substituting in the second member of 
| APS ες ος 

From (B) it results directly that t~'s is transformed into its square by s^, 
Hence s transforms into itself the cyclic group generated by ts, and the 
group G generated by this cyclic group and s is identical with the group 
generated by s and ¿. In particular, it results that G is of finite order pro- 
vided £^!s is of finite order. "We shall now prove that the latter order is a 
νυ Be J= pa, 2H. 
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This fact can easi e bs astebiiched by means of (2). When a=) no 
proof is required, Whe>n 471, seta of four feccors in the first member of the 


8 
foliowing eauation, begto ing ai ihe iett, 


can bo replaced by sets οἱ tco factors by means of (B). We tuus obtaia the 
simpler ecratica 


ges (si 713 qas (Ht p 


When cx? it is evident that tbe members of ihe last equation reduce ie 
identiiy, οσα» we may write out the last member of tins equat uon aud 
in ib effect a similar rec οἱ} γο by means of (B), thus — the equation 
ο ΗΕ ο Ομ. 

The members of this equation ar- evidently equal to the identity when «-—3. 
When «2 vic process may clearly be repeated until the identity is reached. 
lieneo we ibsorem : 

if s aud ἡ are (ws operaiors of order a which sawsiy ihe coudition 
~~ then the occer of t's ds a divisor of 2^-—1. 
She fact that the orzar οὐ ts mast be exaoily λα whenever no addi- 
mar be cstabhahed py aetva ly sou- 


tional restriction Js pleeea op «s und i, 


yrr 


structing a group inv ving operators whicb saasfy these conditions. we 
proceed to do ibis. Le. ^ represent an operator ot order 2°—1 BUG 125 δ. 
represent an operator ο. orders a in the groap of isomorphisms of the eycie 


£5 
ΟἹ 
group generated by 4. Since 2 belongs to exponent a mod Z*—1 1 may be. 
assumed that ssj = ti. epe hence 
- 5 ES h * 

The operators s, and s i` eve therefore of order a. Their relative transforms 
are equai ta each other suuce 
—1 


ca a -- αν ης pone] 8. ποιά Mj ~} -- ἐν AT 
oF * St eq — hy Sy ne d i δ = $3i; ώς τι E 


In fact, {115 second newiers of Shese two equations are the inverses of 


e 


perzalors which were [proved equal] to each ciber and hence they must also be 
equal to each other. | ; 

from {19 preeedin; ενος πρ) it results ipot there are two operators of 
o"Ger œ, ο, being any po itive integer, whose relative transforms are equal to 
each other ard which sntisfy the condition that the prodvet of one aud the: 
inverse of the other ^ cf order 27—1, Hence the following tucorem bas 
been estanlis sid; 


Whose Relative Transforms are Equal to Each Other. 3 


If the relative transforms of two operators of a group are equal to each 
other these operators have the same order a and when they are not otherwise 
restricted they generate a solvable group of order a (2*—1). 


For a particular value of « there is one and only one such group. This 
group contains a cyclic commutator subg group of order 2°—1 and is generated 
by this subgroup and an operator of order a which transforms each of its 
operators into its square. In view of the great importance of the concept of 
transform in the theory of. groups and the remarkable simplicity of these ΄ 
groups it may be desirable to denote this system by a special name. We shall 
call it the equi-transform system of groups. | x 

For the sake of illustrations it may be desirable to note that when «—1 
this group is the identity, when a=2 it is the dihedral group of order 6, when 
a==3 it is the semi-metacyclic group of order 21, etc. It ir evident that each 
of the groups in the equi-transform system contains a set of 2*—1 conjugate 
cyclic subgroups of order a which are therefore separately transformed into 
themselves by only their own operators. Moreover, when α is even and repre- 
sented by 2n all the 2"+1 operators of order 2 contained in such a group con- 
stitute a single set of conjugates. The fact that each of these operators of 
order 2 appears in at least one set ‘of independent generators of G resuits 
directly from the following evident theorem: 


If each one of a complete set of conjugate operators of a group can be 
transformed into each of the other operators of the set by some operator of the 
set then each of these operators appears in at least one set of wmdependent 
generators of the group. 


From the preceding paragr aa it results directly that the @-subgroup of 
G must always be of odd order. We' proceed to prove that the order of this 
subgroup is 2"—1 divided by the product of all its distinct prime factors. To 
prove this theorem it is only necessary to prove that every operator of Οἱ whieh 
is not found in its invariant cyclic subgroup of order 2^—1 does appear in at 
least one of the sets of independent generators of G. . If this theorem were not 
irue there would be such an operator $ of prime order p which would not 
belong to & set of conjugates having the properties noted m the theorem closing 
the preceding paragraph. 
since S would be a power of an Des 6 of order « contained in G it 
may be assumed that a=ky and that.s^ís—U, t beriag a generator of the 
invariant cyclic subgroup of order 2*—1 contained in G. Hence Ν' 
| Ss Sr | 
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it may be noted that wher 2*—1 is prime to p the theorem is evident, ‘Hence 
we shall assume in whai ‘ollows that 2*— 1 is divisible by p. Moreover, it 
may be assumed that 5 is »ommutative with the Sylow subgroups whose orc 2: 
are prime to p contained in the invariant d subgroup of order p -1. 
Hense it resulte that. | : 
38.15 mod (2°—1)/p. 
It is easy to prove tant this congruence is impossible. In fact, 
p(2*--1) «2*—1 

since p: 2*«2*—9'», Hence the operator S belongs to a est of Me bM Suc 
that each of the operatois of the set is transformed into every operator of the 
set by some operator of the set, and the following theorem Bon peen esteliished: 

The b-subgroup of every group in the equi-iransform system ^s cyclic and 
of order 2?—1 divided by ihe product of the distinct pras factors of imis 
number. Incidentally it hag also been proved that every prime fecior of 
α is a diviscr of the rena: der obiuined by suoiraciing unity from some prim? 
factor of 2*—-1. : 
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A Classification of General (2, 3) Point Correspondences 
Between Two Planes. 


By TEMPLE Ὥτοπ HOLLCROFT. 





$1. [INTRODUCTION AND (ἘΠΒΆΑΙ, Discussion. 


i. Introductton—The purpose of this paper is to discuss and classify 
algebraic (2,3) point correspondences between two planes. Such a corre- 
spondence is established between two planes (2) and (2’) when an algebraic 
relation in Αι, 44, @ and ti, %, %3 exists such that to any point of (a) shalf 
correspond two points of (#), and to any point of (#’) three points Of qx 

While the theory of (1, 1) correspondences has been thoroughly devel- 
-oped and that of (1, n) correspondences treated in some detail, there are but 
few writings that consider the case in which both planes are muitiple and thus 
have a direct bearing on Lhe subject ot the present paper. The first paper on 
(2, 2) point correspondences was published im 1889 by P. Visalln.* In this 
paper he discusses a very special case in which the lines of either plane 
correspond to conics in the other. Burali-Fortif later obtained certain (2, 2) 
correspondences by combining two (1, 2) correspondences and showed that 
the case treated by Visalli is included in these. The first investigation of 
general (2, 2) point correspondences was made.by G. Marletta.i He considers 
two special types and deduces the properties of their associated transforma- 
tions geometrically in four dimensional space. Finally an exhaustive classifi- 
cation of (2, 2) point correspondences has been recenily made by F. R. Sharpe 
and Virgil Snyder.§ | 

The only paper to date on correspondences of multiplicities greater than 
two is that of Richard Baldus, || who has investigated certain properties of 
(my, m) point correspondences by geometrical methods. 

. HERES 
EE CC UC ο ποσα (2, 2),” Rend. del Oire. Mat. at Palermo, Vol, III 


(1889), pp. 165-170, | 
ΤΟ. Burali-Forti, “ Sulle trasformazione (2,2) che si possono ottenere mediante 

i j ] | 1-99. 
doppie," Rend. del Ciro. Mat. di Palermo, Vol, V (1381), pp. 9 P | 7 
5 το. Marletta, “La trasformazione quadratica (2, 2) fra piani," Rend. del 69ο. Mat. di Palermo, 


Vol. XYII (1903), pp. 173-184. “La trasformazioni cubiche (2, 2) fra piani,” same άν pp- i i 
. $ F. R. Sharpe and V. Snyder, “ Types of (2, 2) Point Correspondences Between two Planes. A; 


M. S., Vol. XVIII (1917), pp. 402-414. | 
|R. Baldus, “ Zur Theorie der gogenze! 
Mat. Amal, Vol. LXXII (1912), pp. 1-50. 
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9. A general (2,3) point correspondence is said to exist between two 
planes (2) and (2’) when the points of the two planes are related as follows: 
Choosing (x) and (4) respec ively for the double plane and the triple plane, 
to a point P’ of (z') correspond three points Pi, P,, P, of (x), ordinarily 
distinct. To P,, P,, P, correspond in (27) the original point P’ and the 
rasidual points Pi, P}, P}, respectively, which are usually distinct from each 
other and from P’. One more step will fully illustrate the general procedure. 
To P}, Pi, Pi, respectively, ecrrespond the three sets P,, P,, Ps; Po, Po, Pr 
P,, Ps, Py, the three points in cach set being usually non-coincident. 

If in (4) the three residue! points Pj, P;, P, coincide in one point Pe, 
then the three points P,, Pa, P, of (ο) correspond to either P' or P, of (2) 
and to each of the points P,,.9,, P, corresponds the pair P',P,. Such an 
involutorial (2, δ) point correspoudence may be obtaimed by combining a 
(1, 2) and a (1, 3) point correspondence and is known as a (2, 3) compound 
involution. Since (2, 3) comvcund involutions, although distinct types, are 
not general (2, 3) point correspondences, they will not be discussed in this 
paper. i 

In the general (2, 3) point correspondence between two planes, a type is 
distinguished and defined by ‘tro equations, each algebraic in the coordinates 
of both planes. As shown in the next article, such a pair of equations estab- 
lishes an algebraic relationship between the planes (4) and (α’) such that to a 
point of (x) correspond two points of (a7), and to a point of (x) correspond .. 
three points of (2). By analogy to Riemann surfaces, (a) is called the double 
plane and (4) the triple plane. By considering all the possible forms of 
these defining equations that do not establish (2,3) compound involutions, 
twelve independent types of general (2,3) point correspondences have been 
obtained. By independent types we mean those that can not be reduced, one 
to the other, by any series of birational transformations. It will be shown 
finally that all general (2,3) point correspondences are birationally equivalent 
to some one of these twelve types. 

3. General Properties —Vhe defining equations of a (2, 3) point corre- 


spondence between two planes (z) and (4) may be written as two al 


ebraie 
equations of the form, EM 


Lit, (2) 44 (2) —0, (1) 


Lv,(z)v,(z') =0, 


^ t ν΄ i - 
When zj, αὐ, 2; are parameter: 


| ron these equalions represent two curves of (x) 
interseeling in three variable p 


omis corresponding to the point (oj, 25, 9s), 
~ | J 


M 
| 
i 
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and when 2, %,, are parameters, two curves of (4’) intersecting in two 
variable points corresponding to the point (αι, £a, £s). Connected with each 
(2, 3) point correspondence, the defining equations establish.a transformation 
between the two planes (x) and (z/) such that to a line C,(z) corresponds a . 
curve C; (x) of order n and genus p’ which may have fundamental points 4, of 
multiplicities r,. Likewise to a line Οι (x) corresponds a curve C,(z) of order 
n and genus p which may have fundamental points A, of multiplieities f. 

The fundamental or basis points of a given plane are fixed points on the - 
curves of that plane. The order of a basis point is its multiplicity on the 
images of general lines. Το each basis point of order r in either plane corre- 
sponds a basis curve of order r in the other plane. If a-curve C passes 
through a: basis point 4 its image.is composite, consisting of the image of 4 
counted as many. times as the multiplicity of A on C and a residual curve 
called the proper image of. C. 

To a point P’ of (z') correspond three points Pi, Pa, Ρε of (a) which 
describe the curve C, as P' describes the line Cj. Similarly, to a point P of 
(x) correspond two points Pi,.P; of (α΄) which describe C, as P describes Οι. 
To the point of intersection of two lines of (x) [(2')] correspond in (2) [(2)]-- 
two [three] non-basic intersections of the image curves of these lines. These 
two [three] image points always lie at the two [three] intersections of the 
two curves of (xz) [(z)] given by the defining equations in which the parameters 
are the coordinates of the common point of the two lines of (α) [(2)]. The 
images in both planes are distinct except for points on certain fixed curves, 

If the two images Pi, P; of a point P of (2) coincide, P is on the branch- 
point curve of (2) which will be called L(x). The locus of the corresponding 
coincidences is the coincidence curve of (x), denoted by Κ'(α’), which is in 
(1, 1) correspondence with L(x). If in (2), two of the three images of the 
point P’ of (2’) coincide, P’ is on the branchpoint curve L'(z') and the coinci- 
dent image points P,esP, describe the coincidence curve K (v) in (æ) which is 
in (1, 1) correspondence with L'(z'). At the same time the remaining image 
point P, in (2) describes a fixed locus I'(z), the residual image of L'(z') and 
also in (1,1) correspondence with it. When all three image points coincide, 
K (xz) and T'(z) have a common tangent at P,=P,=P, and P’ is a cusp on 
L'(z). There are but a finite number of points of (z') whose three image 
points in (2) coincide unless every point of L'(z') has this property. 

The equation of L(x) is the condition on the z, that the two curves of 
(x') given by the defining equations be tangent, L(x) has no non-basic multiple 
points. The proper image of L(z) is K'(z') counted twice. Κ'(σ') may have 
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non-basie multiple points since it is of the same genus as L(x). In like 
manner the equation of L'(z') is the condition on the œ; that the two curves of 
(x) be tangent, Aside from the basis points, the only singularities of L’(2’) 
are cusps. "The proper image of Ι/(α') is [Κ (2) 15 (0). Both K(x) and 
Γ(α) are of the same genus as L'(z') and may have non-basic multiple points. 
When the genus of the image curves of the straight lines of one plane is 
known, the order of the branchpoint curve of that plane can be readily found 
without the above-mentioned algebraic process which is always possible, but 
sometimes laborious. If ¢ is the multiplicity of the transformation and p the 
genus, the number of coincidences of the transformation is.given by the-for- 
mula 2(£-4-p—1), known as *Zeuthen's formula."* Since these coimcidences 
are in (1, 1) correspondence with the intersections of the branchpoint curve 
and a general line of the other plane, the order of that branchpoint curve is 
| 2 (E p—1). | l | 

All image curves of (x) have only contacts with L(x) in accordance with 
the lemma: 


If a point P of (x) describe a curve C, the necessary and sufficient condi- 
tion that its images Pi, Pa of (x) describe distinct curves is that C touch L(x) 
at every common point. 


This lemma was proved for (2, 2) point correspondences t where it was 
valid for both planes. In the case of (2,3) point correspondences, however, 
it holds only for the double plane (2). For the triple plane (z/) we have 
the lemma: 


If a point P' of (x) describe a curve C’, the necessary and sufficient con- 
dition that its images Pi, Pa, Pa of (x) describe distinct curves 15 that C' and 
L'(x') have contacts and intersections respectively equal to the intersections 
of the image of C with K(x) and Y (x). 

Applying these lemmas to the fixed curves of (x) and (z/) we have the 
theorem: 


In (x) D'(a') and K'(z') have r intersections and s tangencies corre- 
sponding m (x) to r tangencies of L(z) and V (x) and s tangencies of L(x) 
and K (a). 

If a line Cj meets K'(z') in 2’ points, its image in (2) is a curve C, tan- 
gent to L(x) at $ points. The image of C, is Cj counted three times, and a 

* Zeuthen, “ Nouvelle démonstration de théorémes sur des séries de points correspondants sur deux 


courbes,” Mat. Annal., Vol. ITI (1871), p. 160. 
ΤΕ. R. Sharpe and V. Snyder, loc. oit., Article 2. 


-- 
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residual curve that cuts C; in 2d-+1 points corresponding to the d variable 
double points of C, and the i' contacts of L(z) and C,. If a line C, meets 
K(x) and F(s) in ἑ and } points respectively, its image in (z’).is a curve Ca 
which has 4 contacts and j intersections with L'(z'). The image of C, is C, 
counted twice, and a residual curve intersecting C, in 2d'--1 points corre- 
sponding to the { contaets of C, and L’ (a’ l and the d' variable double points 
of C,. 

4. Types of Corréspondences. — Thero are twelve. independent types of 
general (2,3) point correspondences between two planes. Special cases may 
be common to two or more types. Each type is established by a set of 
defining equations as described in the preceding article. For convenience, 
these have been divided into three classes with respect to the curve system in 
the triple plane. 

Class 1. Lines and conics ; five types. | 

Class 2. Curves of order n having basis points of multiplicity n—2 at 
the vertex of the line pencil; four types. 

Class 3. Conics with two basis points; three types. 

The following table shows the curves employed in the defining equations 
for each type. The symbol C,;jP, means a curve of order s with 7 basis 
points of each multiplicity 1. 


Class. - Type. w(2’)=0.  u(x)—0. υἱ(α)--0.,: v,(7)=0. 
I line | line conic cubic 
II ]ine cubic conic . line 
1 iH line conie; P, conie conie ; P, 
IV line cubic; 6P, conic cubic; 6P, 
B V line conic; 2P, conic cubic; P,P, 
VI line pencil cubic Ca; Pue line 
9 - ΥΠ line pencil line pencil C; Poa Οδ 
Vill line pencil — cubic;6P, ον ο cubic; 6P; 
IX line pencil — cubie;8P, ο 1... Cy; 8P, 
σα conic; 2, line —. conic; 2P, cubie 
8 ΧΙ conic; 2P, conic; P, conic; 2P, conie ; P, 
i XII conic; 2P; cubic; 6P, conic; 2P; cubic; 6P, 


Each of these types will now be discussed, Type I in detail and the others 
more briefly. Similar methods are used in investigating all the types, but the 


algebraic details naturally differ. 


2 
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$2. Crass 1. Five Tyres. 


5. Typel. Image of a Lane.—The defining equations, 


/ 8 
2j 0,0, 70, : . | (1) 
kai ' 
8 
Συ. (2) v, (2) =0, | (2) 


where u,(z)=0, υἱ(ᾳ’) —0 are respectively cubics of (2) and conics of (2’), 
relate the point (αἱ, %4, 7%) to the three intersections of the line and cubic 
determined by it in (æ), and the point (αι, Za, 24) to the two intersections of 
the line and conic determined by it in (x). 


. 8 
The image of a line, C122 2 a,2, —0, is the quintic 
kel 
6 . l 
j z / 
Cs Σ u (9) v, (as — a, (18924 — ALs, 0593 — at) =O. 


C; has a double point at (ai, aj, a) and is of genus 5. The image of a line, 


3 
C= X aQm,—0, is the quintie 
kil ; 
6 
/ ; f ? z / f + t 
Com Ὁ (dis — AgXq , Q0, — Vy, 03975— aat) V (X ) =0. 


C; has a triple point at (αι, αν, αὐ) and is of genus 3. | 

6. Branchpoint and Coincidence Curves.—The equation of L(x) is the 
condition that the line and conie of (z’) be tangent. Writing the equation of | 
a tangent to (2) at (αι, σε, %3) and equating the coefficients of this equation 
to those of (1), we have f i 

| 5. ðv ΜΠ ο (3) 

POT —pZ,, t=1, 2, 3. 
Let venari + Diag + eta diaa t ena + Df =0. 
Eliminating the z; and p from the three equations of (3) and from (1), we 


have the equation 

Lurte Muf Liye, m 
Xufí Imb, Eud, x 
Σε. Dude 2Ο Ug 
Ly Lo Ls 0 


L(z) is of order 8 and genus 21 having no singularities. The image of L, is 
Ky. It is of genus 21 and has 150 double points. | 

. The equation of L’ (x) is the condition on the parameters x; that the line - 
and cubic of (2) be tangent. It is the equation of the cubic in line coordinates. 
The coefficients in the equation of the line appear to degree equal to the class 
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of the eubie and the coefficients of the given curve appear to degree equal to 
that of the discriminant of a binary cubic.* The cubic is of class 6, the dis- 
eriminant of order 4, and each element in it is of degree 2.in the z;. Hence 
L'(a') is of order 14. Li, has thirty-nine cusps and is of genus 39. The 
image of Lj, is Κι counted twice and the residual curve D4. Κι, and Τε are 
each of genus 39 and have 81 and 556 double points, respectively. 

l The order of L(x) by Zeuthen’s formula is 2 (2+3—1) —8. The order of 
L'(z)is 2(3+5—1)=14. This formula serves as a check when the equations 
of the branchpoint curves and the genera of the image curves are found by 
other methods. 

Κα and Ty, have thirty-nine contacts corresponding to the thirty-nine 
cusps of Lj. The three image points corresponding to a point at a cusp of 
Li, coincide at the corresponding contact of Ky and Ty. Ly, and Ky have 
sixty-eight contacts corresponding to the contacts of L4 and Ky, and 144 
intersections corresponding to the contacts of L; and Tss. 

7. Successive Images of Lines.—To a line Ci(a') corresponds C;(a) 
having one variable double point. The image of C, is Ca which consists of Οι 
counted three times, and a residual Ci, which passes through the twenty inter- . 
sections of C; and Kẹ corresponding to the twenty contacts of C, and La. The 
other two intersections of C; and Ci correspond to the variable double point 
of Cs. Cy and Lj, intersect in 308 points which consist of eighty-five contacts 
corresponding to the eighty-five intersections of C, and K, and 138 intersec- 
tions corresponding to 138 of the 180 intersections of C; and P. ‘To the 
remaining forty-two intersections of C, and I's correspond the forty-two inter- 
sections of Li, and C, counted three times. | 

To a line C4(z) corresponds C;(x') having one variable triple point. The 
image of C; is C,, consisting of C, counted twice and a residual Cy. Of the 
twenty-three intersections of C, and C,, six correspond to the triple point on 
C; and the remaining seventeen are at the seventeen intersections of K, and 
C, which correspond to the seventeen contacts of C; and Lia. To the remain- 
ing thirty-six intersections of C; and Li, correspond the thirty-six intersections 
of l', and Οι, which are not on Ca. Cas and Ls intersect in 184 points which 
are ninety-two contacts corresponding to ninety-two of the 100 intersections 
of C; and Κω. To the remaining eight intersections of C} and Kj, correspond 
the sixteen intersections of C, counted twice and L4. 

Two lines Ο’, C; of (z') have C;, C, for images in (x) which intersect in 
twenty-five points. Three of these are collinear and correspond to the common 


* See Salmon’s “ Higher Plane Curves,” 4th ed., Art. 91, 188, 222. 
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-- point of Οι, c. The remaining twenty-two points have for their i images the 
twenty-two intersections of C; with C4 and Οι with Ομ. The images of two 
lines ΟἽ, C, of (x) are Cs, C; of (α’) which intersect in twenty-five points. 

. Two of these intersections correspond to the common point of Οι, σι, and the: 
remaining twenty-three have for their images the twenty-three intersections 
of C, with Cz, and Οἱ with 1 and also twenty-three intersections of Cy 
with Cy. | 

- 8. Cubics in (x) with One Basis Point. —Let P, bea simple basis point 
on the cubics of (2).: The image of Ο is C; passing through P, and having a 
variable double point. The image of C, is C; which has a variable triple point. 
The image of P, is the fixed line fi. The image of f| is P, and a residual f, 
with a triple point at P. κι and f, have the same three tangents at P,. 

L(x) is of order 8 and genus 20, having a double point at P,. Its proper. 

. image is Ki. L’(z’) is of order 14 and genus 39 having thirty-nine cusps. 
K has a triple point and T an eight-fold point at P,. 

- A line C, through P, corresponds to f; and C,. C; has a variable double 
point on f; and is of genus 2. The two simple intersections of ἢ and C, are 
images of the direction of C, through P,. The image of C, is C, counted 
twice and a residual C,, with a double point at P,. Οἷα meets C, in sixteen 
points apart from P,, fourteen of which are at the non-basic intersections of. ' 
C, and K,,, and two correspond to the variable double point of ΟΊ... | 

9. .Conics in (x) with One Basis Point.—Let the simple basis point be Pi. 
The image of C; is C; which has a variable double point.. The image of C, is 

. C; passing through Pj and with a variable triple point. The image of Pj is 
the fundamental line f,. To f, corresponds P; and a residual f; with a four- 
fold point at Pj. . Κω and. f; have the same four tangents at Pj. Γ(α) is of 

| order 8 and genus 21. Ky has a four-fold point at Pj and 144 double points. ` 
L' (x) is of order 14 with a four-fold point at P. It is of genus.36 and Has. 

- thirty-six cusps. Kis and T, have 66 and 487 non-basic double points; 
respectively. - 

To a line Ci through Pi corresponds n and a C, οἱ of genus 3. Two of the 
intersections of f, and C, correspond to the direction of Cj through Pi. The 
image of C, is Ci counted three times and a residual Cj; passing through P; 
simply. Ci meets C; in sixteen points apart from P; which are at the sixteen 
non-basie intersections of Ka and Cj. 

10. Cubics $n (x) with 19 Basis Points and Conics in (x') with 1-4 

. Basis Points.—In general there may be any combination of i simple basis 
points, $E 9, on the cubics of (z), and 7<4 on the conics of (2'), and any par- 
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ticular case may be obtained from the following results by giving to í and j 
their appropriate values. Let the basis points of (2) be denoted by P; and 
_ those of. (α’) by Pj. The image of Ci is C, passing simply through each of 
the P, of genus 5 τη having a variable double point. The image of C, is C; 
passing simply through each of the P; of genus 3 and having a variable triple 
point. To each basis point P; corresponds a fixed linef. To each f; corre- 
sponds the P, whose image it is, and a residual f; with a triple point at that 
P, and passing simply through the remaining i—1P,. To each Pj corresponds 
‘a fixed line f;. The image of f, is the P; to which it corresponds and a 
residual f; having a four-fold point at that P, and passing simply through the 
the remaining j—1 P. 

L(x) is of order 8 and genus 21—i, having a double ο λα. at ΠΤ of the 
P,. Ki, has each of the P} of multiplieity 4 and $(4—20) (1—15) — 12j 
non-basic double points. Dy, is of genus 39— —8j having 39—3j cusps and a 
four-fold point at each of the Pj. K»; has a triple point at each of the P, 
and 4(7 —25j—6i-+ 162) double points. I's», has an eight-fold point at 
each of the P, and 2 (5 —8831—14:4- 27 8) double points. Apart from the 
P;, Ly and Ks, have 68—3i—4j contacts and 144—8i—8j intersections - 
corresponding to the non-basic contacts of Ls with Kyr; and Γες 8, respectively. 

The images of 8 general line through one basis point of either plane are 
similar to those in the cases previously. discussed. The lines joining two or 
more basis points will now be considered. - Since the cubics and conies are not 
composite, there can be no more than three collinear basis points in (z) and 
two in (z'). -The image of the line joining two basis points P,, P, of (x) con- 
sists of fi, f; and a fixed C, through their intersection and through all the P}. 
Let three basis points P}, P,, P, be collinear. Το the line joining them corre- 
sponds fi, f, f; all concurrent and a fixed C; not through their common inter- 
“section, but through the P;. The image of the line joining two basis points 
Pi, Pa of (a) consists of ἢ, fand a fixed το not through their intersection, 
but through all the P;. = 

li. Line Pencil in Each Plane —Let the lines in (æ) given by equation 
(1) form .a pencil whose vertex P=(0,0,1) is not on the eubies. Then the 
lines of (2') also form a pencil whose vertex P’=(0,0,1) can not be on the 
--eonics. The image of Οι is C, with a double point at P and of genus 5. To 
C, corresponds C; with a triple point at P’ and of genus 3. .The image of P': 
18 the cubie f,. whose| image in (z') is P' and a residual fi, with a twelve-fold 
- point at P’. The i image of P is the conie f; to which corresponds P and a 
residual fj, with a six-fold point at P. To the line p’ through P’ pus 
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fs and the line p counted twice through P. To p corresponds f; and p’ counted 
three times. The rays of the two pencils are in (1, 1) correspondence. L(x) 
is of order 8 and genus 20 having a double point at P. Κ΄, has a twétve-fold 
point at P’ and fifty double points. Li, has thirty cusps, a six-fold. point at 
P’ and is of genus 33. K has a six-fold point at P and thirty double points. 
I, has a sixteen-fold point at P and 100 double points. | 
: 12. Now assume that both defining equations are satisfied by — 
a —0. The image of Cj i is 2,—0 and C, of genus 3 through P. The image of 
C, is αἱ--0 and C, with a double point at P' and of genus 2. To P’ corre- 
sponds 2,—0 and a conic f, not through P. To P corresponds 2,—0 and the 
line f; not through P’. The image of z,-—0 is 2? —0 and fı. The image of 
α’--0 is αἲ--0 and.f,. L4 has z—0 as a component, the proper curve being a 
sextic of genus 10 and not through P. Kj, consists of αὖ --0 and a proper Ομ 
with a six-fold point at P'. Li, has v—0 as a component and a proper Co 
with a double point at P’, of genus 17 and having eighteen cusps. K, consista 
of aí—0 and a Ομ with.a double point at P. Τε, consists of αὖ--0 and a C, 
with a six-fold point at P. The fixed components 2, —0, ὦι--θ are illustrations 
of the curves D,, D, discussed by R. Baldus.* | 

13. When, in addition to the line pencils, there are ¿<7 basis points on 


the cubics of (2) and 7<3 basis points of the conics of (2’), the image of Οι. .: 


is C, with a double point at P and simple points at each of the P,, and the 
image of C, is C; with a triple point at Ρ’, and passing simply through each of 
the P;. Τε has double points at P and at each of the Ρ.. K', ,hasa (12—+)- 
fold point at P and triple points at each of the P}. Li, has a six-fold point at 
P’ and four-fold points at each of the P. Ku- hasa (6—j)-fold point at P 
and double points at each of the P;. Ta- has a (16—27)-fold point at P and 
four-fold points at each of the P,. The image of P’ is f, through the P,, but 
not through P. "The image of P is f; through the P, but not through P'. To 
each P; corresponds a line through P, and to each P, a line. through P’. - 

14. Geometric Depiction of Pencil Cases.—All thé cases in which the 
bilinear: equation has but two terms can be visualized after the method of 
Marletta t by means of a quintie surface in ordinary space. Let F=0 be a 
surface of order 5 with a triple point at P, and a double point at P,. Choose 
two planes (x) and (#’) not through P, or P, as the double and triple plane, 
respectively, upon which the correspondence is to be pictured. Take any point 
P in (x) and any point P' in (z'). -Connect P with P,. The line PP, meets F in 


* Baldus, loc. oit., 2, Articles 6, 7, 8. 
tG. Marletta, loc, oft. 
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two points not at P,. Project-these two points from P, upon (α΄) obtaining 
in (α’) two.points that are the images of the point P in (x). Going the other 
way, join P' with P, and project the three points. of intersection of P'P, and F, 
. not at P,,on (x). from P,. This gives in (2) the three images of P". 

The apparent contour of F from P,, t. e., the tangent cone, is cut by (2’) 
in the curve Li, Every tangent line, elements of the tangent cone from P,, 
meets F in one iios point. The projections of the locus of the points of 
tangency and the locus of the residual intersections upon (2) from P, give the 
curves Κι, and lu, respectively. In like manner the tangent cone {ο F from 
P, is cut by (x) in Ls , and its curve of contact is projected upon (2') from P, 
into Kiş. 

. If α--0, 2, —0 satisfy both validis equations, the surface Ff’, consists of 
& plane through P,P, and a residual surface F, passing through P, and having 
a double point at P,. The depiction on (x) and (z') may now be obtained as 
before. Basis points in (2) and (z') are accounted for by fixed lines on F 
passing through P, and P, respectively. 

15. Type II.—The defining equations of this type are obtained by inter- 
changing the parameters of the line and conic of (α' ). The image of a line, 


= Σ ay, 18, 


Cum Σ «κο (σεέα--απίία, Agty— αγία, ιόν --0 


Since the three cubics 


πο σος ος 


form a pencil, their nine intersections are variable double-points on C,, leaving 
it of genus 6. The image of C, 18 C; with four variable triple points at the 
common points of the pencil of conics whose ιο are those of C4. C; 
is of genus 3. 

The equation of L(x) is found as in Type I. L,is of genus 21 and has 
no singularities. K; is of genus 21 and has 330 double points. Asin Type I 
we find that Της has fifty-seven cusps and is of genus 48. Κα and Tes have 183 
and 2032 double points respectively: l 

16. Type III.—The defining equations are 


È αν(ο)ού(α) =0, (1) 


8 
R> vy(z)2,—0, (2) 
zi 


^ 


16 Hornomorr: A Classification of General (2, 3) 


wherein u,(z)—0, υν(Φ)Ξ:0 are conics of (x) having a basis point at 
Res(1,0,0) and υ)(α’) —0 are general conics of (z'). To 6, corresponds C, 
with a triple point at R and three variable double points at the other three 
intersections of a pencil of conics whose parameters are those of Cj. C, is of 
genus 4. The image of C, is C, with seven variable double points and of - 
genus 3. If C, passes through R its proper image is a cubic of genus 1. The 
image of of H is & fixed cubic of genus 1. 

` L, has a four-fold point at R and is of genus 15. κ. has 121 double 
points. The equation of L'(x') is the condition that two conics through a 
fixed point have a contact not at that point. -This condition is of order 4 in 
the coefficients of each of the conics, Then L'(a’) is of order 12. It has 
twenty-seven cusps and is of genus 28. Κω has R of multiplicity 11, and 
eighty-eight double points. T, has a fourteen-fold point at R and 346 double 
points. 5 

17. Type IV.—The correspondence is defined by equations of the 1 same 
form as those in Type III, wherein now u(x) —0, v, («) =0 are cubics through 
six simple basis points P; of (x). The image of C; is C, with each of the P, 
three-fold, and with double points at the three variable intersections of a 
pencil of cubics whose parameters vary with Ci. ' To C, corresponds C, with 
twenty-three variable double points. If C, passes through one P, its proper 
image is C,. Το each P, eorresponds a fundamental cubic. If C, contains 
two P, its proper image is a fixed C,. The proper image of a cubic throngh 
the six P, is a Ορ. 

Ly, has a four-fold point at each P, and is of genus 19. K, has 117 double 
points. The equation of L’(2’) is the condition that the two cubics through 
the P, be tangent. This condition is of order 6 in the coefficients of each. 
Li, has seventy-five cusps and is of genus 61. Kẹ has an eleven-fold point at 
each P, and 105 double points. T has a thirty-two-fold point at each P, and 
1428-double points. | 

18. Type V.—The defining equations are written as in Type III. For 
' the present type u,(”) --0 represent cubics with a double point at P= (0, 0, 1) 
and a simple point at R=(1,0,0) and v,(z) =0 are conics through P and R. 
The image of C! is C, with P four-fold, R three-fold and two double points at — 
the two variable intersections of a pencil of conies through P and R whose 
parameters vary with Ci. C, is of genus 4. 

In order to study the properties of the image of:C,, we may vns the 
defining equations as follows: 
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7 i 
dw (2) 04 (v ) =a (a/23 + b Let + C 21s + €, f'a5) -Fd'aiz,—0, . (1) 


8 . . 
Σ υν(ω)α, eqs (p's, Ἴ- q'2s |- r ος) ἠ-6΄σιαῃ--0, (2) 


wherein a’, δ’, c’, d', e', f’ are.quadratie and p', q', r’, s' linear in the zi. Mul- 
tiply (1) by s', (2) by d'z, and subtract, using the resulting equation 


8! (a'r, + bam, H02 it 62,2, 1-Ρ̓ 98) — d'a (p'o tHg ttr) —0, (9) 
with (2) as the pair of defining equations. Eliminate the v; from the equation 
of C, and (2) and (3) and we obtain a C, with double points at the two inter- . 
sections of $'—0, d'—0 and containing s’=0 as a fixed component. Then the 
proper image of C, is C;, which passes simply through the two basis points 
$—0, d'—0. Itis of genus 4 and. has eleven variable double points, 

The proper image of a line through P is a cubic which does not pass 
through s'—0, d' —0. The image of P is fi. The proper image of a line 
through R is a quartic not through s'—0, d'—0. Το R corresponds f;. Both 
f, and f; pass through s'—0, d'—0. The image of the fundamental line PR is 
fifa. The image curves of (2) intersect PE only at the basis points P and R. 
Every point of PR except P and R corresponds to the two basis points s’=0, 
d'—0. To each of the basis points s’=0, d'—0 corresponds the line PR. The 
image of s’=0 is PR counted twice, and a fixed C, with a triple point at P and 
a double point at R. The image of d'—0 is PR counted twice and a fixed Cx 
with. P seven-fold and E five-fold. | l 

-Lao has P six-fold and R four-fold and is of genus 15. Ki, has 105 double 
points. The condition that the cubic and conic of (z) defined by (1) and (2) 
be tangent is of order 4 in the coefficients of each, giving L'(z') of order 
12. Lie has twenty-seven cusps and is of genus 28. Neither Li, nor Kj, pass 
through the basis points s'—0, d’=0. Κα has a fourteen-fold point at P, a 
nine-fold point at R and seventy-six double points. Ty, has a twenty-fold point 
at P, an eighteen-fold point at R and 295 double points. ~ 


$3. Cass 2. Four Tyres. 
19. Type VI.—The defining equations are 
8 : g 
È e(a) =0, (1) 


| πω (a) -απμα(α) =0, = ϱ) 
wherein ua --0, 4 (x) —Ü are cubics of (x), and p 
|, (9) εξω αν (αι, αφ) συ, (σι, ας) HW (23, zs) =0, 
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(uy, vk, w, being homogeneous functions of αἱ, αἱ of the respective degrees 
n—2,n—l1, n) are curves of order n with (n—2)-fold points at Q'—(0, 1,0), 
the vertex of the line pencil of (2'). The cubics of (9) would have no basis 
points but for the fact that the lines of (2) form a pencil. This forces the 
cubics of (x) to form a pencil, thus introducing nine simple basis points P, 
into (a). | | 

. The image of C; is C&,,, with an n-fold point at each P; and of genus δη. 
If Cj passes through Q' its proper image is a cubic counted twice through 
the P,. The image of Q' is f, ; with an (n—2)-fold point at each P,. To C, 
corresponds C;,,, with a (3n—5)-fold point at Q', and a triple point at each of 
the 4n—4 variable intersections of a pencil of curves of order n whose 
parameters vary with Ci. C1 18 of genus 3n—3. If C, passes through a 
P,,its proper image is Canı with Q’ of multiplicity 2n—3. If C, passes 
through two P, its proper image is Ch, with an (n—1)-fold point at Q'. The 
image of each P, is f; of order n with Q’ (n—2)-fold. The proper image of a 
cubic through the P, is a line counted three times through Q’. The line pencil 
of (z') is in (1, 1) correspondence with the pencil of cubics of (a), 

To find the equation of L(z), solve equation (2) for a, in terms of 2, 
substitute this value of 2, in (1) and rearrange, obtaining a quadratic in 25/2; 
whose discriminant equated to zero is L(x). L(x) 18 of order 6n—4 and 
genus 12n—12 with a (2n—2)-fold point at each P;. K'(z') is of order 6n—2 
with a (6n—8)-fold point at Q' and 18n—18 double points. L’(#’), found as 
in Type I, is of order 6n-++-4, genus 30n—15, has Q' (6n—8)-fold and 36n—18 
cusps. K(x) is of order 12n—12 and has a (4n—2)-fold point at each P; and 
18n—6 double points. T(æ) is of order 48n—32 and has a (16n—12)-fold. 
point at each P, and 162n—126 double points. Apart from Q’, Lena and Ky, 4 ` 
have 24n— 14 contacts and 605—44 intersections corresponding to the.non- 
basic contacts of Lea with Ky, and Γμ, ει respectively. 

20. Type VII.—The defining equations are 


Σφιίαγψέία”) =0, (1) 
23271 ]- $13 — 0. (2) 


Pi (x) eau, (2, , η) + ZV, (αι, Le) + yw. (24, La) H-8& (91, σε) =O 
(wherein us, Vp, Ws, S are homogeneous functions of the respective degrees 
m—3, m—2, m—1, m in αι, %) is a C, with an (m-—3)-fold point at 
P=:(0,0,1), the vertex of the line pencil of (s). ψι(α΄) is defined as in 
Type Vl. Equation (1) has ¢ terms where t takes the value 3m or 4m—2 
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according as m is greater or less than 1/4(3m--2). A special case of this 
type for n=2, m —3 has been discussed in Article 11. 

The image of Ci is C,,, with an (m+n—3)-fold point at P and of genus: 
2(m+n)—5. The image of C, is Chan with an (m+n—2)-fold point at Q’ 
and of genus m-+n—2. The proper image of a line p through P is a line q’ 
counted three times through Q’, and the proper image of g' is p counted twice. 
The pencils of (2) and (2’ ) are in (1,1) correspondence. To P corresponds 
farns With Q^ (m+n—5)-fold. To Q’ corresponds f,,, , With an (m+n—5) 
fold point at P. 

L(x), obtained as in Type τι is of order 2(m+n)—2 and genus 
10 (m+n) —30, having a [2(m--n) —8]-fold point at P. XK'(s') is of order 
6(m--»)—12 having Q' of multiplicity 6(m+n)—18 and 20(m--1)—50 
double points. To obtain the equation of L'(z'), solve equation (2) for αν in , 
terms of c, and substitute this value of z, in (1). Then (1) may be written 
as a cubic in 23/7, whose discriminant equated to zero is the equation of L/'(z'). 
It is of order 4(m--1)—6 and genus 16(m-+-n)—47 with Q’ of multiplicity 
4(m-+n)—14 and 12(m-+n)—30 cusps. K (a) is of order 4(m--n) —6 with 
P of multiplicity 4 (m--n) —14 and 12(m--n) —30 double points. I'(z) is of 
order 8(m-+n)—16 with P of multiplicity κο —24 and 40(m+n)—100 
_ double points. 

21. Notation.—In the types of Classes 2 and 3 the defining equations 
represent respectively the same curve systems i in the double plane as in Class 1. 
Thus the discussion of the succeeding types is so similar to the corresponding 
types of the first class that only a tabulation of the results is essential in most 
eases. The following notation will be used in this tabulation: 

The symbol “~” meaning “corresponds to”; 

L, K', I/, K,T, fixed curves as defined heretofore; 

f, f", fundamental curves of (x) and (2’); 

C, C’, variable curves of (2) and (2’); 

P,Q, R, P', Q', BR’, basis points of (x) and (2’); 

P, non-basic but fixed points of either plane; 

P, variable points of either plane; 

p, genus of curve being described ; 

k, cusps of L’; 

Subscripts of curves denote their order; 

Subseripis of points denote their multiplieity on the curve being described ; 
(the subscripts 1 and j, however, denote any one of a given number of basis | 
points or curves playing the same róle). | 


90 Hornnonorr: A Classification of General (2, 3) 


The following types will illustrate the use of this notation: 
22. Type VIII.—The defining equations are 


È ula) yr) =0, ον Ὁ 


91v, () +95 (2) —0. | (2) 


in which u, (x) —0, v, (£) —0, v,(z) —0, are cubics with six simple basis points 
P,. The cubics of equation (2) form a pencil because their parameters belong 
to a line pencil, and thus introduce three additional basis points Q, into (s). 
The pencil of cubics of (2) and the line pencil of (z') are in (1, 1) corre- 
spondence, | | 

Cio Cony, P=38nN+1;6P,41, 3Q,. - 

C, Chas, D=38N—1; Vans, (12n—4) P,. 

Pi~fis, κει) Qai: 

Q~fi;, 2? Qae . 

Q'— 5, 5; Pu, 3Q, s. 

La;  p-—l2n—8;6P,,93Q;.;. 

ony  D-—12n—8;Qs 9, (18n—12)P,. 

Lese; p= 30n—15 ; Qs, e, (36n—6) k. 

Κι, 97—930n—15;6P,,,, 80. 5, 18189. 

Piser- 05-8θή--- 1516 Ρος, ὃθι 5, (167n—72) P, . 


-- 


23. Type IX.—The defining equations are written asin Type VIIL For 
the present type, v,(v) =0, v(x) —0 represent cubics of (2) passing through 
eight basis points P, and therefore determining a ninth Q; w,(z)-—0 repre- 
sents eurves of order 9 with triple points at each of the eight P,, but not 
passing through Q. 


νεο, 25 δη Γ41δΕ μεν (δα. _ 

ιο, D=BN+5 ; Qi, (120+ 20) P,. 

ΣΟ 

ES fornesi (αμα. 

Q 5S Qs. 

Lony 9p-12nd44;8P44, Qua. 

Kontos p=12n+4; Qa, (18n4-6) P,. 

Les; P=80n-+ 25 ; Qon 3 (36n+-30)k, 

Κο 9—90n4-25; 8P, 9, Qua, (1854-18) P,. 

Ex Lus; p7—30n4-25;8Pyu, ae; Diente (1624-90) P, . 
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- $4. Crass 3. Toren Tyrs. 
24. Type X.—The defining equations are 


È (2) οἱ (0) = =0, . (1) 


PE =0, op : 0) 


ms 
ως = —— — αἱ 


iur c, (x) —0, vi (2^) =0 are conics of (α΄) with basis Mi Q e (0, 1, 0) 
and R’=(1,0,0) and πχ(α) —0 are general cubics of (x). The image of C, is 
C, with four-fold points at Q’ and R’ and triple points at the two variable 
intersections of a pencil of conics whose parameters depend on those of C,. 
C, is of genus 3. «Το obtain the i image of Ci we may write the defining equa- 
tions as follows: 


G9. + blats + c2 4- ἄσισι-- 0, : (1) 
DX. + quts t- r3 + 52129 — 0, . (2) 


wherein a, b, c, d and p, η, τ, s are respectively general cubic and linear func- 
‘tions of αι, σε, αι. Multiply (1) by s, (2) by d, subtract (2) from (1), 
remove the common factor z and we obtain the equation 
(cs—rd)a,+ (bs—qd) 2, - (as—pd)2,—0..- (3) 
Using (3) with either (1) or (2) as defining. equations, the image of Ci is 
found to be C, with double points at the sixteen intersections of a pencil of 
quartics whose parameters vary with Ci. Three of these double points lie at 
the intersections of 6--0, ἆ--θ, and the remaining thirteen are variable. The 
line s=0 is a fixed component of C, so the proper image of Ci is C, passing 
through the three basis points s—0, d —0 and having thirteen variable double 
points. Cis of genus 8. g 
Is, p= 21. 7 
Kg, p=21; Qis, Ris, (204) Py. 
Ls, p—39;Qn, Rig, 42k. 
Κι, p=39;97 P}. 
Γι, p=39;864P,. 
25. The following statements hold for all three types of Class 3. The 
images of Q' and R’ are respectively the basis curves 
bs—dq=0, ces—rd—0. 
The line Q’R’ is the image of each of the three basis points ¢-=0, d= 0 of (2). 


All the curves of (z') intersect Q’R’ only in points Q’ and R’ which are always 
points of equal multiplicity: There is no proper image of the line Q’R’, but 


P, 55,09 
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every point of it except Q’ and R’ corresponds to the three basis points 9--0, 
d=0. The equation of L(z) is the condition that the two conics of (z') be 
tangent, which is of order 2 in the coefficients of each. The curves L(z), 
K (2), T'(z) do not pass through the basis points s=0, d=0. | 

26. Type XI.—The defining equations are 


Xw(2)d(z)- =0; 7 2% QD 


Xo (2) (o) =0, (2) 


wherein uw (z) =0, v,(z) =0 are conics with one basis point P. 
Ci C5, p=6;P,, (8-0, d=0),, 9P,. 
C,~C3, p—3;Q,, Ri, 6P,. 
Q'—f P, (9-0, d= 0),. 
Ef Pa, (8=0, d= 9 
P ~fi; Qs, Rh. 
Ls, p=15; P.. 
Ky, p=15; Qi, H5, 106P3. 
Lis, p=25; Q, Ri, 24k. 
Kis, p—29; Py, 665,. 
Tog, p—25;Ps, 260P,. | 
27. Type XII.—In the defining κ... u(x) —0, v,(z) = —0 are cubics 
with six simple basis- points P,. 


C05, p=10 ;6P,, (8=0, d=0),, 9P,. 
C, 05, p=5; ; Qa, Re, 20P,. 

Py fia; Qo, Ts. 

ο’ ~fa; 6P,, (s=0, 4—0),. 

R'7 fa; 6P,, (50, d—0),. 

Τα, 9—19,6P,. 

Ku, p=19; Q4, Ri, 102P,. 

Ly, p-99; Qi, Ri, 66k. 

Κω, 9—55;6P,4, 81P,. 

T4, p—55;6P,, 1080P,.. 


1 + 


$5. COMPLETENESS OF THE CLASSIFICATION. 
28. Reduction of Certain Cases to Type Form.—It remains now to be 
proved that all eases of general (2, 3) point eorrespondenees are birationally 
equivalent to certain of these twelve independent types. All cases where the 


1 
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defining equations are made up of combinations of the curve Systems used in 
the twelve types (except those that define (2, 3) compound involutions) either 
belong to these types or can be reduced to certain oftthem by quadratic trans- - 
formations. These curve systems are as'follows: In (x) lines and conics; 
line pencil and curves of order n with the vertex of the pencil (n—2)-fold; 
conics with two basis points. In (2) lines and cubics; line pencil and curves 
of order m with the vertex of the pencil (m—3)-fold; conics with one basis 
point; cubics with six basis points; cubics. with a double and a simple basis 
point through which pass conics; cubics with eight basis points and curves of 
order 9 with triple points at each of them. — 

In Class 1, all the cases in which the lines of (z') form a pencil are partic- 
ular cases of the corresponding types of Class 2 for n=2. When the conics 
of (v’) form a pencil, they may. be transformed into a line pencil by quadrie 
inversion, by which also the lines of (z') are transformed into conics with 
three basis points. These cases are then birationally equivalent to particular 
cases of Class 2. All the above cases would be independent types of Class 1 
if they were not forced, as it were, into special cases of types of Class 2 by 
the fact that the lines or conics of (z') ean have but two homogeneous 
parameters ‘because these parameters represent a pencil in(z). If in Type V 
the parameters of the line and conic are interchanged, the cubics of (x), since 
their parameters are now lines of (0); can have but three homogeneous 
parameters and therefore have two basis points besides those required by the 
system in (x). By quadric inversion these cubics go into conics through the 
‘double point and the two added basis points. The conics of (ο) through the 
two required basis points are invariant. Then the conics, transforms of the 
cubics, and the invariant conics have one point in common, so this case 
reduces to a special case of Type IIT. - 

In Class 2 if the system in (2) consists of lines and cubics and the lines 
are forced into a pencil by having the line pencil of (z/) for parameters, we 
have a special case of Type VII for m=3. When the system of (2) is 
composed of conics with a common basis point, the conics having the line 
pencil of (#’) as parameters form a pencil which goes into a pencil of lines by 
quadric inversion. By the same process the conics in the other equation are 
transformed into cubies none of whose basis points need be at the vertex of 
the line pencil. This case, then, is birationally equivalent to Type VII for 
m=3. When the system in (2%) consists of eubies with a double and a simple 
point and conics through these points, if the conics form a pencil they 
correspond to a line pencil; the cubics are invariant under quadric inversion 
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so this also reduces to a special case of Type VII. When the parameters are 
interchanged the cubic pencil, since it contains a double point is transformed 
into a pencil of conics and thence into a pencil of lines. The conics given by 
the other equation are transformed into cubics with three basis points, none of 
which are at the vertex of the line pencil. This is also a special case of . 
Type VIL 

In Class 3 when the conics of (z') form a pencil in one equation we have 
a particular case of the type of Class 2 having the same system of curves 
in (x). When the system in (2) consists. of cubics with a double and a simple 
point and conics through them, the cubics are given two more basis points 
because the conics of (7/7) allow but four homogeneous parameters in the . 
equation. The cubics then reduce to conics through-two points one of which 
is the double point, and as the conics given by the other equation may remain 
invariant, this case is birationally equivalent to a special case of Type IX. 

If, in any combination of the curve systems used in the twelve types, the 
associated parameters so restrict each other that the curves of each of the two 
defining equations become pencils in their respective planes, a (2, 3) compound 
involution is established. 

29. Reduction of All Other Cases.—Since any combination of the fore. 
going curve systems of (x) and (z') that has at least three parameters in one 
of its defining equations is birationally equivalent to some one of the twelve 
independent types, in order to prove the classification complete it: remains 
only to show that any curve system having two [three] variable intersections 
is birationally equivalent to some one of the above curve system of (x) [(2)]. 
The proof of this is the same as that for the curve systems of tlie simple 
planes of the (1, 2) and (1, 3) point correspondences. From the inequalities 
connecting intersections of curves of such systems, it follows by reasoning 
exactly like that used by Bertmi* that any given non-involutorial curve 
system intersecting in two [three] points can be reduced by a series of 
quadratic transformations to one of the preceding systems of (2) [(2)]. 
Any algebraic method of establishing a general (2,3) point correspondence 
between two planes is therefore birationally equivalent to some one of the 
given twelve independent types. 


CoRNELL Unrvsrsrry, 1917. 


* E. Bertini, “ Ricerche sulle trasformazioni univoche involutorie nel piano,” Annali di M akomatid; 
Ser. 2, Vol. VIII. ons pp. 244—288. 


The Classification of Plane Involutions of Order (3). 


By Αννα Mayme Howe. 


Introduction and General Discussion. 


1. The purpose of this paper is to discuss all the different algebraic 

. (1,3) point correspondences between two planes. Such a correspondence is 

established between two planes (2) and (y) when a relation exists such that 

to any point in (2) corresponds a point (y), but to any point in (y) corre- 
sponds three points (x). 

The images of lines on either plane are curves of order m in the other. 
The simple plane (2) contains curves which are nets, images of lines in (y). 

These curves have n variable intersections which are the n points of (2) 
corresponding to a point (y) determined by the intersection of two lines whose 
images are the two curves; the remaining m—n intersections are fixed and 
are common to all the image curves of the net. If two of the n points coincide, 
two curves of the net are tangent at the point, The locus of all these points 
of tangency is the curve of coincidences. We shall designate it by K. Itis 
always a component of the Jacobian of the net. 

There exists in the (y) plane a curve of branch points whose points are 
in (1, 1) correspondence with those of K. "This curve of branch points, denoted 
by L,is a fixed curve, every point of which has at least two of its » image 
points coinciding in a definite direction at a point on the coincidence curve. 
In case m>2 the remaining non-coincident image points describe another 
locus, the residual image of L. This locus will be denoted by J’. The points 
at which more than two-of the n images of a point in (y) coincide are inter- 
sections of the residual image with the curve of coincidences. 

The first (1, 2) transformations discussed were those by Geiser.* 

In this discussion a cubic surface is projected on a double plane from a 
point on it, and also mapped on a single plane by means of two non-intersecting - 
lines on the surface. | | 

In 1871 Clebsch* devised a (1, 2) point correspondence between two 
planes depending on the bisection of Abelian functions connected with plane 


* Ueber rwei geometresche Probleme,” Orelle’s Journal für die Mathematik, Vol. LXVII (1867), 
pp. 78-89. i ' 
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conics, the plane of the conic being so related to a surface that to a point on 
the surface corresponds one point in the plane, but to a point in the plane 
corresponds two points on the surface. , 

The next step was made by de Paolis +t who worked out the general theory 
of (1, 2) point correspondence between two planes as a generalization of the 
rational transformation of Cremona. 

This is the first published treatment of multiple ROETespondenge by means 
of an algebraie method. 

The classification of all possible birational (involutorial) transformations 
associated with the (1, 2) types was completed by Bertini. t 

Also F. M. Morgan.§ In 1884 Chizzoni|| developed the general theory 
of (1, n) point correspondence by a d involution of order n in which he 
considered a given plane as containing oo series of groups of n points such 
that each group is fully determined by any one of the points. 

Other writers that have made noteworthy contributions to the theory of 
(1, π) point correspondence between two planes are G. Castelnuovo,] Miss 
Charlotte A. Scott,** and Amerigo Bottari.t+ 

All of these treat the subject for a general n except Miss Scott who, in 
addition, works out several examples for special values of n greater than 2. 





Enumeration of Independent Types. 


2. In the theory of (1,3) point correspondence between two planes there - 
are five types, no one of which can be derived from another by means of a 


*« Ueber den Zusammenhang einer Classe von Flüchenabbildungen mit der Zweitheilung ‘der 
Abel’schen Functionen," Mathematische Annalen, Vol. III (1871), pp. 45-75. 
τα) “Le transformazioni doppia." 
(2) “La transformazione piano doppia di secondo ordine, e le suo applicazione alla géometria non 
euclidea.” 
(3) “La tranaformazione piano doppia di terzo ordine prime genere, e la sua applicazione a curve 
del quarto ordine," Atti della R. Accademia det Lincet, Series 3, Vol. XII (1877). 
t“ Ricerche sulle transformazioni univoche involutorie nel piano," Annali di Matematioa, Series 2, 


Vol. VITI (1877), pp. 244-286. ud 
8 *Involutorial Transformations,” AMERIUAN JOURNAL OF MaTHEMATIOS, Vol. XXXV (1913), 
pp. 79-104. 


|“ Sopra le involuzioni piani" Atti della R. Accademia dei Lenost, Series 3, T. 19 (1884), pp. 
301-371. 

{“ Sulla razionalita delle involuzioni piane," Mathematische Annalen, Vol. XLIV (1894), pp. 
125-150. 

ΧΑ Studies in Transformation of Plane Algebraic Curves," Quarterly Journal of Mathematics, 
Vol. XXIX (1898), pp. 329-381, and bid., Vol. XXXII (1901), pp. 200—239. 


tt“ Bulla razionaliti dei piani multipli [oy y P (e, y) y,” Giornale di Matematiche, Vol. XLI (1903), 


pp. 285-320, and also “Sulla razionaliti dei piani multipli (o, y VP (o, F (o, y) h " Annals di Matematica, 
Series 3, Vol. TI (1899), PP- 211—290. 
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birational transformation. For each type there exists in one plane a point 
determined by two straight lines, and in the other three image points. The 
five distinct types are defined in the following ways: 
(1) a. A field of straight lines, Xyjz,—0. Ὃ 
b. A net of cubic curves ¢,=0 without basis points, Ly,=0. 
(2) a. A pencil of lines, {παι + y,2, —0. 

b. A net of curves of order higher than 3 and having a fixed point 
of multiplicity n—3 at the vertex of the pencil of lines y42,2- y,2, —0. This is 
associated with J onquiéres’ configuration in (1,1) and (1, 2) transformations. 
A discussion of the (1, 1) type has been presented by P. P. Boyd.* 

(3) a. A net of conics through one fixed point. 
b. A net of conics through the same fixed point, 


Lyu;=0, Σνω.-Ξ0, 


where u,=0, v,=0 are general conics through a fixed point. 
(4) a. A net of cubic curves passing through six fixed points. 
b. A net of cubic curves passing through the same fixed points, 


Lyu,=0, 21,0; —0, 


where u,—0, v,—0 now represent cubic curves through six basis points. 
(5) a. A pencil of cubic curves through nine fixed points. 
b. A net of curves of order 9 passing triply through eight of the 
nine fixed points, l 


yrtit yis — 0, 244,—0. 


If u, is of order m, and v, is of order m,, the transformation curves are 
of order m -+m =m. To the line y,=0 correspond curves @,(x) —0 of order 
πι; to the lines 7,=—0 correspond curves (y) =0 of order m. 

The fixed points common to all curves of the defining system u,—0, v,—0 
are fundamental. To each fundamental point F corresponds a curve f(y) 
whose order is equal to the multiplicity of the point on the curves $,(z) =0, 
and to each direction through the fundamental multiple point corresponds a 
point on the image fundamental curve f(y). The complete image of f(y) 18 
composite. The components are the original multiple point and a residual 
curve. | 

Every branch of this residual curve has contact with some branch of K 
through this point. To each of these simple intersections on L 18 related. a 


*< On the Perspective Jonquières Involutions Associated with the (2, 1) Ternary Correspondence.” 
AMERICAN JOURNAL OF MATHEMATIOB, Vol. XXXIV (1912), pp. 290-324. -᾽ — 
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direction of J’ through the original point. Aside from these intersections J’ 
has only points of contact in common with the residual curve and these corre- 
spond to the points of tangency of L with f(y). See F. Chizzoni.* 

If two curves of the defining system have contact at a given point, then 
one curve of the net has a double point at the point. Hence the locus of all 
the double points of curves of the net is the curve K. 

The order of the Jacobian is 3(m—1). The multiplicity of any funda- 
mental point P, on the $;—0 which lies on the Jacobian is 81—1. 

The equation of L may be obtained by eliminating (ας) from the equation 
for K and the equations of transformation y,—9,(z). 7 | 

The order of the curve L is the number of intersections aside from those 
at the fundamental points of K with the image of a straight line (y). This 
has been expressed by Zeuthent in the formula 2(k--p—1) where k is the 
multiplicity of the transformation and p is the genus of the curves of trans- 
formation, images of the straight lines in (y). 

The complete image in (2) of L is a composite curve which has for its 
order the product of the ordérs of 1; and the transformation $. The image 
contains K twice and the residual curve J’, and also contains fundamental 
curves, when L passes through their corresponding fundamental points. 


Type I. 
3. The defining equations for this type are 


Yr FLY + /Ξ-Ό, — 1 H Ue Yo-t 4875 =O, 


where u,=0 are cubic curves having no fixed point in common. On solving for 
4; we obtain 


l PY = Use — Uta =p (E), PY, = Ug — 2$ — 0. (2), PY g = V4 — VW, = p (2). 


To obtain the points common to the three curves $,—0 we write the equa- 
_ Me πε 

e 
curves as $—0, ¢,=0 we exclude those which make u,—0, Φι-- 0 as these points 
do not lie on $,—0. Hence we find 16—3 —13 points common to all the curves 
of the net. These are simple fundamental points. 


tions in the form — Of the sixteen intersections of any two 


me 


* Sopra le involuzioni piane," Lincei Memoire, Series ἃ, Vol. XIX (1884), p. 301. 
+“ Nouvelle démonstration de théorèmes sur leg séries de points correspondants sur deux courbes," 
Mathematisohe Annalen, Vol. III (1871), p. 150. 
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The number of conditions required to determine a quartic curve is four- 
teen. Since there are thirteen fixed points on each quartic curve, any one of 
the three variable points uniquely fixes the other two. 

The genus of the curves $,—0 is 3 since they have no double points. The 
image curve is a rational quartic curve and has a triple point at (αι, a, ds). 
Two of these quartic curves intersect in sixteen points, each of which has 
three image points in (2). The complete image of this quartic curve is a 
curve of order 16. This curve is composed of the original line and a curve of 
order 15. Two of these curves intersect in two hundred and twenty-five points. 
But if each complete curve passes through each of the thirteen fundamental 
points four times, aside from these intersections there are 225—4-4-13=17 
points. But the two straight lines intersect in one image point, and each line 
cuts the curve of order 15 in fifteen points. The forty-eight image points are 
made up of seventeen points on the two curves of order 15, not at the thirteen 
fundamental points; one point of intersection of the two straight lines and 
fifteen points on each line through the curve of order 15 with which it is 
related. | 

The curve K is of order 9 with double points at the thirteen basis points. 
Hence it is of genus 15. The number of variable intersections of K with the 
image in (x) of a straight line in (y) determines the order of the image of K. 
The curve L is, then, of order 10. 9-4—2:13=10. It is also of genus 15, 
hence it has twenty-one double points or their equivalents. The curve J’ is of 
the order 22 and genus-15, hence has one hundred and ninety-five double 
points or their equivalents. 

The number of intersections of K with J’ aside from those at the fixed 
points are forty-two, or twenty-one contacts, 9: 22—13 2-6. But this is the 
number of double points of L to be accounted for. 

It will be shown that the forty-two intersections of K with J' are twenty- 
one contacts, images of cusps on L. The equation of L is the condition that a 
line in (z) touches its associated cubic, hence it is the discriminant of a binary 
. cubice equated to zero. These values that make the binary cubic in 2,, 2, & 
perfect cube correspond to cusps on L since the form of the discriminant is 
4G? J-H?. Any point on L that makes H —0 and G=O is such that all three 
images of the point are coincident. Hence in (2) K and J’ have the image 
point in common. ` | 

The cuspidal tangent to L corresponds to the particular quartic of the net 
which has a node at the corresponding point on K. 
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Fundamental System. 


4. Each of the thirteen points of the net of quarties when substituted in 
the defining equations, makes the two equations identical, hence they are all 
fundamental points, and their images are straight lines in (y). There are no 
fundamental points in (y), hence no fundamental curves in (s). 

The complete image of each of these lines is a curve in (x) of order 4 
which has a double point at the original point. For, let zjy1--23ys d- 2495 — 0 
be the equation of the fundamental line in (y) which is the image of the funda- 
mental point (%, 25,7) which is any of the thirteen points (basis) of the net 
of quartics. | 

The image of this in (x) is obtained `by making the transformation . 
according to the equations already obtained and we have 


By (Mg — Mais ) + De (ULg — gta) +T (tty, — 4425) — 0. 
Differentiating this with regard to x, we have, 
—f. dus us) | du^ — (u ze) | | a) 
a (o, ο de, — is da, {0 | 9s —— da, TS Γον up-to, D 4 qa =), 
substituting in this. the coordinates of the point (αι, £a, αρ), we have the form 
written as the expression 
— αι a) (z ὦπι -- au) (i di, Sa jo 

s (3 da, 5 do, τα | T 4; 5 ὤι + Lg ln ---ᾱν πε =U; 
But the only terms which do not vanish are Ugg —Ugt,—0, which equation is 
satisfied since (2) is on u,7,—u,v,=0. This quartic curve has one double 
point and twelve simple fundamental points. The intersections of K and J’ 
with this image curve aside from those at the fundamental points are eight 
(9-4—2-2—2.12—8) for K, and four for J’ (4. 22——2-6—6 -12—4). 

At the common double point K touches each branch of the quartic. This 
is shown as follows: When two of the image points coincide, two or more of 
the curves are tangent at the basis points of the net and one curve has a 
double point. If the Jacobian has a double point at a basis point, it is tangent 
to each branch of the nodal curve of the net at this point. 

The Jacobian can then be formed from a net of curves, one of which has 
at a fundamental point (2) = (0, 0, 1), a double point. These curves are 


ψι-- (Φιῶς) "UZ + (24204) 2+ (24204) $—0, 


Yo = Uy (23,98) Lg + ts (20590) 08 + Uy ( Ly Le) t+ ty (££) =0, 
Ypa =V; (24:55) αἲ H- Va (2,93) DEF Vs (σιῶν) Wy H- v, (L12) --0. 
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The Jacobian is of the form ι΄ "EP 
0305+ — Ό(Όι) κας -ἰ------- 2 (4,93) Lg + (Lr) Vs —— 


Uy (2323) 28 H- — Ws (255305) 3 duse Bu (23275) By Uy (25925) + —— |. 
V(t) ^ c ve (max)'mP—— BW (yy) αν HV (La) s+ —— 


By collecting the coefficients of a, the expanded form is found to be 
BLU V —3z,vu— 342v + Ou US 0 lr -F3 L V U —2usv, 22, = 0, 


or 
But ὃν (Lag —1,2,) —3u (2504 — 9,04) + 22,2, (UV — u0) =D. 
u 4 
| du. du. 
u=axv,+ba,, un zu du SOs, 
and 
dv dv 
V= ct FH dl, ie Ge er | 
The Jacobian becomes 4 - ' EEE 
3 (c+ d) (bz — a2) —3 (axı + bz) (dv —c24) +28,2, (ad—be) =0, 
or | 
3 [bex æ + bda$—aczj— ada, — ada, v,—bdaà + acr? + bett, 
| l --2z,2, (ad —bc) | — 0, 
or finally 2πισι(δο--αἆ) —0. 


This is the coefficient of the highest power which does not vanish in the 
equations of the tangents to the curves of the net passing through (2) and is . 
also the coefficient of highest power of a, in the equation of the Jacobian. It 
is the form of the tangent to the Jacobian also, and we have proved that the 
nodal has the same tangent as the Jacobian at the double point. These are 
xv =0 and z,-0. | 

Each direction of J’ through the point corresponds to one point of 
intersection of L with the fundamental line. The four remaining points of 
intersection on J’ are two contacts, the images of the two points of contact 
of L with the fundamental line. | 

The line in (y) is bitangent to L. The six simple intersections are images 
of the six directions on J' at the fundamental point. 


Type 1. 
5. The defining equations for Type II are 
LY, + 2395 —0, . (1) 
159/31 + UYT WY = 0, (2) 
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"where u,=0 represent curves of order n>3 having an n—8-fold point in, 
common. Let this point be P(x) —(0,0,1). Then 


py, Use = (L), pys— Uy = p(T), PY = Way — iht — s (2). 
. These curves ¢,=0 have an (n—2) -fold point at P(x). The equation of 
the i image of a general line in (æ) has the form 


(a) Yr} (αι oy) lfi (as — YY.) | + (aY — 0991)" miann 
+ (aàxys— 031) lfi (as — YY) ] d- 3 (08— YY) 1 
“δεί (——) 1 Ενα (——)}=0. 
Let 
Γιαν, —3195,,) = Vis fela, —YYs,.) = Sir κ 
filas, —YYeo,,) 7 wi, Filas, —Y1¥2,) =k, 


the equation of the curve is then 


(b) (à19s— 041) (yas - tss FYV) + (à39s— ayı) (yy tH YW tH YsWs) 
+ (αιϑχ--αχϑψι) (Y181F Ys8a+ aS) + (Als t Yobs t+ Ψείε) =O. 


This curve is of order n—3+3+1=n-+1 having at P(y) an n-fold point. 
- Aside from the intersections at P(y) two curves of order »+1 will have 
(n--1)*— (n)*-:2n--1 points in common, of which one is variable. 
The image of a lne through P(z) is found by dividing the above equation 
(a) by a7? and then putting a4—0. All terms containing a, to a power greater 
than n—3 will vanish. The remaining terms have the form _ 


(8192— 4331) [Vif (Yi¥e,.) +Yale(YWiYe,.) - Vaf (Ya) 1 =9, 


which consists of a line a,y,—d.y,—0 through P(y) taken three times, and a 
curve Lyf; (yiy2,,) =0 of order n—2, having at P(y) an n—3-fold point, and 
is independent of the coefficients αι. The line is the image of the given line, 
and the curve is the image of the point P(z). 


The Fundamental System. 


6. The 6(n—1) basis points are all fundamental; their images in E 
are straight lines through P(y). 

The complete image in (x) of each of these Pondanental lines in (y) 18 8 
curve of order n+1 having an (n—2)-fold point at P(x). But, since the line 
in (y) passes through P(y), the image of P(y) must be deducted. It is a 
curve C, passing through P(z), and the one point of the 6(n—1) basis points 
of which the line in (y) is an image. The proper image. in (z) of the line in 
(y) is, then, of order n having an n—3-fold point at P(x) and passing once 
through each of the 6(n—1) points. 
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^ 


The poini P (a) of uds n—2 on the es en A p= 0 has a curve of . 


order n—2 as its image in (9), with a point of multiplicity’ n—3 at P(y). 
The complete image of this curve in (2) is of: order (n-+1) (n—2) —n(n—3) 
=2(n—1), having at P (a). a πριν m and passing once VUES each 
of the 6 (n—1) points, l - : 
The curve K is of. order 3n, having at P(e) 8 ub of multiplicity 
4—2--n—2--n—3-—258—7. Butus isa factor of each term, so that the curve. 
K is of order 2n, having & 2n—4-fold point. lt also: prts — ας 
` the 6(n—1) simple basis points. The genus of K is 6n—9. l 
The order of Lis 2n (n+1) — (n—2) (2n—4) —6n—6— 4n—2, and its genus 
| is 6n—9. The curve has at P(y) a point of multiplicity 4n—6 and a double 
point at each of the ‘6 (n—1) Basis’ points. The. eurves K, J' have ia 
contacts and L has 6(n—1) cusps.. | 
Let P, denote a simple. fundamental point in. pies P; ET the image in 
tal (y) of P,, and let r; denote the residual i image eurve in (x) of p;. 
Thus J’ has a- double point at P, and one contact not at me fundamental 
point corresponding to the- tangenoy of L with D | 
We denote the point. in (2) by Q, its image curve in Φ oy q and -the 
- residual curve in (x) by 9.' 
.. K passes through Q 2n—4 times and is T to h of the n—2 . 
branches: of @;. There are 2n—4 points ‘of tangency of L with q, leaving - 
4n—6 simple intersections. ‘These BEDS intersections correspon’: um the - 
directions of J’. through Q. — pe cuo A 
The intersections of.K with 8, not at the fundamental nds are shown 
to be 4n—6. These intersections: correspond to. the simple intersections of L 
— with g. Aside from the fundamental points, J'. has 4n—8 intersections or 
2n—4 contaets with 8 which correspond to the points of aac of L with q. 


μη Type I. 
ee ης ` The defining equations for Type IIL-are : 
| | Agfa + Ways + Use cO; fee : (1) 
Pus vu uA, Ὃ.. 2n cQ) 


where Me us are general conics through R= (0, 0,1). 


— 


The Fundamental System., Pe 


8, The i image of a point P (æ). is ‘a curve p(y) of order 2 in (y).. The 
complete image in (9) of p(y): is: 8 curve of, order. 8 having a five-fold 
point at P(z) and double ponia at each of the nine ple basis pa 

5 | | 


-- - 
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The image of each of the nine simple basis points in (y) is a line whose . . 
complete image in (x) is a curve -of order 4 belongiug to the net having» as 
. double point at P(x) and also at the given basis point. — "EE - 
9 xl is of order 9, genus 9. There are no fundamental points in the (y) 
plane. . The complete image of K consists of the conic p(y) taken -five times; 
images of. the double point P(x) through ‘which -K passes five times; nine 
Straight lines each counted twice, images of the- nine simple basis points, piene 
through whieh K passes twice, and also the eurve of branch points 1... E 
| | Lis of- order 8, genus 9; it has twelve cusps. J’.has a six-fold point at 
| P(x); J' and. K have. twelve points of contact. ^ ^ ^ - 
‘We shall denote one of the nine basis points of the net by Q,, the straight 
line in (y) which is its image by η; and the residual image. curve in (z) by s. 
` We shall denote the image of the. fundamental point a of : multiplicity: 2 
- on $, by p and its residual curve in (2) by r. ο. = 


-— 


As in Type I, L is tangent to g as many times as K passes "— Q. 
Since K has a double point at each of the nine simple basis points, q is tangent - - 
to 1, twice. L and q have 1 :8--2" 9-- 4 simple intersections, each of which , 
corresponds to a direction of J’ “through Q. P 
i K has four simple intersections with s not at ζώα points, tie. 
images of the four simple intersections of L with q. ον, 7 
— J' has four simple intersections or two contacts with 8 cortesponding to 
the two contacts of L with q. 2B 
Corresponding to the five contacts of K with r E P(x) are five contacts. 
of L with p, which leaves six simple intersections of p. with L. These corre- . 
gpond to the directions of J’ through P (a). | 
K has six simple intersections with-r besides those at the fundamental 
points. These are images of the simple intersections of L.with p. m 
J' has ten simple intersections or five contacts with r not at fundamental | 
“points. These correspond to the five contacts-of L with p. | Ν 
| Tn the general case of two nets of conics through a common point, we haves | 
the configuration -of quartic curves having 8 double point. and nine simple — 


. points. Asa subcase i is included a system of conics having & simple point in 


common and no. basis points, This system is a linear d of conics., 
: forming a net, 


-- 
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| Type IV. τ LE U E ROO 
9. us defining equations for: Type IV are. l | 
δν Εθν um0, s c0 ... ) - 
Vila Vaya Ua Oy P . . (2) | 


where 40, t, - are cubic curves passing Torong Six, fixed points. We 
shall denote these points by ae i 
. The equations of transformation are- 


ue | plui itid (2), ei. .. 
The curves -¢, nave a double point at eack of the. six P,. They also inter- 
sect in 6: 6—6: 2 -2—3 =9 simple- points of the system. We shall denote 
these basis points by Q,. Hach ϕ, E: of cal 4. The image in (y) of a line - 
- in (a) is a sextio curve. ne E". = 3. 22 y t 
- The πιω αἵ gui DE E a7. 


10. Each P, of the net às well as each Q; when. substituted | in tho“ equa- 
tions (1) and (2) make them identical. Hence they are fundamental points. 

The image of each P, in (y) is a conic which we shall denote by δι. - The 
residual image of p(y) in (x), i. é, τ, is. à curve .of order 12 having at the 
given P, a five-fold point. The residual curve r, has a double ‘point at Qi» 

The image of each Q, is a-straight line q; in (y) and à residual curve s,in ^ , 
' (x) of order 6 belonging to the net. At the given Q, the curve r, has a double — 
. point and a simple pointa at each of the remaining eight Q,. The τ f; has 
^a ο. point at each P,. | 
' K is of order 15, genus 22; L is of order: 19; and has TR cusps. 
Aside from L the complete image of K is composed of nine straight lines taken 
twice, images of the nine basis points through which K passes twice and six 
conics taken five times, images of the six P, through each of which = T | 
five times. - ΄ ς 

The vonhat image of Lin Gis 18 8 curve of order 72 of which K is a 
double component. The residual i image J’ is of order 42.. The complete mul- 
tiplieity of each P, on K*J' is 24 from which a five-fold point taken twiċe must 
be deducted for Κ᾿. Hence P, is of multiplicity 14 on J’. The total number ` 
of intersections at each Q, is twelve, of which four are on K*. J’ has at each 
Q; an eight-fold point. "The genus of J' is 22. Κ᾿ and J’ intersect in 
42-15—6-14-5—-9:2-8=66: points not at fundamental points which are 
i thirty-three contacts corréspondiag {ο the cic cusps on L. 
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Li 


Hach ι d. δι É in twelve nds As Type I, Li 18 5 taiigent to- q; as many E 
: times as K is multiple at Q;. Hence there are two contacts of 1; with g, and : 


eight simple intersections each of. which corresponds to a particular direction i E 


cof « J’ through Q;. - l 
` K intersects r, in eight points not at denal ce which correspond 


7 to the eight simple points of intersection of L with qee. 9° | : 
J' has four simple intersections or two contacts with fü whieh are images ΚΝ 


T of the two contacts of L with qı. : : 
| In the same way L meets f, in twenty- four μι. of ‘which duds ‘are con- P 


tacts. and fourteen ‘are. simple intersections. ‘The points: of tangency Corre- -' 


spond to the contacts of K with s; at. Py. Each of the. simple: intersections jg 
corresponds to.a particular direction of J’ through Pee ox 

There are fourteen intersections of K with s, not at fundamental. points | 
images of the fourteen intersections of L with P;. | M CN 
B : : There are ten intersections of J' with Si, not at fundamental points, which ID 
"are five contacts ia Poe to. the five contacts of L with fi. dX Zt 


- 


ru Type y. 
; 1. ‘The defining, equations for ype v äre E | 
mE 14 Ust + js 50, | : E P us © (1) 
3E E, Va ο “πα um d I (2) 


σα u,=0 represent cubic curves: passing: bush nine fixed points, and 
9-0 represent curves of order 9, having a triple point at eight. of ‘the nine 


d fixed points of u,—0. - The equations of transformation are 


pni $i), p tuos (2), pesi). E % f 
` There are eight points P, of multiplicity four ọn each Pi and ‘ihein l 


‘simple basis points Q,. The fundamental curve v,=0 has i a ` three-fold ET 
MI each P, and. passes simply through twelve of the vise Qie 


Age 12—8.3-4—12. We shall _ by. id the ὁ basis point through which 
=` Va=0 does not pass. | " 3 EE "d 


The Pide System. 


12. The image i in (y) of each fundamental point Qi 188 straight line d.- 
passing through P(y). The residual image in (2) is a composite. curve of - 


order. 12 having eight points of multiplicity, four at P(z), passing simply DT 


through eleven of the Q,; and doubly through the given Q,. One cómponent -- 


1 
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of this eurve 1s di The remaining image f; 18 8 curve of order 3 having a 
simple point at each P, and also at the given Qi and Qu. 


The image in (y) of Q, is a straight line da which does not pass iron 
 P(y). -The residual i image r, in (z) 18:8, eurve of order 12 having a four-fold 
point at each P,, a simple point at each Q,,. and a double point at Q,. 


The image of each P, is a curve p; of order 4 having:a three-fold point at 
P(y). -The residual image in (2) is a composite curve of order 48, having a 
sixteen-fold point at seven P; and a seventeen-fold point at the given P,. The 
multiplicity at Q, and Q, is 4.. One component is the image of P(y)-taken 
88 many times as p, passes through P(y). The remaining component which 
` is the curve s; of order 21, having a multiplicity of 7 at seven of the P, and 
of 8 at the given Ῥι. At each vial there i is a simple. point, but at Q, there is a 
four-fold point. - - 

The Jacobian is of order 33. This is 8 composite curve, one component- 
. beiig vg=0. Hence the curve of coincidences K is of order 24, having eight- 
. fold points at P,, simple points at Q; and a double point at Q,. The genus of 
- K is 28. The order of L is 18. Corresponding. to each intersection of K 
with v,—0, not at the fundamental points, is a branch of L through P(y). 
94. 9—8-8-3—12-2=12. Hence L has a twelve-fold point at P(y). The 
genus of L is 28, and there are forty-two. double points, or their Mom 
to be accounted for. The curve J’ is of order 60. 


The total multiplicity- -at P, i is 72, at Ὁ, the total multiplieity 18 18, and 
at Qan it is 18. Deducting the multiplicities at these points on K? and v#=0 
there remains a twenty-fold point’at Ρ,, a four-fold point at Ω,, and a four- 
` teen-fold at Q, on J’. K and J’ have, aside from the: fundamental points, 
forty-two contacts which correspond to the forty-two cusps on L. 

As in Type I, L is eut by q, in eighteen points, two of which are τα 
corresponding to the tangency of K with r, at Q,. The fourteen simple 
intersections of K with r,, not at fundamental points, are. images of the four- 
teen simple intersections of q, with L. | 

The four points of intersection of J’ with fe, not at fundamental poinís, 
are two points of contact, images of the two contacts of L with P: 

L has six points in-common with q,, not at P (y), of which one is a point 
of contact and four are simple intersections. These correspond to the tan- 
| gency of K with r, at. Q; and to the directions of. J’ through Q,.: 

The intersections of: K with fı not at fundamental points are four, the 
images. or the four intersections oi L with 4; i 


» 


-- 
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The intersections of J’ with r,, not at fundamental points, are two or one 
point of contact which is the image of the contact of L with q;. 

L has thirty-six intersections with p,, not at P(y). Hight of these: are 
contacté and twenty are simple interséctions. These correspond to the tan- -. | 
gency of K with s; at P, and the multiplicity of J’ at P;. 

There are twenty simple intersections of K with s,, not at fundamental 


` points, which are images.of the simple intersections of L with p,. 


^ 


- There are sixteen intersections of J’ with $;, not at. fundamental points, 
which are eight contaets, images of eight contaets of L with οι. 
There are eight four-fold points and thirteen simple basis points in the - 


. general case of a system composed of a net of cubic curves, and a net of. curves. 


of order 9. A subcase of this is a linear system of curves of order 9 having 
eight triple points and six simple basis points. Hence the latter type which is 
used here is.a subcase of the general system: composed of the net of cubics 
and the net oi curves 9s order 9. 


Completeness zb Enumeration. 


18. - The three images of a point in (y) may be denned as the Αμ. 
intersections of systems of curves in (2) in many ways. They are, however, 
reducible to one of the. five types described above. For example, the defining 
equations may Re ; 
l Wyr tH eye tH usys =0, κ Tp . (i) 

vis Γον + 9s —0, EPI e aa (2). 


M 


where u—0 represent eubic curves having a double poni at P(x) anda simple . 


point at ϱ (9), and where v,—0 represent conics passing through P and Q. 


w, =0 have the form Ly (2,24) + 2, (2122) =0, and the curves v; =0 have the form 
Ta (4273) + 24 (242) =0. In- Lu,=0 there’ are o? degrees of freedom, and in 


^ ξυ.--0 there are œ degrees of freedom. 


If the u,=0 have the added restriction that they pass simply through & 
third point R= (1, 0,0) through which υ,--0 do not pass, the net has oo? degrees 
of freedom. We shall denote the net of these cubic curves through one double 
and two simple points by ynla-- yia d-yod4—0. By a quadratic inversion the 
a}, becomes curves of orde? 6 which contain-the image of the double point P. and 


. the two simple points Q and R. The residual curve is, of order 2 which passes 


once through P but not through R or Ὁ. : | 
The conic of the net v,=0 through P and Q become composite curves of © 


- order 4 whose residual image is a conie passing through P and Q. 


^ -r 
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The curves of transformation py. i of the system XE Ξ0, Soy, =0 
obtained by finding the values of y, are of order 5 having at P, and Q points 
‘of multiplicity 3 and 2 and of multiplicity 1 at the nine fixed basis points T,. 
By a quadratic inversion the œ; are ‘of order 10; These are composite curves 
whose residual images are quartic curves, having one double point and nine 
simple points. ‘The genus of the quintic is 2 as is also that of the quartic. 

The curve of coincidences is of order 11 having at P, Q, and T, multi- 
plicities of 7; 4 and 2. -By the inversion K is a composite curve of order 22- 
whose residual image i8 a curve of order 9 with & point of ΕΕ 2 and 5 
at P and T,. The genus of K is 9. 


Hence the 4j, reduce to conics through one fixed. Κη Vi ας, conics 
through this same fixed point and a point M through which the first conics do 
not pass. The transformation $, reduce to quartics having a double point and 
nine simple points. K reduces to a curve of order 9 and of genus 9 with one ~~ 
. five-fold point and nine double: points. But this i8 exactly the configuration 
. for Type III. "Thus the system of a net of curves of order 3 having a fixed 
. double point and a fixed simple point through which pass a net of-conies reduces 
by a birational transformation to the gystem of Type III. 


The same method of reduction can be employed i in every case. The proce- ` 
. dure is exactly that used. by Bertini i in the paper cited. 


Cyclic I ο νι 


7 14. In order that the τ EA of ‘the (1,3) correspondences may- be 
complete it i8 necessary to consider those casés in which the images of a point 
(y) are rationally separable such that to a point P(y) correspond three points 
"P (x), P,(%), Ρε(ο) having the following property. If P, describe a locus, P, 
-describes another locus and P, another locus, all in (1, 1) correspondence. If 
P, and P, describe the same locus, P; describes the same locus. Hence a 
birational transformation exists by means of which the three points P; are per- - 
muted. among themselves. By this transformation P,wP,, Po P,, Po Pin. 
Since the thrée i image points form a group the transformation is cyclic and. of 
order or period 3. Such an involution i is called cyclic. 

If two of the three image points coincide all three are identical. For the 

| transformation which sends P, into P, algo sends P, into P}. and P, into P,. 
Hence if P,— P, then P,—P.—PD, Hence K and J' are Mondes There is a - 
-birational relation between the curves K and L.. NN 
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' Bottari * has τη the possible forms of all oyèlie types by meané of 
projection from configurations i in space of three or more dimensions. ΜΙ 
- For a-cyclic transformation of order 3 there are four types among which 7 κ... 
are included all the Cremona transformations of order 3. = ; Πε 
(1) The Jonquières transformation of three points on a fixed line. . 
. (2) The Jonquiéres transformation of three points on a pencil of lines 
P, the lines themselves being permuted by a linear transformation of order 3. 
In partieular P, on p, is transformed into P, on Pas- P, on p, 18 Ga * 


l into Εν On Ps which i in turn becomes the original point, In the same way Pa . .: E 
and P, on fi have uniquely associated piu on p; and δε such that the three ~ > — 
dino on each p, form & distinct group: dE Ted ue oran 

-(8) The three permuted points are the three intersections of two ΠΤ SEL 


= curves through six basis points which form two triads of points in three-fold 
‘perspective. The transformation i is accomplished by means of a quartic curve | 
through six points. One ‘triad consisting of double points, the outer of simple po ve 
points. Kantor+ calls the type Δι. : "M : A 
ο "(4). A particular case of Type. V. in which the curves of order 9, and a- 
pencil of cubic curves are invariant under a Cremona transformation of period 


: and order 13. . This type is called’ Ns by Kantor (loc. κ p: ita nee 


l | Cyclic . Type I. EE M TEMP 
15. Given a, curve C,'with a fixed point ‘of multiplicity 4 ο The TEN : ο. 
points i in which ἃ line through the fixed point cuts the curve'are images ‘of the | 
point of intersection of two lines. in. (9). Eve points of ‘each triad are on an 
f invariant line. TT 2 FEES 
-The equations of the transformation have the form 7 B ΕΡΕ. 


πον ZD E pem ambo pua, T 
| Zo r T iem--d - l 
It i is of period 3 when ad--be-+a? +¢= 0.. — T”. and P" we e have 
: ο ico) n ( abo) bed- —bd ec i 
| --αἲ(---αἷο---δο) -α(α — bod) ΠΗΡΕ 
The: condition for this equality to exist is found by putting | s 
| KE 2 gs pa loka tad) , ME 3 | 2 | p E i | 


" 





δα Sulla razionalita dei piani multipli [9 y, VF (y) F (a, » a Annali di Matematica. Series 3, Vol. 1Τ. 
(1899), p. 278. 
+ “Premiers Fondements pour une Théorie dos Transformations Periodiques ο. M emoire, 
della. R. Accademia. Naples. Series 2, Vol. τ e Mob IV,2 Wai PP- 1-335. See pp. 260-262. E 


E 


- - 
x ~ 
> 
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In order to obtain the τος, of the six points in (ὦ) under the trans- 
_ formation, consider three planes x; ὦ’, 4".- Under. T the six (z’) images of the- 
 Bix fundamental points (2). are obtained. These under T define six points 
(z^) and these in turn go into the original (x) points.. The (x) and. (ο) 
“planes are superposed on the (2) plane to. obtain the required relations. — 

-We shall consider the two triads of points i in (x) and (2') as 


(AB, C,À,B.0,). id (ALB: C ASBIOD. i 


x. 


ν 
E 


The points 4», B, » C each have conics in (a ) im the points A,, δι, e have 
straight lines in (0) for their images. Also the point 


Ag goes into C, ABCBC ), - Af goes into C,(BC), - 
ον ὃν * ΟΙΑΒΟΑΟ),, Bo“ C40), , 
ος, «“. Q(ABOAB, Ὁ “  QO(AB). 
Since any straight line i in (4) goes into a quartic through (A 2B,C,4,B,C;) ; ta 
the image of the line Α’ 4’ isa quartic curve containing the image ofA’ and A’. 
-These are the straight line BC and the conie through ABCBC. The-residual - 
' image is, then, the line AA. In the same way the images of other Hines. „may 
be obtained. - | 
Since CB=a,=0, ACesas — 0,. diede 0, it follows that 


^w k(besj—a'max)(abmi-- ma), O‘ 
m= l (aczg—b a m.) (beai--a mms), - DE S 
23 — m (ucai— b xm) (abzg—c t mas). EE 
The points P, ο, and R are invariant under the η. hence the 
substitution of the coordinates of one of these points in the above equations. 
gives the values of-k, l, and m.. These-are o ‘ab, abc and ac, respectively. 
The equations of transformation 7* are - 
- | t= ab (beat —a tt) "a 
JEN ΤΙ (bea — a^ tts), 
. ο. A= ao (act b mas) P | 
Similarly for T we obtain b S " 
αἱ — ads (abti — yag) = bao, (Dow —a? y); ajenas (aoib). 
The nine points 4, B, C, A, B, Ὁ, P, Q; R lie on a cubic curve. which is 
invariant, but since two triads of lines pass through these points, they are thé 
a points of a pencil of cubic curyes. The equations have the form . 


AA- ΒΟ. BE pia -AB-ABL | 0 0 


one 
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` If any curve of ai pencil is invariant. undér T, "we must have 
| Οὔ AB-BA+3BB: AC-CA=0, .. ΙΡ αὐ) 
; ah that (1) and (2) define the same curve. Equation (1) has the form 
| (b&,-—em%,) (ωῦσι----αὖν) (coca, — aa) ee (c2, — ass) (oct bas) — =0, (3) 
which by T goes into 
(a? bz, —aa) (am, —c2) (b — — ocn) Filano E E ο” 0. (4) 
By comparing the coefficients of like terms in equations (3) and. (4) we. E 





obtain the relation A= E By the gubstitution of "s 5 for 4 in equation. τ 


| | | ara | 
(4). we find A=o and A—o*. The two curves are | eaS 
τ s Beate, pocain + cab nai —0, 005 7. (8). 
2 bereto ac add-on basal 0. l AB) 


The existence of the two cubic. curves satisfied. by different values of A 


` | bas been mentioned by H. S. White.* f | | E 


It is necessary to determine whether either of these ο ὁ curves contains 


points invariant under the transformation. . The point of contact of a line `` 


_ through -4=(0,0,1) or e, — ma, with (δ) gives 2, —oaV 4, zy —b V 4, t= —2oc. 
Under T these values become 2,— (V 4*)oa, α»----ωδ, z,— V 4c. Hence this 
point is nof invariant. "The point of. contact of 2,=ma, with (6) gives 
=a 4, 4,—bo* V4, zy---2c. Under T this ent is invariant, hence the 
curve (6) is the equation of K=J". l | 
— Ali the cubic curves through 4, B, C, A, B, C which contain the three per- 

muted points which are images of a ‘point (y) form a net of equianharmonie 

_curves; they. are tangent to one of the sides g, zz, c æ; =0 and do not 

pass renee P, Q and R. t» 3 - 

Since a line in (y) becomés a eubie curve in (ο) any one of these equian- . 

"harmonie curves may be taken for $,—0 in the equations of transformation 

which written in the form of defining. equations are-py,=9,. 

‘The equation of L, the image of K, is also a cubic curve. .To-a line in (2) 
corresponds a.cubic in (y) which has. for its complete i image in (x) a composite 
curve made up- of the original line and two quartic curves. The line when. 
. operated upon by. the transformation T becomes one of these quartie eurves, . 
. and when operated upon by T” becomes the second quartic which accounts for 
the curves of order 9 as C,4-C,4-C,. x fen 


Y Plane Cubies and Trrationil avaient Cubies," Transactions American Mathematical, Society, 
Vol. I ος pp. 170-178. 
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Non-perspective Lanear Transformations. i 

20. It was shown in Art. 17 that quadratic transformations of period 3 
can be reduced to the Jonquières type of cyclic. involution. 

We now consider conics through one fixed point, invariant under the non- 
perspective cyclic linear transformation of period 3. 

If ραι--ωα,, pry =O", p%—=%(o°=1), the expression 2,4,+ka; remains 
invariant, «42, 4-122 is multiplied by o*, and 4327, -- ma; is multiplied by o by the 
transformation. Hence the systems of conics 


© μοι 31-2393 0, 5s HL (Yt Y+ à) --0 
defines a triad of variable. intersections which is invariant under the trans- ; 
formation. 
For K we find ryote (225a) (223+ 23) —0, which is satisfied only by 
fundamental curves. This is a particular case of Cyclic Type ut. 
Consider the oo? system of cubic curves 


04 + tat-t ard d au yrs = -0. 

Every curve. goes into itself by the transformation. Any two curves of the 
system intersect in nine points, making three triads. Now choose any two 
` points (x), (2) as basis ‘points of the system of cubic curves. ` Associated with 
(2) are two distinct points forming a triad, and associated with (x) are two 
points so that the six points form two triads of- permuted points. There 
remains one triad of variable points which are rationally distinct . and are 
images of a a point i in (y). 


wt 


Geometric peo of Cyclic Type III. 


21. 'Phe relation between any point of the. (y) plane with its. three 
corresponding images in the - (x) plane has been developed for Type III by 
Bottari.* D 

Cyclic Type IV. |. 
22. Type IV is defined by 8 system of curves of order 9 Shih are 
. invariant under the transformation and on which lie the three variable points 
which are permuted among themselves. 
The system has oo? degrees of freedom as shown i in the rona 


Ada st C's (Ash 3- A503) +ALL Apip + Argh E210. (1) 


Since 4, $$, are invariant under T, but C, is not, we may reject the terms 
-inyolving ον 6 MEEN EEE EENE EEI, eU 


κ Loo.-ctt., p. 2892, 
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Two of the four constants in equation (2) may be chosen arbitrarily. We. 
shall let one constant determine a`point P on the $; which also uniquely deter- - 
mines ‘the two remaining associated points of the triad. Substituting. the 
coordinates of this point in (2) there will be a fixed value Ay), and 2,95 since 
P does pu lie on y or $4. The resulting omaron is then, Ak AM - 0 or 

mah. ‘A second constant may be used to determine a point Q. on $4 
with which are also associated the two-remaining points of the triad. 
τ fe a ae Κα gy K Ag Í “sh. 

> Av Γφῖφι Γφιφε--λι T 91 φιζ-θ, - n 

or E. 


Ab + i-i) + Pipe F λοφιφὲ 5-0. 


The curves f,(z) —0 intersect into two variable triads. 
“The curves f,(z) intersect in six fixed points which are fundamental 
"points, 9:9—8- 3: 8—8 —6 composed of two triads of points P, and Q,. 
Through the point (1,0,0) we have a pencil of lines of the form 
HD (O Yat Pys) —0. To the lines of the pencil correspond cubic curves in (x). 
The transformation curves py,—f,(z) with eight triple points and two triads 
of simple points. have fundamental elements in (y) corresponding to their ` 
basis points. To P, correspond lines p, in (y) through (1,0,0). The 
residual image of these lines is a curve of order 9 composed of a sextic, the 
image of the point, and a cubic, the image of the line. In the same ud the 


.' residual image of Q; is a cubic curve Q,(z). - 


The triple points R; on the f,(z) have for images rational curves of order 3 
in' (y) ‘with a double point at (1,0,0).° The complete image in (x) is a com- 
posite curve r; of order 27 containing the image of the fundamental point ` 
(1,0,0) twice. The residual component B, is of order 15, having eight points 
of multiplicity 5 at R;. 

- The Jacobian of the οι is a sextic iene eight AT points. It 18 
of genus 2. . s 2 
- The curve 1; is also a sextic of genus 2. mierea are four branches of the 


.. curve through (1,0, 0) consisting of two sets of tangents which count for eight 


intersections. "The common tangent for two branches can not cut the|curve 
again, but an arbitrary line through (1,0,0) cuts L in two other points (orre- d 
sponding to the two points of intersection of a cubic of the pencil with K. 
Two eubies do not meet K except at fundamental points. 

L cuts p, in two points not at (1, 0,0) and P, has two intersections with ΄. 
. K not ai fundamental points. 6-3—8-1-2—2. If p; is tangent to L at 


— 


Hows: The Classification of Plane Involutions of Order (3). 47 


— (1,0,0), P, has no simple intersection with K but one tangency. “This is also 
true for à, in (y) and Q; in (æ). 1, ᾿ουἰβ-ει in ten points or five contacts. 
6:3—4-2-—10. K is tangent to each branch of R at. R; which correspond to 
the tangeney of L with r, at the five points, and there are no simple intersec- 
tons. 6:15—8 5: 2—2: 5=0. - 


| The Cyclic Transformation Νε. 
23. The cyclic transformation of period 3 involving eight fundamental : 
points is of order 13. By means of the transformation the image of a line is 
a curve of order 13 on which the eight fixed points are distributed as follows: 
one triad of four-fold points A, B, C; one triad of five-fold points A, B,C; 
one triple point G, and one six-fold. point G. In order to obtain the relation 
of the eight P, under the transformation we shall consider the two planes (2) 
and (z’) .on which are the points 4 BCA BOG, G: 4, BiCABiCs BGs, 
respectively. 
. The image of 4, B, and -C are [iras rational quartie curves in (2) having 
. three double points and five simple points, the:image of A, B , and C are three 


-~ _ ` rational curves of order 5 having six double points and ων poirits; the 


image of G is a cubic curve-with one double point and six simple points, and 
of G the image is a sextic curve. having one triple point and seven ος 
points. 
' The multiplicity of A, B, C on the Jacobian is 11, of A, B, C is 14, of G 
is 8 and of G is 17. 
By the transformation the [ἔπ Α’6 goes into the curve 


Cis (A,B,C, A;sB,0,G, Ge). 
The i image of a Sint A' is the curve C,(4,B,C,4,B,C.G,G,) and of the point . 
C’ is the curve C,CA,B,C, À,B,0,G,G,). Henee the residual image of the line 


A'C' is a quintic curve C,(4,B,C,4,B,0.4,4,). 
In the same way the residual image of A'B’ is the curve. 


E 


— en m Ὁ 


ge o C, (AaBs C,A,B,C,,0,). 
Consider- the points, (ο) superposed upon the (2) pe sueh that 
- A'B C'A' B'C'G'G'— BCABCAGG, MADE 
| | By T the point A’ goes into 
ο, (A,B ;C A B,0,6,6,) οσο A;B 24144) . 
By T" this curve becomes a composite curve of order 4-13 or 
0 Cg (ABC An Bun Ga Gs), 


-— 
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iron which ilia components which are images ot the nalis CABCA'B'GG' 
are dedueted as Co (Au Bu Cu ABC Ga). ED E 
Henee the residual component is 8 curve i 
C(A ΝΜ θη A,B.C, G 40.) =C; (C; ALBO, Ag BGG), 
. By T again the quintie becomes a composite curve ΑΡ ΜΑΝ Eos Cos Gas ag) ; 
from which the image of the fundamental points of the quintie are deducted 
as before. i Nu | l 
Hence this curve passes — the point 4'—B once more than the 


parameters provide for, so that this point which is the residual image of T*. 


ig the original point, The transformation is, then, of period do. 
In the | same way it,can be shown that the point G'-G by T goes into 


CA B,C, AB,O,G,G G). By T" the residual image is C, CA,B,C,À,B,C, GG), and . 
. by T*the image is composed of the curve Cys (As BC, A aso is ns). and the | 


point G, so that the image of ὄ κα is the same point, 

Also the point Α’--Β goes into a curve C,CA,B,C,A,D,C, CREAT by T, and 
by. 7? the residual image is C,(4,B,C,A,B,0,G,G,). Under T? the image is the 
curve Cis (Ass BC B Caii) and the point A'— B, so that again T° 18 an 
identity. 
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Cubics that do nor Constitute a ; Pencil. E - “+ δι 


οσοι of the cubies are right lines. - The eos is thus a ‘isa quartic of 

` genus 1, and the system y is ent from it by an Μη ο ο of. oo! tangent 
planes. ur 

8. If the given surface is a quine the residual section by a plane or 

hyperplane containing a cubic of y is a conic. If a generic residual conic is not | 

composite, the surface is generated by a non- rational pencil of conics. Such a 

surface* has three concurrent double lines and à tacnode. The cubies y lie in. 

the planes which pass through the tacnode and are tangent to the surface, - 

This surface is normal in three dimensions. 

If a generic residual conic is composite, the ution is a ruled surface of 
genus 1 belonging toa space of four dimensions or it is the projection of such 
a surface. The cubic curves or a given ruled quintic surface of genus 1 belong- 
ing to S, constitute the residual intersections of the surface with the S, defined 
by- two generators. Since these cubics constitute a system oo’, and intersect 1 in 
one variable point, they constitute a „system Ye a zm 

9. No ruled surface that contains à system y of ibis’ 18 of order greater 
than 5. For the generators of such a surface set up, between the points of two ^ 
generic cubies of y, a (1, 1) correspondence in which at least one point, common 
to the two eubies, is self-corresponding since it is not multiple on the surface. 
The order of the surface defined by such a correspondence does not exceed 5. 

10. In the remaining cases, we shall transform the given surface bi- 
rationally into a ruled quintie ‘surface @ of genus one, belonging to δι. We 
| point Qui here, for use in this connection, some próperties.of such surfaces $77 


- ME . : TNR RR J 
n. ‘Precisely 9 T1) E pc zd independent linear conditions must be Sa Hen by 


the coefficients in the ics of an hypersurface Hi τ order αἱ in ὃς, Ί in or der 
that it contain a given surface $. 


This theorem is true for ᾱ--1, since @ does not lie in an S,. We assume 
it true for all orders less than the given order ὦ. Sinee the rectilinear 
generators of $ intersect each cubic of y, a necessary and sufficient condition - 
that H* contains $ is that it contains z--1generiecubies Ci, Ca, .... Oi of y. 
An H* contains the elliptic cubic C, if it contains 3x generic points on Οι. It 
then contains C, if it contains 3e—1 generic points on C,, eté. 


These βαἠ-βα--1--...;-- ο CD ines conditions on the coefficients | | 


in the equation of an H* are independent. For, there exists an H* which 


* Cf, the author, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXX (1908) ,<pp. 116-116, | 


-- 
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contains Ci, C,,...., C, 4 (where 1 has any of the values 1,2, ....,€4-1) and 
whieh also eontains Jam generic points Ds Pisis os, Pa On C, but which 


does:not econtain'C,. There exists, in fact, an hypersurface Hi^, of order 


#—1, which contains C,, Cz, ...., C, , and P, Pj, ...., Posas Poos and an 
hyperplane Hi that contains C, and Py ,. Similarly, there exists a second 


hypersurface H;^!, that contains Οἱ, C,,...., C, 4 and Pj; Py, ...., Pasay 


Py, and a second hyperplane Hs that contains C, ; and Ρε... Since the 


΄ points P are generic, the composite hypersurface HI `H, intersects C, in two. 


points that do not lie on H;*H;. Thus, no hypersurface of the pencil 


NEM NE contains C,. All the hypersurfaces of this pencil 
contain Οι, Cz, ...., C; , and P,, Pras sss; Popa. One hypersurface of the 


pencil also Sonia Pus 


19. Any curve on ¢ that intersects a generic génerator in 2 points and a . 
generic cubic of y in y points is of order y+ 2a, since it intersects the δὲ con- | 
taining two generic generators anda cubic of y in y+ 22 points. 


13. For no curve on ẹ can æ be greater than 2y. For, the order of such - 


a 1) 


a curve ‘would bè n=y+ δρα Since —n(z—1) >0, such a curve 


2 
would lie on an H*— which does not conca : but has æ points in common with ; 
each generator. . 

14. Any curve on $ for which 2y = 2 lies on an H^, since 


orz(z--Fl) ὅσ. 
p μ.μ 
ee ὅς δα. 
The ER intersection consists of Dm— > xi ο. of $, since it . 


does not intersect a generic generator. 
There are three curves on $ for which z— :2,y==1. For, put the cubies of 
y.into (1,1) correspondence with the points of a plane cubic curve C. "Then. 


each point of $ corresponds to the pair of points on C defined by the two cubics 


of y through P. "Then the points of a rectilinear generator on $ correspond to 
the pairs of a linear series gi on C and the points of a cubic of y to the pairs 


for which one point is fixed. "There are three irrational involutions of order 2 


on.C defined by the three cubics of which C is the Hessian-Steinerian. Two 


pairs of such an involution. belong to a given gi and one pair contains a given | 


point P. The points on $ defined by these three involutions thus constitute 
three quintie curves, Οι, D,, D, of genus 1, for which ὦ-- 2, y=1. | 

We shall show (Art. 35) that there is a rational pencil of curves on ᾧ for 
which z—4,59-—2. Each of the curves Οι, D,, D, counted twice is a curve of the 


4 


i 
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pencil. Every curve on $ for which q—2y degenerates into curves.of this 
pencil together, possibly, with one or more of the curves D. For let C bé such 
: a curve. If Ci 18 composite, each component intersects the generators in twice . 
88 many points as it does the cubies of y 80 that C lies on a proper or composite 


H” and forms, with E generators, the complete intersection of H” with q. 


Let P be a generic. point on C. and: let C' be the curve of order 10 of the 
&bove pencil through P. Then C' has. in common with-H* the point P and 
10% points on the generators common to $ and H”. Hence C' (or'a component 
of it, if P lies on a quintic D) lies on H*.. It forms a component of C since, 
- otherwise, H? would have more than s points in common with a generic 
. generator of ϕ. RM | 


IM, Tus SunrACE IS NON-BATIONAL AND-OF ORDER NoT Lass THAN 6. 


l 15. Since the order of the ‘surface exceeds 9, the surface. is not ruled 

| (Art. 9). The system y is of order. unity (Art. 5, footnote) and index 2.* 
It is thus representable by pairs of "m on a plane cubic curve (cf. Art. 14) 
and is of genus p,—0, p,7 —1. : 

16. Let the given surface F be projected, if necessary, into a surface F’, 
of order m, in 9,. Then the cubics on F” that constitute the. projections of the - 
cubics. of y on F intersect the adjoints to F” of order m—3 in just two points 
which are not multiple on F', Suppose, in fact, that the cubies do not have a 
- fixed point in common. Since consecutive cubics intersect, the plane of 8 
generic cubic C touches F” at only two of the intersections of C with the plane 
of the consecutive cubic. The remaining 3m—11 points common to C and the 
residual section of. its plane with F” lie on the multiple curve and thus on the 
adjoints of order m—3. Similarly, if the cubics have a fixed point P in com- ` 
mon, the plane of C touches F’ at one ‘point on C. The remaining intersections 
of C with the residual oun except one at P, are common to the adjoints of 
. order m—3.. | . 

11. The adjoints of order m—3 ος a linear system of at most two 
dimensions. -Suppose, in fact, that they constituted a linear system of r>2 
dimensions. Since the cubics. are not rational, they determine a linear series 
| gs on each cubic of y. "Then; the’ ‘cor # adjoints of order m—3 through two 
generic points of-one cubic and one generic point of a second generic. cubic 
would contain all the eubies and would thus contain F”. But this is impossible, 
since the order of the adjoints is léss than that of F”, ubi 


* Caitelnuovo-Enriqueg, Mathematisohe Annalen, Vol. XLVIII, p. 314. 


——— 
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l 18. The genus of the plane. sections of F’ does not. need 4. Let II lia 
the genus of a generic plane section. of F” and let r be the dimension of the 
linear system of adjoints of order m—3. Then* 


τ------ —1l-—(5,—9.) or He tb δν δι 
Put r «2, p,=0, p, = —1,.80 that IL <4, _ Moreover, Π 25, since the surface 
is not ruled. + = gå ; 

-19. If I1—3, it is known] that the surface contains am η unit: 
of conics. The quartics cut from such a surface F” by the penek δ adjoints: of 
order m—3 degenerate into pairs of conics, 

- If T=4, then r— 2 so that a pencil of adjoints of order ni—8 pass through 
8 generic point P on F'. Al the adjoints of this.pencil pass through two points 

" P,and P, fixed by Pon the cubies C; and C, , respectively, through P. Incase P, 
and P, lie on a cubic C of y, they are corresponding points in the g} defined on C” 
-by the adjoints. Then the adjoint surface that contains C contains all thè 
. pairs.of the g; on C and thus contains a rational cubic curve (locus of P) 
which forms, with- C, the variable sextic of intersection of the adjoint with F”. 
In ease P, and P, do not lie on the same cubic,. let C; and C; be cubics of y 
through P, and P,, respectively. Thé pencil of adjoints through P, intersect | 
`C} in P, and in a second fixed point distinct from its intersection with C,. ` 
It follows that the adjoint surface that contains C, has Cj for its residual 
intersection and, Ἢ that the one containing C, has C, for its residual 


. intersection. - TP 


— 


20. Let tlie system y of cubics on a surface F belonging to three or more 
dimensions, be put on (1,1) correspondence with the-system of cubic curves on 


. & ruled quintie Surface $, of genus 1, belonging to-S,. "Then a.(1, 1) corre- - 


spondence is set up between F and $ iby taking two.-points as corresponding 
when they lie at the intersection of corresponding pairs of cubics. 


^ 91. Let x>1 be the order of the rational curves on F. Then the plane or - 


- 


hyperplane sections of F transform into a linear system of curves on φ that are 


of ordér 3 + 92 since they intersect each cubic in three points and each generator | 


~ in g points and thus intersect any S, which contains a cubic Ene two genera- 


-tors in 3+2% points. Every such curve lies on an H’, since PEN. 


—g (22--3) >0 when z>1. The residual intersection of the H* with ΚΠ 
of ϑί(α--1). generators. The plane or hyperplane sections of F thus correspond 
. to sections of Φ by a linear system of H* through 3 (z—1) fixed — | 
* Picard οὐ Simart, “Théorie des-Fonctions Algébriques," Vol. IIT, p. 489. 


t Castelnuovo-Enriques, Mathematische Annalen, Vol. XLVIII (1897), p. 308. 
tScorza, Annali di Matematica, Ber. 3, Vol. XVI, p. 255, ef seg. ~ 
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The-order of ο. curves on. F νι not ΠΗ 4, For, since 
y==3, we have at once a<5 (Arts. 13, 14). But the H' through twelve 
generators define on $-a. linear system of only two dimensions so that 2 € 4. 


a. The Rational Cur ves on F are Contes. . 


22. Since z—2 and y=3, the curves on $ corresponding to the pisse or 
hyperplane sections of F are of order 7 and constitute the residual intersection 
of.$ with a system of H? through three fixed lines. The complete linear system 
to which they belong is of order 8 and dimension 5. Hence the surface F is of 
| order 8 and belongs to a space of five dimensions, or it is the projection of such 
a surface. This surface is the “first type” discussed by Scorza in an article 
entitled “ Le superficie a curve sezioni di genere 3” in the Annali di M ο 
Ser. 3, Vol. ΧΥΗ (1910), p. 920. 


-— 


x The Rational "Curves on. P. are Cubics. " 


— 


28. Το the system of plane or hyperplane sections of F arino 8 
linear system of curves of order 9 cut from ĝ by H? through six fixed lines. 
The complete linear system defined by these curves is of order 9 and dimension 
5. Hence, the given surface Fis of. order 9 and belongs to a space of five 
| dimensions, or it is thé projection of such a surface. . 2 generic hyperplane 

section is-of genus 4 (Arts. 18 and. 19). à 

-94. Let F belong to δι. Since two generic cubics of y intersect, they lie 
in an S,. The residual intersection of this S, with F is a cubic of y since it 
corresponds to & cubic on.. Since any curve on F intersects three such cubics 
of y in the same number of points, we deduce that: the order of any curve on: 
F 18 equal to 3y, where y is the number of its intersections with & Bolero curve 
of y. 

96. There are mee: types. of CUNG curves on F, defined by the number ὦ, 
of their intersections with the rational curves on F. If z—0,the curves are the 
rational cubics; if z—1, they are the curves of y; if s= 2, there are just three 
curves Di; Di, Di: They are of genus 1, and correspond to the three quintics 
on-$ (Art. 14) that intersect the generators in two points. The planes of two 
such cubics D' do not intersect. Otherwise, they would lie in an S, which would 
have four points in common with each rational cubic on E. 

26. ~The rational cubics define a non-rational involution of order 2 on each 
cubic D’. The lines j joining corresponding points of such an involution envelope 
a curve of class 3-in the plane of D’. It follows that the S, defined by the 
. rational eubies on F generate an. hypersurface of order 6, since an ὃν which ` 
contains a generic line l in the plane of D; and /,, in the plane of Ὡς, intersects 


-- 


r 
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the focus of the 8, defined by the rational eubies in a ruled surface which has 


1, and J, as triple directrices and is thus of order 6. The point in which the `` 


S, intersects the plane of D; is a triple point on the sextic. Hence the generator 
through that point is a triple generator on the ruled surface. It follows that — 
. the cubic threespread formed by the lines that intersect the planes of Di, D;- 
and D; is a triple threespread on the sextic hypersurface. The hypersurface . 
is of genus 1, and has no other multiple points. 

27. Let S be the threespace of a generic rational cubic C on F. . The 
plane of a cubio D' has a line in common with S and determines, with δ, an δ, 
whose residual intersection with F is a cubic of y whose plane has a line in 
common with S. Conversely, if I' is a cubic of y whose plane has a line in 
common with S, then T, C and a cubic D' lie in an δι. Each of the two inter- 
sections of T with S that do not lie on C lies on a cubic D'. Moreover, the 
threespread generated by the planes of the cubies γ is of order 9 τν it inter- 
eubies y pass through each "x of C. i 

28. The $, that intersect F in three cubics of y (Art. 24) define a g?.on 
the system y. Let these S, be put in (1, 1) correspondence with the points 
of a plane in such a way that the S, corresponding {ο the points on a line define 
a gj on y. Each cubic of y belongs to one group of such a gi, so that each | 
point of F, and thus each point of ὅς, lies in two of the S, define by the points 
of a line. Then the o'S, that pass through a given point correspond to the 
points of a conie or: the locus of the S, that intersect F in one cubics of y is 
the dual of a surface of Veronese. 

29. The sextics on F intersect the js y in two points (Ark 24). Those 
that intersect the rational cubics once, correspond to the quartic curves on Φ. 
They constitute oo} bundles, intersect in three points and are of gezus 1. Three 
a of these bundles constitute the residual intersections of the bundles ‘of S, con-. Ἢ 
taining a cubic D’. A fourth bundle constitutes the adjoint sextics (Art. 19) 
to the hyperplane sections of F. 

"The sexties that intersect the rational cubics twice are of genus 2, tien 
sect in four points and constitute the œ! bundles forming the residual inter- 
sections of the S, that contain a cubic y. Those that intersect the rational 
cubics.in three points are of genus 2, interséct in three points and constitute 
the oo! pencils residual to the rational cubics, Those that intersect the rational 
cubies in four points are of { πα 1 and constitute a pencil (Art. 14). 

30. The projection of F on an S, from a generic line } in thé Sume of a. 
cubic C of y is a sextic surface with a tacnode at the intersection of the plane ` 


, ao 
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of C with δι. The projections of the cubics of y pass through the tacnode and 
lie in pairs in the planes. tangent to a quadrie cone. The rational cubics also 
pass through the tacnode. Three of them are nodal, and coplanar with the 
projections of the cubics D^. The surface has three coplanar double lines, 
projections of cubics of y that intersect |. The points of intersection of these 
double lines are triple points on the surface. ‘The residual nodal cubic passes 
through these triple points. 3 

31. The projection of F on an' 8, from a generic line / in the plane of. 8 
cubic D’ is a sextic surface with a triple point at the intersection of the plane 
of D' with δε. The rational cubics have a node at this triple point. Their 
planes envelope a cone of class 3. These planes also contain the cubics y. 
The six cubics of y that intersect l project- into double lines forming the six 
edges of a tetrahedron. 


ο. The Rattonal Curves on F are Quartics. 


32. To the system of plane or hyperplane sections of F corresponds a 
linear system of curves of order 11 cut from $ by H* through nine fixed lines. 
The complete linear system defined" on $ by these eurves is of order 8 and 
dimension 4. Hence, the given surface F is of order 8 and belongs to four 
dimensions, or it is the projection of such a surface. Α generic hyperplane ` 
section is of genus 4 (Arts. 18 and 19). 

33. Let F belong to an δι. An H'that defines a curve on $ corresponding 
- to an hyperplane section of F, has eighteen of its twenty intersections with. a 
quintie D (Art. 14) fixed on the nine fundamental lines. These H* thus . 
determine & gi on each quintie D so that the surface F has three double lines 
d,,.d,, dg. No two of these double lines can intersect. Otherwise, each S, of , 
the pencil containing them would have for-residual intersection with F a rational 
quartic. (since it corresponds to a right line on >) from which it would follow 
that F is rational. ! 

94. The rectilinear goneratora of $ determine on each quintie D a non- 
. rational involution of order 2 which has two pairs of points in common with 
the σὲ defined by the curves corresponding to the hyperplane- sections of F. It 
follows that two rational quartics on F have a double point on each double line. 

Let S be the threespace défined by d, and d,. Its residual intersection 
with F is a rational quartic Οι. The two intersections of.C, with d, coincide 
at the intersection of d, with S.. Hence’C, has a double point on d. Similarly, 
d, and d} define a quartic C, with a doublé point on d, and d, d,.& quartic C; 
with a double point on d,.-. The three eau points are collinear. 

8 NN ; 


t 
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Let ο be the rational quartic, other than Ch, that has a ae — on d,. 
Then, since C does not lie in the S, containing d, and d;, C has a double Soie 
on a second double line d, and lies in a plane. This plane can not contain d . 
` Otherwise, the S; through it would define a rational pencil 9r conics on F. Hente. 
. the third double point of C lies on ds . | 

35. The residual intersections with F of the S, through the plane of C 
constitute a rational pencil of quartics of genus. 1 which intersect the rational 
quarties in four points and the cubics of y. in two points. No two quarties of 
this pencil intersect. The curves on $ corresponding to these quartics are of 
order 10.- They intersect the m in four points . and the cubics of y 
twice.. ` s 

96. No rational quartic on F, other than C, Οι, Cr, C,, lies in an 8,. 
: Otherwise, let C* be such a quartic. It has a double point on at least two double 
lines (since it can not ‘lie in the S, defined by two double lines) and lies in a 
plane. The residual intersections of the δι containing this plane constitute a. 
pencil of quarties, distinct from that of Art. 35, which intersect the rational 
curves four times and the cubics of y twice. This is impossible (Art. 14). ^ 
| 387. Let Γ be any cubic of y. The plane of T intersects a given double 
line d, and defines with it an δα whose residual intersection with F is a second B 
cubie I" of y. The points in which d, and d, intersect S, lie on T and I" and - 


: "thus on the line of intersection of their planes. It follows that each cubic of . 


y is intersected in two points (which lie on two of the double lines) by each of 
three other eubies of y. 

- Let g be the threespace “defined by di asd a Four dila of y pass . 
through a generic point of d,. "The. lines in which the planes of these cubics 
intersect S coincide in pairs and intersect'd,. - These lines thus establish a 
(2, 2) correspondence between the points of d, and d, and generate a ruled 
quartic surface. The generators ( of this surface are bisecants of the rational 
curve C, (Art. 34); The common n iecant line of d, ds, ài is à double ο 
of the ruled quartic. 

: The hypersurface generated by the MS of y is of order 8, since. its. 
section by the S, of two double lines 16 a ruled quartie counted twice. "This 
octavic hypersurface has F and the three ruled quartic surfaces defined by pairs . 
- of the lines 44, da, ds 88 double surfaces. Since it is of genus 1, it has no θεος 
multiple points. 

38. The surface F forms, with the plane of the rational plane quartic on 
it, the basis surface of a pencil of cubic hypersurfaces. For, the H’ that contain 
the three double lines and six generic cubics of y contain all the cubies of y and 


-- 
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thus contain F. That an H? contain four TY on each double line is twelve 
conditions, that it further contain six generic cubics of y is twenty-one more 
conditions on the thirty-five “homogeneous coefficients in the equation of the 
hypersurface. There thus exists a pencil of such H°, The plane of the rational 
quartic C (Art. 34) clearly lies on all these H? since SEEN line in it has four 
| points in common with each B®, 

39. Leta curve of order n on F intersect a generie rational quartic in 
(€ points and a generic cubic of y. in y points. Then 

m " 4y—2-4-n. 

For, the corresponding curve on $.is of order yg-F2x. Of its 4(y+2z2) ee 
` sections with the H* that defines a generic hyperplane section of F, θα; lie on 
` the nine fundamental lines (Art: 32). The remaining 4(y-I-22z) —9z—« define 
the intersections of the givén curve with the given hyperplane. Since y € 2a, 
we have <n. The equality sign holds Gor m curves) only for 
x=? and 2—4 (Art. 14). = 

If n=2, we have z— 2, y—1. The curves are the three double lines. 
If n=8, we have z—1, y—1. The curves are the cubics of y. 
If n—4 and z—0, y —1, the curves are.the rational quartics. 
If η-- 4 and z—4, y —2, the curves are the pencil of residual quarties in 

the 5, through the plane of the rational quartic C (Art. 34). . | m 
g If n=5, we have s=83, y=2. There are «οἱ pencils of these curves. They 

form the residual intersections of the 8, that contain a evel of y. They are 
-of genus 2 and intersect in three poizits. -> [ 

If n—6, we have 2—2, y=2. There are o»! bundles of such curves. . They 
are of genus 2 and intersect in four points. In, each pencil in any bundle, 
there are two which break up into pairs of cubics of γ.᾽ One such bundle con- 
stitutes the bundle of adjoint sexties to the hyperplane sections of F (Art, 19). 

If n=7 and «=1, y=2, we have o bundles of curves of genus 1 that 
intersect in three points. If r=5, y=3, we have oo" bundles of curves of genus 
3 that intersect in five points. . All the curves of a bundle intersect each double 
line in a fixed point. ii i 

40. The projection of F on an δη from a generic point on a double lined - 
is a sextic surface having a tacnode at the intersection of d with δι. The 
tacnodal tangent plane contains the projection of the rational plane quartic and 
two right lines. The eubies y lie in pairs in the tangent planes to a quadrie 
cone with vertex at the tacnode.. The rational quartics have a double point at 
the tacnode. The double curve is composed of six right lines forming the 
edges of a tetrahedron. ': . 
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Απ Isoperimetric Problem with Variable End-Points. 


ἔ » 
By ARCHIBALD SHEPARD MERRILL. — 


Introduction. 


‘The object of this: paper is to give a complete discussion of the necessary 


and sufficient conditions for a maximum (minimum) for a type of problems in 
" the Calculus of Variations which are closely related to the usual isoperimetric 


problems, and in which both end-points are allowed to vary along a given fixed . 


curve. Wé suppose that we have given the fixed curve Z and a certain are E, 


A 





Fra. 1. 


joining two points P, and P, of L. The problem is to determine the properties 
which the curve E must have in order that the integral of a given function 
-Ε(α, y, a, y') along L from P, to P,, then along E. from P, to P, shall be a 
maximum (minimum), while the integral of-a second function G(z, y, 2’, y") 


along Ey, has a prescribed value. Thus the function J to be maximized’ 


(minimized) is a sum of two integrals: 


T= f, Fle, y 2, y) dx + f, F(2 yw, y)dt, 
: Ln ` Eis - 
while the integral 
l K ={ G(s, Y, 9 y')dt 
A : En 
is to remain fixed in value. - 


i " 


"d 


= 
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A familiar application of this type of problem is the well-known Problem 
of Dido. In this application the area included by the are P,P, of Ey and the 
arc P,P, -of L is to be a maximum, while the aro BB of Es i is to have & pre- 
assigned length. z 

For the problem at hand certain conditions of the corresponding isoperi- 
metric problem with fixed .end-póints. must hold, and these are already well 
known, viz., the Euler, Weierstrass, Legendre and Jacobi necessary eonditions.* 
The transversality condition is also readily obtainable, and has been deduced . 
for some special cases of the problem here discussed.t In the present paper 
a new necessary condition, corresponding to the Jacobi condition in other. 
problems in the Caleulus of Variations, will be deduced: and discussed both for 
the case of one end-point variable and for the case of both end-points variable. 
In obtaining this we make use of- the derivatives of the “extremal integral" 
for any isoperimetrie problem, and Section 2 is given over entirely to the- 
computation of these derivatives. Conditions which are sufficient for a maxi- 
mum of J when K is fixed are readily obtained with the help of a theorem 
proved by Hahn. A geometric interpretation of the new condition is given in 
Section 5., Finally in Section 6; as an application of the general theory devel- 
oped, a discussion of the above-mentioned Problem of Dido is given. - 

$1. Conditions Deducible from: Known Results. 


7 


Consider a fixed curve - p 
| . 2-5 (x), y=y (x). Í | (L) 
not ιν itself, and two points ας, and Pyle) on L with 
|o ται. Let Ep be an are 
se, ν-ψ(»' ΠΠ "a (E) 
-— L at PA(t—) and P,(t= h). The function to be TE or mini- 
mized is then of the form 


J=f Pan, a) de is Fob s Va 
while the integral 
| = τ-ρ a9, e, va 
is to remain constant in value. 
For simplieity the following ωμά will be restricted to the deter- 
` . mination of a maximum for J. Consider the totality of arcs whose end-points 


*See Bolza, “ Vorlesungen ; über Variationsrechnung, Chapter x: : 
- +See Bolza, loo. oit., p. 620. 
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lie upon L. In this class there i 18 8 sub-class 3 óf ares which give iio integral 
K a fixed value k. The problem is then to - fnd necessary and sufficient 
conditions that a particular are Ej of Di, intersecting are L at P,(x=x,) and 
P, («= χι), shall give to J ΠΕ value than any other are of Ji in a certain 
neighborhood of are Ey. 

It is presupposed that the are 1, is regular * in 8 neighborhood of the 
values x Xx €x;. The class Jt’is further restricted to contain only regular. 
ares, and in particular the are E; whose maximizing properties are to be 
investigated is assumed to be of class C"".t Iti is also assumed that E is not 
an extremal for the integral K. | 
The function G is of class C” for all values (2, y, ὦ 4’) for: which 


(α’, y) -E(0; 0) and (2, y) is in a neighborhood of Ee; while F is of the same. . 


class for (4’, y')zE (0, 0) and (a, y) in a neighborhood of those on L4-- E. 
Both these functions satisfy the usual homogeneity conditions - à 


F (2, y, ka’, ky’) =kF (v, y, ο”, y), 
G (2, Y, ka’, ky’) = =hG (a, y, x,y’) 


in these neighborhoods for every k 50. 

~ The necessary conditions that J(E) be a maximum with RT to all 
curves of It with the same end-points, and keeping K. fixed, must be fulfilled.. 
Hence we have at once the usual Euler, Weierstrass, Legendre and Jacobi 
l conditions referred to above. These may be stated as follows: 


— 


I. Euler Condition —The curve E must. satisfy for a certain constant 
value A the Euler differential ο ο 
d ae | 
qe =o H,— Lm | (1) 
vice H= F--AG. Such curves will, 88 usual, be called η, 
IT. Weter strass Condition.—The Weierstrass E function 


E(2 y, 5; q, 2, 95 A) — H(2, y, 2, y; X) aH (2, y, 05) —V Hy (04, P, 32) 


must he greater than or equal to zero for al- (2, Y, P, 4: 0’, y’), such that: 
. (8,9, p, q) belongs to a point of Ej, while (z^, y) is different from (0, p 
l ML οτε Condition. —Along the are En, H, <0, where 


H,— 





' *An are is said to be regular when it is continuous and consists of a finite number of ἃ arcs seach of 
_ which has a well- defined and continuously αμα tangents 
+ Bee Bolza, loc. oit., p. 13. 
/ 


— 
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- IV. Finally Ey must satisfy the Jacobi Condition for fixed end-points; 
that is, the extremal arc Εμ must. not contain in its interior. either the point 
P; conjugate to P,; or the point P; conjugate to P}. 

In the transyersality condition there is a departure from the result 
obtained by Bolza * in a closely related problem. We proceed to its deter- « 
mination, however, in an analogous manner. Consider one end-point, say P, 
fixed. Itis possible to set up in the ‘usnal way t a one-parameter family of 
variation curves 


CON, x), υ--ψ(!, κ), him, 


which have the o following properties. Forx—z,, StSt, the family contains 
the are Ej. Furthermore, every are passes through the point P, for EXE 
and intersects the arc L for-t=t,, which gives rise to the equations 


$ (4, x) παν Plh, 3) — =Y; "n | | ο. 
“P(t,, x) ο (κ) (fs, x) =y (x). uS 


Finally, along each one'of these curves, the integral K has the assigned value k. 
Substituting this family of variation curves in the. expression for J we find 


Jg)-f F(a i i, d, j ) di ΕΓ F(a 4, φ', V/)dt. 
ο, the procedure of. Bolza we have the condition that at the point P,,.. 
F(2,j y, y) --Η.(Φφ, ap, p ? V) —H,(6, ab, P, V )y’ --0, 


and by a similar argument at P, we have the following result:. 
V. Transversality Condition-—The curve L must cut Ey, transversally . 
at P, and P,, that i is, 8 at/both these points the condition 


P(E, $, 2^) Hal 0 VIE—Hy (OVW, 4og-0 Θ᾽ 
must hold. EM. - "ou 
$2. Derivatives óf the Extremal σα 

We suppose now that the arc E, satisfies the necessary conditions of the 

preceding section, and-further. that the Legendre nd Jacobi conditions for 

fixed end-points hold in the so-called stronger form. This means that H,<0 

along the are Ex, and that P, and P, are not conjugate points on Es. Asa 

. result of the continuity properties of F. and G, and the fact that H, £0 along 
i Pu ibis known { that this arc may be imbedded i in a family of extremals. | 


v= -e(t Oy B, ^), y= =ĦŅ(t, c, ; B, A) gn (3) 


- * Loo. ott., pp. 519, 520. Ἢ t Bolza, loo. ott., pp. 413, 414. $ Bolza, loo. oit., pp. 468 ff. 
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‘which contains E for ο. o Bos Aw hs t <t,.. The functions $, $,, Ψ, ψ, | 
are of the class C’ in all their arguments in a neighborhood of these values. 
The constant 2, is the isoperimetric constant for each extremal. 

Suppose now that M, and M, are any two points (%, yi) and (m, "3 
sufficiently near to P, and P, : respectively, The equations : 


G(T, α, B, A) =, $ (ts, α; β, λ)-- ΘΝ - S 
ψίτι, α, β, A) =Y; -ψίτ; a, ϐ, à) = SIn l E (4) : 
Er C(O, 9, V) dt =k 


have the initial solution | RA 


ία, β, Ay Tis Τα, 93, Yis Vas i) = (αρ, B. Aos bry tay Boy Yws Lap Y»), 

where (410, ji), (Xoo, Yo) are now the coordinates of P P,, respectively. 
Furthermore, since the Jacobi condition in its stronger form is ! satisfied by the . 
-arc E, it follows that the functional determinant of the left members for- 
. a, B, Ἀν τι, τε is different from zero at-this initial solution. It reduces in fact, . 
after.suitable transformations, to the determinant D(t, ta) * formed for Ex, 
‘which vanishes only when P, and P, are conjugate, Hence equations (4) have 
“unique solutions of the form ` | 


a (n, Y1, ἄν, y), βίαι, 91, οι, ys), A531; tas), 65) ᾿ 
σον, Yis Zas 19), aX Yis Vey Ys), D 


B reducing: to Ωρ, βο; λον try be for (2, Yis 23, Way Ys) = (Lo, Yio» Όπου y»); “and of 
class C’ near these values. Substituting from these last functions em α, Bs Ay 
in equations (5), we have a family of extremals - 
| a= $ (5 αι, νι, Bey Ye), y=Ņ (t, αι, Yrs Ον, uo (6) 
and two functions. 71(24, Yis 93; Ys) and (Xi, ys Le; e for which the fol- 
lowing’ conditions are then satisfied: . 
| $0, αι, νι, 0, Ys) m, PPS E 
| P(T, Ti, 9i Wg, Y2) = =y, Ψίτε, 093, Yis Bey Ys) =Y, | (7) | 


S (9, V, OY) dt =h. | 
By differentiating these we find that the following relations hold at the 
pont Mu: τς VubésmL, Vimtha=0  - 
gt i : Q'ty, +o, =), Pip te, =1, l 
$'%1,,+,,=9, = Vt, +,,=9, 
Tiya in Py, = 0, YT, T y, a 0, 
* Bolsa, loo. oit., p. 478. ` 


(8) ` 


Mirm: An Isoperimetric Problem with Variable End-Points. 65 


while at the point M,, mog . 5. 

m Q8, 3-0, — 0, i f ; V3, tH Yn —0, 
Q την +4,,=9, i V/75,, Γψνς- 0, 
$7, tpn =L, ENS 
p Το. T9,— 0, 2. ψ Veg, lg, — 1. 

` In accordance with the iotation and nomenclature of Bolza," we use the 
notation 


(3) 


μη T» x 


Τῶι, Yas αι, νι) = POW 8 Vd ^ 7 αὐ) ' 


and call this expression the extremal integral. We desire to obtain the partial 
derivatives of the function I with respect to its four arguments, In’ order to 
simplify the results we make use 2 of two important, functions © and Y, which 
will now be introduced. 

The problem under consideration may be interpreted as a problem in 
space by defining a third coordinate g by the ΜΕΘ, 


REX tay moni) o SOs 9 4) dt, ^ . (11) 


where $, 4 are of the form given in (6). By differentiation of (11) with. . 
respect to ἑ and a, where α is an μα selected one of the elements 
Li 41, Des Js, We obtain T LEN 
-utap h P V=, χ.-- f (Apata ich Get Gee) --ᾱμπι. (2). 
. If kis defined by the equation NS - E | 
| | =A= FAG) =H, 
then the equations 


dee d d 


d D MP 
4 hy=0, ` t ag Os ; (ΤΙ 


are satisfied along any extremal are, and might be called the Euler equations 
of the space problem. ' | " 
We now set up the funetion Ω by means of the following equation: 


= (Fee) 6 En) EE UICE 
(Body; v) E) ο ο HME) (14) 


hy =0 | (13) 


yH 


‘in which the notation is explained by the equation” 


(anda) ¢ (2, 80) (2 n) = = (Ans, ος Asi) δι T (An + Ei d ys. 


iiw * Loo. oit., pp. 308 ff. ` 
uc UM - 
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Then the equations. analogous to those of. Jacobi for other = in the 
Calculus of Variations are the following: - ᾽ 


) 


q Hak + ER M: τ Hain TG.) = =0, 


d 
Gi dt =, Oy =H ed HE Hn! -ῶμ 


d | 
EU — dt κ; =z. +H UEBER Gu 


d , (15) 
τσι (H y£ + Hy n+ Hyak! + Hy yi’ TG,u) —0, 
d d | 
O3, p aput, 
1 | 
ὩΣ Q GE TG y *G4EG TE x 
These equations are satisfied by th functions 
(& η; 6; ϱ) = (Par Ve Kar Aa ) | © (16) 


obtained from (δ), (6) and (12), where a ‘stands for ins one of %, 41, De, Ya. 
This is proved by substituting the functions (6) in the Euler equations (1) 


and differentiating the resulting identities with. respect to α, and. by. differ- 


entiating (12) for t. 
The expressions for the values of χε at the points M, and M, will be 

, useful in later simplifications, and will be computed now.. The last equation | 
- of (7) is satisfied by the functions (6), and hence by differentiation we obtain l E 


| S. (Apat G phat Gapit AUG ual hse 
. ETT is, from uiid M = 
Malte, 04 , Yis To, ο, ya — Gi, , UO)? "M 


Where it is to be remembered that α 18 now - not one of the constants i in (3), but 
‘one of the variables z,, y, 9s , Ya. By direct computation from-the expression 
» (12) for-y,, we obtain l 
| χα (τα, Vy ji , Ws » Y) = -αι Via» : - 18) 


. Since (Y is a quadratic form in E, η, Cy u, E, η", 6, w, we have the relations. 


UE Q; EO) =20, | 
Z (E04, 5s) =X (£0. et EO tidy 


| where X denotes summation over the-four elements E, ην Ὁ u, and the notation 


Q» for example, denotes the function: obtained by differentiating Q with’ .. 
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respect to £, and then replacing E by &, by ης, ete. It follows from the 
second of these that | 


dg (a, te, Be et | Gag Mig has ο i ve 
Coa PE O J=- ‘13 S13 TES ? Et 513 7*4 
zi :Κ dt Ωρ) EL NCC di " dt £s ΜΕΣ (ος fifa, E, Ns boy 2) 
ος P= LE Oe, ae Oe 


We see, therefore, that the function B is a constant if (E 
(Eo, πα, ὅτι με) are both solutions of equations (15). 

We may now proceed to the computation of tnc derivatives of the 
extremal integral. Let c, & vepreseni any two (or possibly both the same one) 
Of 21, Y1; 99, );. By differentiating (10) we obtain 


Jm f (Patt P dat Pept Py) dt + Ps 
From the isoperimetric condition we have 
=> f. (G.0.-- Ghat Got GA) di +207. |1. 


Then by adding, performing the Lagrangian partial differentiation, applying 
the Euler equation (1), and using the well-known homogeneity relation 


.Ἔ 
(S19 Nis T μα} anu 


TEA 


pa το 
. 


HzcH,-H,, 
we obtain . 
I,—H(Q.4- 4.) qub (Piatta). (20) 
{ρα (Q'5- $8) + Hy (sg). - (21) 


Differentiating I, with respect to ϐ we have 


Similarly, 


. F d. 
Io τα F Pa)] τρ πρ Za Ou (ds, Ys, Xa, a) | 
- d k i 
-f (Wet Ye) | τι di Hy Ou (bg, Vos o an) | (22) 


since the values of $'t,+, and W’s,-), at the end-points are independent of 
2,, Yis Dzy Yas 1D every case, as follows from equations (8) and (9). ‘The 
arguments indicated in the derivatives of © are substituted for ἔ, η, Č, u. 
Similarly, we obtain | 


| 
dont (pi a+ dg) |. ES Εν (Φα ; V. | Aas 2a) | 


; Γ d l [3 . 
+ Qs Ha) τ. Hy Qu (Pas Yas χω Pa) |. (22) 


ο verify 
for f,g and Ig. 


UM LSU 
Hep’ -- 7i 


all of which erise from 


Lup σας Σι va ) 


TNNT 
a Se As 


iae con. put t0 
By apolym- 


' 


“ΠΟ; ης 


Fy 


quc ο, Hob n. 


I g = bp (Pa, d Το ΕΠΕ 


- y pe 
-— h = 
-+ fu Aten 


ξ H — MT gat x ub τε 
The ciation Be, 21; ts 


Li L - 


ut 4 s a H E : b 
xi ned gucedieatly tu egustions (357, 


iG do lsóge {οτε ο foulicm wih FVaiihle End-Pornis, 


. we provo the equa ef taise ex(resg!Oud 

Miler cquaions i and Fio relations 

Fs V 

V^ E Hp 4H EE. 
up ds G D xe G, 


! 
EM, 


‘creneily conditions, we obtain tho following: 


} pod Dg. Was Χαλ A.) | 
(4, 4-0.) JU A (Q8 4 y SO jg 
pra os deu | od 

i pp P "npa etus [v de La) : PE = 


IM. E 


whieh s3 ws that yp, do © sebnally occur. Dy the :nird eq: ΠΗ 0, 
ιοροίηοτ with (18), (173 sot cis) we nave 
Gus | τη ¥ hho (o. 1 Ha s TAa: AU. 
RA Habe (has bay Kas As) it 
ΤΕ we make substitutions sccidingly nm Cie above expreasiong for Legand pa. 
ond fora iheir difference, t o save 
Lap Lpa == Puky Γι i υ 1 AB Y A. yD uu AE du. Kas λα) 
yb ly (ήν, . LAF Y» Ap) ---ηγοΐλη, (Pu, Apos de? Pos 
ες κος: 78) ΧΡ; Aa) —Xy Qy Pa; was da: Aa) 
— Ü per V . e v du d. / We y ae ο i 
.. Dp, Lis 4 A ag >P» d, We, θα pi. ὲ 
But the two sets of argan-ute iu P satisfy eouaüons (18), nod nenes the 
metion € ia the last equstix. 15 ων. of f, iis vaiues ul ALG 


prey. m 
The de 

asily, 

ος 


κά 1 
το 


esl 
' 08 
Values Li, Ups Wa 
1 


^a^. 
4 


—— 
— 


7 


Of the sesoad derivativ. 


D 7 r 7 I 
ΠΝ > Az ᾽ Ἔτι να ἀκα 


Mots * 


ο. ο 526 Seu NG, avi no `i L 


ved partial der valives of ihe extremal integral ma 
Tu the e 


Bias 


μα 


subseripts are the samo, b 


values, however, are of eov 
niom vendify from (22) 
Soie [295 


LE 


^M At 
ΣΕ ΤΕ 


+ 5 
Kf "d 
"LIED 


sA ^olows- tint Fue Iss 

y now be eon- 
fet c take svecessively the 
^ of relations (δ) and (9) we eban 


“cession (20) for J, 


" 
ibe 


τα. ΚΠ vp | 3 ez : '"» nh 
— "n Iam ES : fed, | ; ur 
dare quain rac Vis d op αν. 


“th the CORDIUM of ils eases in ivtiich the ae 
lerivatives ocenr in twe differeni Torus, τ 


Y» 


= A 
PE tie Oh 


Do (he sani Dne followme reanlig sre obteiuer, 
Y πρ. - “5 π. --- i ^X 4 - : 4 1 
3 Vo eniplov relations (6) anc (539 ane ine 


MERRILL: An. Isoperimetric CODE ‘with Variable. End-Points.. | 71 


The former of these two equalities | iay be written i in the. form | 
eg J, 9 ’ y ) ~ Hel X, PT [Fy (2, y y, ὦ OES: MEA =0, 2S 
or τ Ab, + Bg, |' =0, D | | 


where A and B are the πο δη defined by: (35); Then there exists a func- 
. tion m, guoh that at the point P, n following ge hold: 


" 
4 


EM σπα pa | (36 
à VED. "m war i 
' By a similar argument we have at the point P, the relations. 
413... om, , i8. LA l (37) 
Als (VER (VEER) ἂν (ORE . 
By substitution from (36) and (37) it follows that ζω Ju; J. , have the forms 
Ln 
sno Ba Jo (n; v) =S=, Ju (u, n=- BR, < 


where 


m= (AB [VE +H, me =(AM PR τῷ, . 08) 


R,—F, (2, p ) 7 ORE, (2, y y, v y Ys 
i He, : T —H LEA —H, m }. 
B,—F, (5, y y i in. ΕΕ, (ὅ, 9 Eg, 
τ dE. Ὡς, Gry, eH t —H tyl s. 
Ga ΕΘ =g rm 40, — —H;t&, - Β1δι|', JS » (40) 
" E | να. --ᾱ p — Y Quy —H AH AA i 
and ri aid. f, are the radii of curvature of L at the. points P, and Ῥ,, 
respectively. | | : 


If are Ey is to give to the funation J (u; v) a maximum value, it is neces- ` 
sary not only that all preceding conditions be satisfied, but also that the second. 
partial derivatives of J ζω, υ). satisfy the following conditions : 


* 


(39) 


4 


Jus (U, v)S0, - Ju (Uy v)<0, Jus Ὁ) υἷος (u, v) — kv (ù, v)2 0. 


Thys we have a new condition for tlie problem, analogous. to the Jacobi con- 
dition in other problems in the E of Variations. | We may summarize 
..our results as follows: |. 


i3 3 


Assumed that the Euler, Weierstrass, Legendre and Jacobi conditions are 
satisfied for the corresponding - problem with ‘fixed end-points—the Legendre 
and Jacobs in the stronger προς that ‘the are Ext {8 cut ΘΗΝ by : 


4 (Eg) for the integral 
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the fixed curve L, then a further necessary ση that arc E shall furnish 
a maximum for the problem at hand à is that 


(a) BR mem | f 
i Τι . Το . l 
"ar "EA (41) 
(b) πρ TE BB, + S182 2 0, 
where the notation is explained -by equations (38), (39) and (40). 


$4. Sufficient Conditions. — . 


In the determination of conditions which are sufficient, direct application 


` is made of a theorem proved by Habn.* This theorem holds for the general 
Lagrangian problem, where certain isoperimetrie conditions are to be fulfilled . 
while the end-points of the comparison ares are to satisfy any number of pre- | 


assigned conditions. In so far as it relates to the problem at hand, this 
theorem may be formulated as follows: _ 
Let E be an extremal are _ . Ar 


a=o(t), y=t(l), ἐν «ὁ Εἰς, 


satisfying the Euler, Weierstrass, Legendre and Jacobi eonditions,] the last 
three in the stronger forms. Then there exist weak neighborhoods (14), 


(Ey2)¢, c $p, such that every extremal arc Eg in (Hy); furnishes a maximum. 


1= "F(a, ὦν αν υγὰ 3. 7 


\ 


with respect to all ares V4, in (Hy); such that K (Vau) =K (Hy). ~ 


! 


Let E;,be an extremal are joining a point P;(x=x,) to a point P,(x-x,) 
on L and having K (Ej) =K (Ep). The extremals Es, form a two-parameter 
family with parameters xs, x4, containing E for ΚΩΞΞΧΙ, X,—X,. If the condi- 


tions given in the theorem of $3 are changed by the substitution, in the place 


of (41), of the conditions | ο 
~ (a) Ποῦ; dcs <0, 
ΤΊ : TiTs (41’) 
mM, MRa melt, s i 
(b) ———————— EE 8,5, 0, 
Tifo Τι Yo 


_* See Hahn, “ Ueber Variations Probleme mit variablen Mod puniani Monatshefte für Mathematik 
und Physik, Vol. XXII (1911), p. 127. 
] These are conditions I, I1', ΠΠ’, IV’ of Bolza, loo. cit., p. 514 with the proper changes for the 
determination of a maximum instead of a minimum. 


A 
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we have a set of conditions which are sufficient to 1 insure Sn E. furnishes a 
maximum among the curves Ey; i. e., that | 


J (Ex) >J (Eu); Hy F Ey. 


Now if τσ is sufficiently small, every are Vg, with K (Va) =K (Eg) in ` 
(Ey). determines an extremal. Ey in (Eu); of the Hahn theorem with 
Κα =K (Vu) =K (Ey), and so near Ey that - 


_ J (Eu) «J (Ey), 


according to the preceding paragraph. If then Ej, satisfies i in addition to the 
above conditions the Weierstrass condition in the stronger form, the hypothesis 
- of the Hahn theorem is satisfied “and consequently we have- 


| J (Va) <J (Bu). RS | 
Hence it follows that — PESE "aid 
| | J (Vu) «J ( 18 JE : 


`~ for all variation ares V, with picta K (Ey): in (By)! ‘We have thus 
proved the theorem: 


If E satisfies the Euler condition, the transversality condition. and (41’), 
together with the stronger forms of the Weierstrass, Legendre and Jacobi κ 
- conditions, then there exists at such that Ey, furnishes a magimum J (Ey) [or | 
the function — È 


μα. Ὁ f F(a v y) di 


with η. to all arcs Va, in (Ey); with K (Fu) —K (Bn). 


i $5. . Geometric C 


The conditions found in Section 4 may be interpreted geometrically by | 
the use of a set of oblique axes in the plane. The coordinates of points in the 
plane referred to this set.of axes will be considered as possible values of radii κ 
of curvature of the curve L at the points B, and Pa. Critical ponita are those 
at which the equalities : 


(à) n gc, nM =0, 


42 
Mehr, - m Rf: c us Omm κ , ) 


HR, +S" BB, +S ERST 


are satisfied, speci discussion ΠΠ required hen either f, OI f, vanishes. 
In any particular case the ‘signs of the various TURSHODE are of course 
10 


(b) Tifa + R 


C 


- 


| lines ΄ 


he n the portion of the plane shaded i inFig.2. ^^ > $t 


: the line perpendicular to it through P. uu : gk 
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κ᾽ 


ει We limit this η of the general problem to. the eee for 


-whieh . : | 
f 2 


m 0, R,«0, m <0, R,>0, c=BR, Byt 61 «Ὁ 


and will consider that in the given situation, only r, and r, may vary. 


We suppose that in the given situation, the extremal are Ej (see Fig. 3) 


| is cut transversally by the fixed curve L at P, and P}. Through these two 


points draw lines XiX; and X;X, parallel to ry and r, respectively, and inter- 
secting * at O. We take these lines as 8. "get of oblique axes, OX, and OX, 
being the positive directions. The first two equalities of (42) determine two 


-straight lines M’M and N'N parallel to the ον The last equality of (42) 18 | 


A . 
πα - . —_ 





Fra. 2 2. 


- 


an hyperbola lying in the first and third ων and asymptotic to the two v 
fi m m t qp Math m =0. 


Reference t condition (41) then shows that ` 


In order that two quantities pi, ρε, be suitáble Vdluss. for τι and f for the 
existence of a maximum, tt is necessary and sufficient that thé point. ICT Pa) 


"t 


A 


RN .. $6. "TM to dhe Problem: ο] Dido. E - 


- 


^ Let L be a given fixed eurye. We wish to determine an are £y, with end- . 


“point P, and Py on L and with a given length k, sich that the area “enclosed . 





- *In case these lines do not Xaserost, some other get. of lines may be used ; for instance, line f; and 


\ 
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by the are P,P, of L and the. are P,P, of E shall be 8 ‘maximum, P, and dP, to 
be distinct points. 
The functions F and G lo: tliis ύλη are 


F(a, y, α', y)=t(ay'—yv), Gla, y, 2, y')= Va 
| Suppose that the equations of the fixed curve L. are 
| α--ᾷ(κ), y=9(x), 2007.7 (4) 
and denote by u and v the values of x in the neighborhoods of the values of κι 
and x,, which latter values define Py and P; ; respectively. Let the — of 
By be 
ᾳ--ϕ(ί), y=v(t), i Stsh. i ' (E) 


We have then to maximize the function 


ejf Gg — aer fe (ow μα 


' while the integral K: 
. o K= f^ q/ ovat 


is to have a preassigned value k. | 
Applying tbe results of $$ 1, 3, 4, we obtain the following conditions for 
the problem: l 
~ L Εμ is the are of a eirclé * | | 
q—a—À cos t, ψ--β--λ sint, & St Eh. 
(pz —gy) - . 
. IL. E(z α΄, y sh EE rum MURORUM A PETER 0 
( p P, d, τα P Vs dl VETE Va y eps tay , 
cA e, ALO for (a, y, p, ds on Ly, for every CA y'):E(0,0). Smee by condi- 


tion I, A is seen to be the radius of the circular are En, the value zero is _ 
necessarily — and we have the stronger condition A« 0. 


πι. A= <0 along Ey. This condition follows directly from 


| Tea TS 
condition IL and in fact in the stronger form. 

‘IV. Ey contains no conjugate point to Pi or P; that 18, since P, and P, 
are distinct, t< t+ Qa. 


Now from I, . Ὁ. ΤΝ Ppa 
Since E and L interseot at P, we have `- | . | a 
| Φ' [ài bin h, «/|i- —A cos ty. 


* As to the μοι of conditions I-V; cf. algo Bolza, loc. oit., pp. 485, 483. 


i 
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Accordingly we have or the transversality : condition, 
E = ο g'gimt,—g cos ἐι--θ | | 
- and a similar result at P,. We therefore have the condition - > 
V. Ep cuts the curve L orthogonally at both P, and Pa. 
If now the length of arc is chosen as the parameter % we have. from con- 
dition V the important relations :΄ mu. E EDS 
ΜΙ δ, [ω)-- cost, ψι(ω)--᾽ απ 0 07 
| s ;(v)=— eos ty, j, (v) =— sin is. 
- Employing these; relations and the values. of a,, Bu, α,, B, from the Euler 


equations, we obtain from the last three ο of (34) the following 
expressions. for the second partial derivatives: : 


τα D, re D, E f m X : D, = 
τ Ja (ts μμ... n Jo (n, v) =F Ju (62) = — pe 
where : E : g 
20D DEUS cos (ἐχ--ἐν) — (ύν---ἐι) sin (ta—t), 
ο m M i De = —8ln (15—1,) + (t,—#) cos (ta— Τι), ec 
m EE , | ο (15) — sin (4$— —t), ET "ua η p 


A "X 1 τ 4 
j , | 7 DY uu— Yu a” 7, fe ie DU 
ef and 1 being the radii of curvature of the curve E at P, ma Ps — 
. Conditions (41) are therefore* ^ <- . 


a ου | -À Bas, | pA A]. [aln] Dis; 
It is evident that if the first and third of ARR conditions are. satisfied, the 
‘second must also hold.. l . ; 
We may state the result as follows: : ps ee s 
In order that Ex and La enclose: a maximum. area in ‘the Problem of Dido | 
_ stated above, it 18 necessary that E be a circle-àrc g 
e 4—&—2 cos i; y=P—A sin f, Lita, 


with λ«0 and ἐν < ty-+ Qn, cutting L orthogonally at P, and Bs, T that the l 
conditions 


2007 à LA. ( a D,) UA» Di). p. 
3 E κ — A ——— < Αα ms Γον — (hs ανω ee μμ ΕΗ > 

s uS p, 5^ : ofa δι pz 
dé “πμ τ 


πον Applying the results of $4, we have immediately the: Πα 





* With the first two of these conditions of. Bolza, loc. git., p. 638, ex. 29. 
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If Eg is d circle-arc ER. 
=a—Acost, y=B—Asint, t<t<t, . P 
with r~<0 and i< tit 27, cutting L orthogonally at P, and P,, and if in addi- 
tion the conditions TOO e Qn ἯΙ 
A D, ( λ ΘΗ... 2) Dic 
m LEN. fl s Pe... πει D 
71 D t rn D/X-.n OD, eM 


be fulfilled, then there exists at such that the area enclosed by arcs’ Le and 
Επι is the greatest among the areas enclosed by arcs Ly. and Va, for all arcs 
ει ὑπ (Er), and of the same length as Ey, 





- Fia. 3. 


. The geometric interpretation of $5 is of course applicable to the Problem 

^ "OF Dido; but-for-this particular cage, the following is a more direct interpre- 
tation. Suppose L and E, areas in Fig.3. P,Q and P,Q are tangents to Ep. 

_Also 


id 


E | ZP,00—Q0P,— ih. 
If we measure r, from P, along P,Q, and r, from P, along P,Q, positive 
directions being P, to Q and P, to Q, then the relation - - m | 
| dics Da) (2 | Di) D ἑ 
(s TDA WW DJ Di? | e 


relates projectively the points of the line- P,Q to those of P,Q. This pro- 


3 
^ < - 
"E ? g n 
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jeetivity is in fic a perspectivity, the -— C of ο. pu being & 
"point on 0Q at the distance Jasin o from 0. l f 

. Let R, and R, be the nis on PQ and P.Q determined by " and à P, ^ 
respectively. | Then the condition | ᾽ 


A Ds 
^ D : 
. means that r, is not on the segment Pil. Similarly, the condition 
a D, | 
— Rm 


- being fulfilled means that γα does not lie on P,R,. too 
Suppose now that a particular value r, of f be given, determining the 
point r, in the figure. - Draw rC cutting P,Q at S. Then the condition 7 


C a D, D? | : 
"E. (2) * )- pr P 


means that r; may not lie on the segment P,S. < 


It remains to prove the statement made above, that (48) riites -per- 
Spectively the pointg of P,Q to those of P,Q. In the figure take OX as the 
positive z-axis, O being the origin, of a get of perpendieular axes.^ Then P, is 
the point (|A|cos o, — |A|sin o), while P, is (|| cos o, || sin 6) and. C ig 


a lal = > 0) . The point on P,Q at the distance ry from P, is . 
B - ([AM| cos 0+7 sin o, --[4] sino-+r eos o), — 
and the point on n P,Q at-the distance fa from P, i is o 


. .([A| cos or; sin o, |à] sin o—r, cos 0)... 


. The condition that these two latter points be collinear with C is 


_ [A] eos o-F ri sin o |A| 608 o--r sino ο τω . i T mi 

| : : ] | ES fs | 

"n sino—r eoso |à| sin o—r;coso. , O  . | ; 
XE E A 


After expansion and η this condition is found to- be οσα to 
relation (43). ἃ | 
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_ Asymptotic Satellites near the Straight-Line Eauilibrium. 
Points in the Problem of Three Bodies. 


- 


.Bx DANIEL BUCHANAN. - 


. $1." OSCILLATING SATELLITES. 

It was shown by Lagrange in a prize memoir * in 1772 that`if two finite. 
spheres revolve in circles about their common centre of mass, then there are 
three points.oi the line joining their centres at which an infinitesimal body 
would remain if it were given an initial~projection so as to be instantaneously _ 
. fixed with respect to the moving bodies. These points &re-ealled ! the straight- 
line equilibrium points of the problem of three bodies. Starting from minus 
infinity the order of the equilibrium points and the: finite bodies is an 
equilibrium point, a finite body, a second equilibrium point, the other finite 
body, the third equilibrium point. DEM M | 

If the infinitesimal body is given an initial displacement from a point of ` 
equilibrium and initial conditions are so chosen that it móves in'a closed orbit 
relatively to the moving system, it is then called an oscillating satellite. 

The problem of the oscillating satellite has been discussed extensively. In 
the papers cited below,t the differential equations are limited to their linear | 
terms and the orbits restricted to the plane of motion of the finite bodies. 

A rigorous demonstration for the existence of periodic orbits for the 
oscillating satellite and a practical method for constructing them are given by 
Moulton in Chapter V of his “Periodic Orbits."i _ In this memoir the differ- 
ential equations are unrestricted in the nuniber of terms which may be taken, 


....---..-᾽᾽-᾽᾽--...-..-........-.---.-- 


- * Lagrange, * Collected Works,” Vol. VI, pp. 229-324, : 

+ The following references to the literature of the oscillating satellite are taken from chee v 

of Moulton's “ Periodic Orbits”: 
^ Poincaré, Les Méthodes Nouvelles de la πο Céleste, Vol. I (1892), p. 159. 

Burrau, Astronomisohe Nachrichien, Nos. 3230, 3251 (1894). 

Perchot and Mascart, Bulletin Astronomique, Vol, XII (1895), p. 820. Moulton adds, i apparently 
their work is vitiated by an error in establishing the existence of the solutions, and their construction 
fails where they stopped.” ; 

Sir George H. Darwin, Acta Mathematica, Vol. XXI (1897), p. 99. - 

Plummer, Monthly Notices, Royal Astronomical Soctety; Vol. LXII (1908), p. 436, and Vol. LXIV 
(1903), p. 98. : ; 

ji This memoir will -be cited as the “ Oscillating Satellite.” Another method is given in Chapter E 
VI of the “ Periodic Orbits,” but we gre concerned with the former method only. 
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and the ΜΙ 816 not limited to two dimensions a8 in ‘the previous literature. e 
Three classes of orbits are shown to exist-and they are designated according to 
their periods as Class A, Class B, and Class C. The orbits of Class A and 
Class C are of three dimensions, while those of Class B-are of two dimensions. 
The orbits of Class C are shown to exist under special conditions which might 
never be realized in ‘the problem. Their period is a multiple of the’ periods of 
~ Class A and Class B when these latter periods are commensurable. Practical . 
eonstructions are made for the orbits of Clàss À and of Class B, but, owing 
‘to the complexity of the problem, no attempt has been made to determine M 
. whether orbits of Class C exist which are distinct from those of Class 
A and Class B. ` 


we 


~ 


$2. ΑΒΥΜΡΤΟΤΙΟ SATELLITES. 


. The object of this paper is to obtain solutions of the differential equations 
of motion of the infinitesimal body which will approach the periodic solutions 
of Class A and Class B as the time approaches plus infinity or minus 
infinity. When the infinitesimal body moves in an orbit Horne by such 
solutions, it will be called an asymptotic satellite. . 

The question of the existence of solutions which are aBymutetio to the 
orbits of Class. C is not considered in this paper, owing to the fact that it has 
not been determined in the “Oscillating Satellite” that orbits of Class C exist 
which are distinct from those of Class A and Class B: 

The orbits which are asymptotic to the equilibrium points themselves have 
been determined by Warren." These orbits are of two dimensions and lie in 
the plane of motion of the finite bodies. i 

The form of the asymptotic solutions is that adopted by Beene: each 
term being of the type. e™P (t), where 4 is a constant having its real part 
different from zero, and P(t) is a constant or periodic function of ¢;-It has 
been shown by Poincaré that solutions of this type will converge-for all values 
` of t, provided that certain divisors which appear in the construction of such - 
solutions are different from zero.t If these divisors vanish, terms of the form 
 te*P (t) will arise.. If, therefore, the construction can be made so that no 
' terms occur in ¢ explicitly, the divisors previously mentioned are different from 
. Zero and the solutions will τος all values of t. Hence it is sufficient 


. * Warren, “A Class of Asvmptdtic Orbits i in the Problem of Three Bodies," AMERIOAN JOURNAL OF 
MATHEMATIOS, Vol. X X XVIIT, No. 3 (1916), pp. 221-248. ` | 
T Poincaré, “ Mécanique Celéste,” Vol. I, p. 940. 
, $ Poincaré, loc. cit. p. 841. 
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. to'consider only the formal A T of the — solutions, and if - 
solutions ean be constructed so as to contain no terms in t explicitly, their 
ο is assured by Poinéaré’s theorem. 


$3. THE DIFFERENTIAL Eqcártoxs or Morton. 


Let the-motion of the infinitesimal body be referred to a set of rotating 


. rectangular coordinates nč of which the origin is at the centre of mass of the 


finite bodies, the -axis is the line joining the finite bodies, and the £x-plane is 

the plane. of their motion. The £- and y-axes rotate about the ¢-axis in the 
direction of the motion of the finite bodies and with the same angular velocity. 
The units of length, mass, and time. will be taken so that the distance between 
the finite bodies, the sum of their masses, and the Gaussian constant respectively 
shall each be unity. With the units thus chosen, the mean angular motion of 
the system is likewise unity. Let the masses of the finite bodies be denoted by ^ 
1—p and u, 0<zS4.- On denoting the coordinates of the infinitesimal body : 
by: ἔ, n, ὄν and. differentiation with iia aaa to t: by primes, the differential 
equations of motion are" E 


" / oU „_ ôU 
Bt -2 = 3p” MA ο τος, 


2U = =O fat oe Bi y | m | | . E 
-a-e(é 2 ww i- -ᾱ--μί1--μ),. 
ἜΝ κ n=V Etta te, n VET +e | T. 


(1) 


The points of — are the solutions of the equations + 


MENU u 00 _ 

OE On ος . 

There are two sets of points Mit these Mer One set consists ` 
of the two points which are at the vertices of the two equilateral triangles on 
the opposite sides of the line joining’the finite bodies. The orbits which are _ 


asymptotic to these points and also to the periodic oscillations near these . 
- points are discussed in another paper.i The other set of points consists of 


-~ 


* Moulton, “ dnirodubtfon to Celestial Mechanics” (1014), p. 278. . l 

+ Moulton, “Introduction to Celestial Mechanics,” p. 290; Charlier, “ Die Meehanis des Himmels,” 
Vol. IT, pp. 102-111. 

,iThis paper ia now under consideration for publication. ur 
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three points which lie on the straight line joining the finite bodies. Let the 
coordinates of these points be denoted. by &, 9, 0, where the particular value - 
of ἕν depends upon the equilibrium point i in question.* The points themselves 
wil be denoted by (a), (b), and (c), where (a) lies between To and the 
finite mass u, (b) between u and 1--μ, and (c) between 1—u and ---ο. 

Tf the infinitesimal body is given a small displacement from an equilibrium 
point and a small velocity with respect to the finite masses such that - 


00 c EO 1-2, n=047, P0, | 
then the differential equations (1) become t 
l g” _ QU 
T — 2y = A =+X(%, F, 2), 
0 eee 
| ΠΕ, MEI "d 2), 3 ο 
z= IU -zz (a, P, P), . . ae 


U =a) (a+ 2) +(e 3 =)—¥*—4u(1—x), | 
e ovy =V(Eotatu) +y Tg, fis V (S LES E) ΓΦ ΤΕ, 


where X, Y, and Z are power series in 7, 1”, Z. These series converge within 
certain regions about the equilibrium pones } - 





$4. Tue Punropic OnBris. ` 


In showing the existence of periodic solutions of the differential equations 
of the “ Oscillating Satellite” which correspond to equations (3), and later in 
making the construetior of these uen the transformations EM 
Bast, Y=ey, Ἔ--εδ, 4—t)= (146) "o fe (4). 
Bre eds where e 18 an arbitrary parameter and ὃ is determined as a function 
of e so that the solutions in z, y, and z shall be periodic with the periodic 
9x in t.- On denoting differentiation with respect to τ by 8 dot over the 
: variables, the differential equations (3) become as a consequence of (4)$ 


$—2(1--3)y— (1--)! [X -Xse- . .. X674. ...], 





yt+2(1+8)e= (14-8)? [YE Yeti +R suus], 20 ` 
z= (1+8) [Zi +Z. e ZT. e], uo 
* «Oscillating Satellite," equations (4). -F « Oscillating Satellite,” equations (6). 


t“ Oscillating Satellite,” 877. $ “ Oscillating Satellite," equations (11). 
AC i . 
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| whore A,, F,, and Z, are TETEN A polynomials of PM k in a, y, and z. 
From (3) it is obvious that thé X, are even in y and z, Y, odd in y and even 
in e, and Z, even in y and odd in z. -The explicit values of these terms up to 
k=3 are* | | 


Χι--(1ἠ-24)α, X,—tB(—223 +y +); X20 (229--32y'—822), 


 Y,-(1—4)y, Y,—3Bzy, Y,—$C(—42y-- y φαν. 
Z,- — Az, .4.—8Bma, © 070 Z.—$C(—Awve-4 y'e4-2), 
d= 1—u l n 


T s TOV ties r+ ν (Eu : | 
+1—u + : 
B = X ο -- m p ry = + V (ξο--1--μ)᾽, 


τ 


x 


d—g 
C = nos Tos oO 


The upper, middle, or lower signs are to be taken in B according as κ. 
" equilibrium point is- (a), (b), or (c) respectively. . 

If periodie solutions.of (5) exist, their periods are determined from 
periods of the solutions of the linear terms of 6). The solutions of thos 
linear terms aret ` Um | a 
= o=K,e""'-+K, e E Ese" 4- Koen, i=V—l, 

-o y —in(K,e** — K,e7) -+m (Ke — Κο”), E 
Εκει cos VAt+K, sin V Ax, az ELEM O m= ro 
where Κι, e, Ke ‘are the constants, of integration, and c* and p° are the 
negative and positive roots respectively of the quadratic in 2?, 

^. λε (ὃ-- 4) λ1-Ε (1—4) (1424) =0. . .᾿ (7) 
There are three. real periods in these solutions, viz., 2π/ VA, 3π/σ, and 
P —2jn/ V A—9kn/c, where j and k are positive integers and V.A and c are 
commensurable. These are the periods of the orbits of Class A, Class B, 
and Class C ‘respectively. | 


) 


(6) 


Orbits ‘of Glass A, ΠΠ. : 
The periodie. solutiong of Class Α are$. 

v cem — 0e - (αι +b, con 343 dide 
gigi (οι sin 2 VAx)e FO -.. 


"E. 8 
δι Ξ- εβιτ [v gin Var) sll S sin ΝΡ ini Vane. = 
5 == 0e δεῖ --.. 2-608088 Š NC 


\ “ Oscillating Satellite,” equations’ (63), (15), (35). om " 

T “Oscillating Satellite," equations (10), (27), and (28). 7 ΄ 

tr 888 of the “ Oscillating Satellite" it is shown that there are ας many values of μ 
. ἃ 0 and j such that VA and σ are commensurable. 

gu Oscillating Satellite,” equations (71). 


tr 
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where 27 —8B B — 3B (1-34) 
(O774404024)' UC 44(1—7A +184")? — u 
. E - DE μα. 
| C VA(L=7A 41842)’ ` 64.47 1-74 184" 
gg 9 [.3B0—34-144) . -c| | 
to. 164* | (14 24) (1— PA 


The expressions for z, and ¥,.are power series in & with sums of cosines 
and sines respectively of even multiples of V Av inthe coefficients. The highest . 
multiple of Vår which &ppears in the coefficient of εἴ in each series is k., The 
solution for Z, is a power series in odd. powers of e having sums of'sines of 
odd-multiples of VAr in the coefficients. The highest multiple of Vår. which 
occurs in the coefficient of εἴ is likewise κ. The initial conditions are 80 chosen 
n the construction of these solutions that ' , 


. E z(0)=0, — : | 


-— 


is, the parameter e is proportional to the initial projection of the infini- 
tesimal body from the plane of motion. The actual projection is ε/ (14-6). 
Numerical examples of these orbits have been considered in the “ Oscillating 
Satellite " and the following results have been Obtained when the ratio of the 


finite masses is ten to one, or 1—gu—10/11, u= Τ᾽ υπ 
TABLE 1. 
“| Coefficient.| Point (a). Point (5). Point (0). 

A 2.548 
g* S 2.811 
p Š 3.359 i 4 
n | 2.6907 
m —0.747 
B 6.548 

SN C 18.283 

τ αι —0.316 
b, 0.151 
οι ` —0.112 . 
di —0.037 





p 0.184. 


* This was the ratio used by Darwin in the memoir cited at the beginning of this &rtiele. Thesame . 
ratio was adopted by Moulton in the “ με Satellites ” go that ne might compare his results with. 
thóse of Darwin. : 


€ 
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Orbits of Class B. 
The periodic solutions of Class B.are * 
- Dg = EL = (008 στ) ε-]- (a: + bs cos ot + 0.008 Qat)é as 


eo i d στ +da sin Bee Ve NN (9) 
c= 4 0er IPE ER. i E 
isse dg, Dg, Co, da, 09, ...., are ie constants. The algebraic expressions 


for these constants may be found ; in equations (101), (103), and (107) of the 
“ Oscillating Satellite.” Their particular values for 1—4--10/11, μξ- 1/11 are 
to be found in Table-2. .The first seven coefficients which appear in Table 1 
- have-been used in determining the values in Table 2 





= TABLE 2. | | | | 
. 08 —4.078 | | : | 
b, ' 1.996 
€ | 2.082 ; 
nb, ` 5.305 
d, > 1.250 . | 
OP 3.955 .. 


The expressions for % and ¥, in (9) are power series in e with sums of 
cosines and sines‘ respectively of στ in the coefficients. The highest multiple 
of στ which occurs in the coefficient of εἴ is k. The initial eonditions are so 
chosen for the construction of these solutions that 


T (0) =e, y, (0) =0. 
In this’ case the parameter ε denotes the initial displacement along the -axis 
of the infinitesimal body from an equilibrium point. n : 


§5. Tue EQUATIONS OF Vannin 


Suppose now that the initial conditions for the erroe: orbits are 
changed slightly. Then the infinitesimal body will deviate from its periodic 
orbit, and the amount and character of the deviation will _ depend upon. the 
initial conditions chosen. The equations for the disturbed orbit, in terms of 


^ the variables 2, y, and z, will be WW s ` 


c-—4$;FpP; Y= εαν a, =- (10) - 
κά Oscillating Satellite,” equations (97 )» (105). 


f The r, and r, in this equation and in subsequent equationa are different from τι and r, in - 
equations Q) and (3). 
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where e,, ey;, and ez; represent the — orbits of Class A or Class B 
according as j=1or 2 respectively. The additional terms p;, q;, and τ, are 


functions of τ which depend upon the initial disturbance from the periodic . 


- orbit. We desire to determine these functions so that they BAS nave the 
asymptotic form already referred to in $ 2. 

On substituting (10) in (5), the differential equations which define Dis Uy 
and r; are found to be 


p,—2(14-96,)q4- (18) (Pg Pay Par) = (14-5) P;, 
G42 (14-6) p+ (14-8)? (Qani ted t Vary) = (£+6,)°Q,, (11) 
Tit (1+,)’ (νο, Rig q;4- Hgr;) = (1 c6) B, m 

where UN mE 
| | 0 Pa——1—2A4-6Bez,—6Ce2 (22;—95—231) +...., 
Ρος —3Bzy;4-12Ce82,y;4- s.s 
- ce ae AAAA 
de T Oen D 
P, HC —2pj-4- dit fj) + ΟΕ... 
Qi —3Bepg;d- €... 
R; —3Bepjrj-- €... 
As we.propose later to construct numerical solutions which are asymptotic 
to the particular periodic orbits mentioned above, we insert here the particular 


l values of the various Pj, Qr, and Ry, which are obtained by making use of the 
numerical values listed in Tables 1 and 2. The following results are found. 


| = Orbits of Class A. 

Equilibrium point (a). | 
2 P, — —6.096-- £8 (8.384—15.686 cos 2VAt) + Oet... 

Paz: Qu =e (2.200 sin 2V 4) + ()e4- ...., 

| PaQ4—Hg4-——26(12.297 sin V Ax) 4- () 8 .. 
ο Qu=1.548 +6 (0 «883 2.409 cos 1Vds) + (Jet. 

Qu Eg—()8.... ι 

Ry=2:548—2 (9. 918—13.160 cos IVE) e Qe. 
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Equilibrium potnt (b). | 
P4 —14.020--2(19.777—23.328 cos 2 V Ac) + (Jett... 
P4,—Q,—28(0.592 sin 2V At) + ()et+...., 
P= ΕΒιιξ-ε(19.890 sin VAT) + () -- ... ., 
Q,,—5.510-F2(—3.464--5.240 cos 2 V Ax) --- Ott... 
Qi; — Ri 084- erri) 
RH4,—6.510--2(—16.312-L-18.108 cos 2 V Ax) + ()e*4- . .... 

Equilibrium point (c). l 

| Py=—3.164-+6(1.616—1.746 cos 2 V Ax) + ()ett...., 
Pe=Qa = (0.770 sin2VAt) +(Oe+...., 
Pe=Ru=e(3.275 sin VAt) + ()εἳ-Ε...., 
1 0.082--2 (0.020--0.044 cos 2VAt) + ( +... 

Qs— ιτ 08-4 ...., pee 
R,,—1.082--£(0.020--0.044 cos 29V Ax) --..... 


4 
ας 


Orbits of Class .B. 

Equilibrium point (a). ! | 
P,4,-—6.104-2(39.80.:008 στ) ---...., Poe=Qy=e(52.27 smot)+...., : 
Q4—1.55—26(19.64 cog ev) +...., P34— Qs — B; — R5 —0, 
Ry=2.55—e(19.64 eo8 στ) +... 

Equilibrium pont (b). | 
Ρῃ----14.02--ε(65.77ο08στ)η-....., Pep =Qy=—e(181.20 sinet)+...., 
Qu == 9 .014-e(32.88 COs στ) -- ... ny P4 Qa = Ry = R40, 
B,4,6.514-e(32.88008 στ) -- ..... 

“Equilibrium point (c). | 
Py=—3 .16—e(6.82 cosot)+...., Ρη--(Ώε--ε(6.86βἴηστ)η-...., 

Qo =0.08+e(3.41 cosaot)+...., Pa= Qos = Hg = yg =0, 
Ry=1.08+6(8.41 cos ex) -- ..... 
If we consider only the terms of (11) which are linear in p,, gj, and r;, 
we obtain the equations of variation." For the orbits of Class A they are 
Ρι--2(1 -- δι) a+ (1 -ἰ- δι) (Pup, - Padi - Pst) —0, 
di 2 (12-8) pit (14-61)? (Qi Pit Qai - Qs ri) --0, (12A) 
"i (014-8) (Ry pi - Bia + Rari) —0, 
and for orbits of Class B, they are | 
| Pa—2 (1 --- δι) Gat (1-5) * (P p, + Pag) —0, i 
ga+2 (1-4-0) p+ (14-03)? (Qe: Pe + Qag) =0, (12B) 
Ta+ (1+8) Ha, , —0. | 


* Poincaré, loo, ott., Vol. I, Ohap. 4. 
12 


-— 
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The periodic solutions (8) and (9) are called the generating solutions” of — 


(24) and (12B) respectively. 


66. THe SOLUTIONS OF THE EQUATIONS oF τα ρα (124). 


The equations of variation are linear differential equations having periodic 


coefficients, the periods being the same as those of the corresponding generating 
solutions. Differential equations of this type were first treated by Hillt in 
his celebrated memoir on -the lunar theory. ` A very extensive list of references 
to the literature of these μας ος. was given by Baker in 
a recent memoir. i. : ur 

. The method which-we shall adopt in the construetion. of the ‘solutions of. 
these equations i is the one developed by Moulton and Macmillan. $ ΕΕ form) 


of the solution is, in general . | | EE 
et 9G), | 


where vx) is a periodic function having the same τος as the Bodies 
of the differéiitiz!. equations, &nd α i8 8 η called the character- 


istic exponent.  . t 


` It has been shown by Poinearéf that if the generating solutions contain | 


an arbitrary. constant which does not appear explicitly. in the original 
differential equations, then a set of solutions of the equations of variation is 
obtained by taking the first partial derivatives of the generating solutions with 
respect to this constant. The characteristic exponent associated with this get 
of solutions is zero, and the solutions themselves are either periodic or consist 
of periodie funetions plus τ times other periodic functions.. The initial 
time f£, is one such arbitrary constant which. is present in all differential 


equations of dynamics in which the potential function e. g., U in equations (1) | 
does not contain the time explicitly. Differentiation of the generating solu-. 


tions with respect to this constant yields a set of periodic solutions. Another 
such constant usually present is the scale factor of the generating solutions. 


Differentiation of the generating solutions with respect to this constant yields 


a set of solutions comprised of a periodic function plus Kt, K a constant, 
times the periodic function obtained by differentiating with respect to t. 


* Poincaré, loo. odi. Vol. I, Chap. 4. E ; 
t G. W. Hill, “Collected Works,” Vol. I, p. 243; don Mathematica, Vol. VIII, pp. 1-36. 


tH. F. Baker, “On Certain Linear Differential Equations of Astronomical Interest,” Philosophical 


Irdiisacitons of the Royal Soctety of London, Series A (1916), Vol. 216, pp. 129-186. 
6 Moulton and Macmillan, “On the Solutions of Certain Types of Linear Differential Equations 


with Periodic Coefficients,” AMERIOAN JOURNAL of MATHEMATIOS, Vol. XXXIII (1911), No. 1, pp. 63-97. ^ 


|| Floquet, Annales Scientifiques de 1 Hoole Superieure, Series II, Vol. XII (1883), p. 47. 
f Poincaré, loo cit, Vol. I Chap. 4, 


ie searing V eem a tat men 


b! 
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. Let -us consider first equations: (12A), and TM solutions which hnve 
characteristic exponents different from zero. These equations are simul- 
taneous and must be considered’ together. To find their solutions let - 

| p,— K,e^"u,, qi — Len; n-M,g".w, `. (13) 
where Κι, L4, and Μι are arbitrary constants, An existence proof, which is 
omitted here, would show that | 


αι = al + aa? T roget TIC 
u, uf FUME HUMP, 
Vy SV oP E+... . Γος εν Ε.. 
μα να, WEED SL. 2: 
where the of” are constants so determined that the various uf, vf'?, and 


_ (14) 


ο. shall be periodic with the period 2n/ VÀ i Aint. On substituting (13) in —— 


— (12A) and considering only the terms independent of e, it is found that a(9 
must satisfy the biquadratic (7) if the arbitrary constants Κι, L,, and M, are 
to have values other than the trivial ones K,—L,—M,—0. It is shown in the 
“ Oscillating Satellite," § 82, that this biquadratic admits two purely imaginary 
solutions, denoted by -Γ-σέ and ---σί, and two real solutions, denoted by +p 
ahd =-p, for all values of u such that 0 Sus < s$ and for each equilibrium point ; 
(a), (b); and (ο). 


Since the ο ών Us οι , and w, are multiplied by ο ο. . 


we may assume without loss of generality, that u ώρα 8 
9 (0) = SE ut? (0) = --0 (k=1, 2, .... 0). (15) 


Then vı (0) and ded can be determined from the differential equations Which 
. define v, and w. 

The various solutions of (12A) may be constructed by substituting (14) 
and (13) in (12A), and giving to a” the values ci, —ot, p, and —p in turn. 
By equating the coefficients of the various powers of e-we obtain sets of differ- 
ential equations which can be integrated step by step. The arbitrary constants 

of integration arising at each step can be uniquely determined from the condi- : 
tions (15). The various a? can likewise be uniquely determined by the 
condition that ufP?, υ 8, and wen shall be periodie with the. period 9π/ 4 
int. From Poinearé's extension to Cauchy's theorem, it is known that these ^ - 
solutions will converge for e sufficiently small numerically and for all values 
of τ such that O<t<7, where T is an arbitrary period chosen i in advance. 
IN we may choose the pefiod οπ/ VA. 


—. * Poincaré; loc. oit., Yol. did -58.. 


Pa 
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Let us denote the solutions of (12A) when a9 ei by 


peu, g= eiw, ιτ iwy. ' ο (16). 


| The arbitrary constants are omitted here but they appear in equations (25). 
` It is found that σι is a power series in εὖ with real constant coefficients. The 


functions t and vu are likewise power series in & but their coefficients are 


sums of cosines and i times sines of even multiples of VAt. The function wj 


isa power series in odd powers of e, vanishing with e, and the coefficients áre | 


gums of cosines and i times sines of odd multiples,of VAr. In each of these 
three functions, the highest multiple of VArt which appears in the coefficient 
of εὖ isk. So far as the computation has been carried out, we have 
My =1t OP λα | 
- 8B Y 
uum μας uut 008 Vs — jin Vaz [e+ 08-4 ...., 
V, 9B*1c*(1—18.4) — (3-- 744—224?) 4 89 (1— A) dere 
οσο rd 
Since the differential equations (12A) do not ρα i, they are unaltered 
by B change in the sign of i. If then we change the sign of i in the differential 
equations and in the initial conditions (15), we obtain solutions which differ 
from (16) only in the sign of 1. - Let this set of solutions be denoted by: 


9 44 4 54 


ιο σταμε, T= —6 σον, Hey, 70 (17) 


wire A 7,,, and wy differ from uy, D and w, respectively only in the 


sign of τ. The same result would be obtained by putting af? — —ic and pro- 


ceeding as in the construetion of the solution (16). 

Likewise by putting aj? equal, first to p, and then to =p we A the 
respective solutions 
pies, q,—€^"vg, | καθ, E ` (18) 
and B . | 
' pie h, qdi— --ε σοι, r= —e wy, (19) 
where pi 18 a power series in εὖ with real constant coefficients, Further uj, uy; 
Vis, Vus Wy, Wy are similar to Up, ὑπ, and wy respectively, except that. the 
coefficients of the former functions are all real; also | 


Wu(v)-—13(—*7), vu(v)-vus(—), Wwu(*)-—wu(—7). 
The computation for the first terms of these series gives 
ἀμΞε1η-0εἴ-...., ἩΡΕ 


ae [= eos Vds sin Vator... 


Wig = 


7 
BH 9B*| Mb 134) --3--74—2243| ασ 
ερ aaa ee 


9 " ^ ^*^ 


! 


x 
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Obviously, the solutions (19) -differ from (18) only in the sign of τ, as 
and rı. , This property can ‘be derived directly: from the differential equations, 
which we proceed to show. We shall show that if 


gum FG), dq; Fa (s), rj— Fa() . (20) 
are solutions of the differential. equations (11), then "s 
| py=F a(—*), - qj — Fa(—), τς —Fa(—) 
are likewise solutions. If this property holds for equations (11) it will 
evidently hold for equations Men or (128); 5. 4. e. when the right members of 
` (A1) are omitted. 
.Let us τν the-differential equations (1). Since U is even in η and č, 
it ew that E is even in. η and t, oe is odd in n and even in £j and E 
is even in y.and odd in Lo - After the substitutions (2) are made, the right 
members of (3) are functions of 7 and Z as indicated. As the substitutions (4) 
do not alter the parity of y and 6) then it follows that the right members of . 
_(5) have the same parity in y and e that the corresponding. right members 
have in y and Z. When the substitutions (10) are made in (5) we obtain’ 
(11), and the terms of (11) which carry : (1+, Pasa factor 1 in each equation 
arise from the corresponding right. members of (5). Let these terms be © 
denoted by (11,1), (11, 2), end (11, 3j pun Then ` "3 have the 
following properties: Ἢ 
(11, 1) is even in jy,, 9j, and e even in [2,, tj, 
(11, 2) is odd in fy, qı}, and even in {z,, rt, 
(11, 3) is even in Íy,, dj), and odd in |g, rl, 


where the braces a denote that the variablés within:are to be considered 
together. Further, since 7 is a factor. of the right member of the second 
equation in (3), it follows that (11, 2) carries a factor which i is odd in 1y;, αἰ]. 
Similarly, since Z is a factor of the right: members of the third equation in 
(3), then (11, 3) carries a factor -which is odd in TD αι]. 
| Now, if the signs of y,, Zj, σι, and r; be changed in the above expressions, 
then (11, 1) remains unehanged while. (11, 2) and (11, 3) ehange signs. On 
examining the generating: solutions (8). and (9) we observe that changing the 
signs of y, and 2, is equivalent to changing the sign ‘of + in these solutions, 
Thus, if we change the signs of 5, gj, and ry, (11, 1). remains unchanged while 
(1, 2) and (11, 3) change signs. If these changes are made in all the terms 
. of (11), the first equation remains unchanged while each term of the remaining 
equations changes sign and the factor —1 can be divided out. Thus the 
equations (11) remain μα, if we ο. the signs of m ο) and f;. 


$ 
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Suppose now that (20) is a set of solutions of (11). Let 
Dj=D;, Yd: Tat, T= ---- --τ. . (21) 
Then dts differential equations obtained by making these substitutions 1 in (11) 
are identically the same in p,, q;, 7,, and 7 as (11) are in the former variables. 


With the s&me initial conditions for p P, d;, ων and 7 as for equations (11), we 


obtain the solutions "E E 
p, Fa(*), d, Fa (1),. s PS), 


where Fa, Pa, and Fp are the same functions as in (20). ‘On restoring the 
former variables by (21) we have | | 


p;=F,(—t), y= ~Fa(—*), ee 


as solutions of (11). Therefore if a set of solutions of (11) is known, another 
set can be obtained by changing the signs of τ, g,, and τ, in the former set. 
Let us next consider the two remaining sets of solutions of (12A). These 
' golutions have characteristic exponents zero and may be obtained, as already — 
referred to in this section, by differentiating the generating solutions (8) with. 
respect to the arbitrary constants f, and e. Taking me constant ‘ first, we - 
have the solutions Í 


Qm Om Ov — Rr 
pi δω - δι δία - | “TEL VE on VANE Oe. .] m 


3 1 
Oy, . OY, Ox : X PERS 
ο Ur o A 
a= = Ue η κ] Cava cos VA κε. ο. 
l I-- 
ΤΕΣ» 
Oh õa ὃτ -... 
f= ty Ot O7 ΤΕΣ E zie [o và VI OPE.. ο 
As these solutions are later mültiplied by αὐ) πέξ conktanta, we may neglect 
1 ; : . : D 
the ο τς. and consider B. x -ES T 
| OPFi—Us, GEN, πο - .. 02) 
` as the solutions. Similarly, on differentiating (8) with respect to ε we obtain 
| az MEME PCR οὔ. '. 
m= Be am A, eem M | 


7 Βϊποῦ « — (£—1,)/ (1 4-51) and 3, is a function of .e, then the constant e enters ΄- 


- 
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the generating solutions not only explicitly but implicitly through 6, and τ. 
Hence , un | 
2 (2m), 9m ὅτ Sh, 2m. (2H) 2 ὃς 2h 
Qe | \ de Ot Όδι de’ Qe | 9ε Ot Όδι Os’ 
95. (ελ, ὅδ, ah 
Ge \ de “Ot OO; Os’ 
where the parentheses around the partial derivatives denote that the differ- 
entiation is performed only in so far as e occurs explicitly. When the 
differentiations are performed, we have 


; Pı =the HK Tts, Q1— V3, - K τοις, 1 =Wy+Krwy,, (23) 
where 


Ms = (22) --2ίαι--5ι 008 2 Ατ)ε-- () 5-- ere 
vu = (S) 2 (ο, sin 222) e4- Qe... 
- E | 

(MESS ($2) = ηδη V4s (Jeb... 


a 


__ i (2) ΄ 
με [208 et Oe. on mae 


It remains now to show that the solutions which we have obtained, viz., 
(16), (17), (18), (19), (22), and (23) constitute a fundamental set. The 
criterion for a fundamental set is that the determinant formed from these 
solutions and their first derivatives with respect to τ shall be different from 
zero. This determinant is 


ew, ΝΣ e^" , € "^w, Uis et K tts, 
e*t (43343 +t), e 5 (—10,45- the), e^"( fithis + Ug), εί — Pt t 14), ts, thas +K (τ üs + uis), 
ME LU , Qc (—$v3)) , (0n, € ^*(—74), Vs, Viet ETs, 
|e" (—ayry tity), ect (moii), Θ”"(ριθχε--ὔμ), ο” (pu Pu), Pus Die + K (POs +045), |» 
eiw, e ^7 (—iws), eh Wis y OTT —1q,), Wis, Wie FETU, 


CNT (— Wy titin), e (o Wiw), e (PWs t Ws), g ^ (pW — wu), Wis, Wye - K (7105-5). 
It 18 & constant," and its value can be determined with the least diffieulty by 
putting τ--θ. Thus we obtain 
A, —4ie(mp-I-no) (mo—np) + terms of higher degree in e. 
Ν It is shown in the * Oscillating Satellite,” equations (36), that mp+no and 
\ma—np are different from zero. Hence the determinant A, is different from 


* Moulton, '' Periodic Orbits,” Chap. 1, Bec. 18. 
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zero for ε not Zero, but sufficiently small numerically. "Therefore the solutions 
“which have béen obtained for (12A) constitute a fundamental. set, and the . 
most general solutions are | | 


p= Key, EE, tus LK" +Ke any TÉ, 
~ Eus 4 Ket), 
a= Kei, Ke tivna T Kee” Ujg — Kev, c-ÉSg C (25) 
+H 6 (Vis ESO), 
fı — K etiw ,6 11), + Kew —K,e7 "wu +E pts A og 
TK, M ues , 
where Κι, ios K, are aay constants. 


$7. Tux Sorutons or ΤΗΒ Equations.or Variation (12B). 


The solutions of the equations (12B) are obtained in the same way as the 
preceding solutions were found.. The construction is simplified by the fact. 
that the last equation is independent of the first two. 

.. "The two sets of solutions of the first two equations of (138); vid have 
‘characteristic ΗΝ different from Zero, are 


T ' Dee un » dU, ᾿ - | (26) | 
and: l | 
Pye Un, G=—e Us, | | | (27) 


~ 


where ρ. 18 8 power series in 8 κ real coefficients, the. terms of lower degrees 


being | | . 
- 6ὲΞ = pt 0e+ TEE 


. The fonctions Ug, Vary Use, and U, Aro power series in e with sums of sines an 
cosines of multiples of στ in the coefficients, the highest multiple of στ which 
occurs in the coefficient of e* being k.. All the numerical coefficients in these 
series are real. From the property of the differential equations (11)-whieh . 
was. proved in the preceding section, it follows that the solutions (27) are 
obtained from (26) by changing the signs of t and q,. Thus uj and Va differ- - 
from u4 and v, respectively only in the signs of the sines. Ὃ aoo 
Since these solutions (26) and (27) are multiplied later by ET 

constants, we may take ttn (0) = 1. The algebraic forms of the functions Un - 

and v, are - l : 
i thy — 1 + (aucos ot J- b, sin TE IM 

Un m+ (ἄρ 008 στ + ba Bin oT) e+ ()εἷ--.. 

P" Mog (T) =un(—T), vw(*)—va(—5). 


i 
ο 


+ 


Equilibrium Points in the Problem of Three Bodies. — 95 


The two rendir solutions of the first two seinen of (12B) are 


obtained by differentiating the generating solutions (9) with respect to t and e. - 


X 


Differentiation with respect to t gives 


9m : 1 Om ~_% _ ΄1 % 
^ Oty (O14 E Q 1+6, ὅτ᾽. 
ana since the multiplier — τς may be dropped, the solutions Ρ 
Da == Ung =% = {---σ sin ajesi sin ot -+ 2c, sin Zot) & 4- .. | 
es | (28) 
o== Ug = Soe = (—na cos ot) e— (bya cos ot — 2da cos Zot) e’+..... 
Differentiation with respect to ε gives 
| Pa=Un LTs, Q=Vuy Lire, . (29) 
where : 
03, 
Ma = ο m cos ot -+2 (a+ 5, cos oT -I- c, cos 2στ) e+ 
Du (22) = —14 sin ot —2 (nb, sin ot —d, gin 2oT)e-+ 


_ dl. (5 (8) 
L= IFS, (2824388 ep. E 


The determinant of these solutions (26), (27), (28), and (29) and their 
first derivatives with respect to 7 is | 


ται, € Pas, Uy, Uude, 

Δ.-- €^ (ostia + Un), € 9? ( — 95M + υπο), ün, Uut L (ag + ta), 60) 
ο 05 € ^" (--- δαν), Us, Und-L'Us, 
e^ (PaVa -F Va), e (QyUss— Un) , Us, Vat L (t+ a) ; 


= 2ce(mp-+ns) Ung np) + terms of higher degree in ε, 


As in the former determinant Δι, equation (24), the factors mp+-no and 
πισ---πρ are different from zero, and since σΞΕ0 it follows that Δ,550 for ε not 
zero, but sufficiently small numerically. Hence the solutions (26), (27), (28), 
and (29) constitute a fundamental set of solutions of the first two equations, 
and the most general solutions are | 


f; Lae” Ug + Lee ™ Ug H Dating + Li (Uut η 
e Qa =Le — Dae 93 + Lata +L, (Vvu tHL), 


where L, ...., L, are arbitrary constants. | ᾽ | 
13 | | 


(31) 


— 


and it has the form 
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-The general solution of the last. equation. of (12B) is — obtained, k 


n= Du is bL s SE 09 


where L, and ME are amy cónstants, ind O, We, aNd wa are power « series ' 
in e of the form - 


~ 


3B 
Wy= 1+ zu (ot cos stis 4 gin aro) +. 


3B | 
ωρες 1+ Fea e cos HB A Bin στ---σ ?)... 220 


a= νά -.0ε-]-ωμεῖ-|-.. 


Since L; and Ln are arbitrary, the initial values of 4, and 4, may be chosen 


so that wa (0)=wa(0)=1. The coefficients of the various powers of ε in these 


functions are sums of cosines and αὶ times sines of. multiples of ot, the highest 
multiple which occurs in the coefficient of εἴ being k. Further, Wn and Wy 
differ only in the sign of i. In the series for o, all the coefficients are real. 


. The determinant of the two solutions in (32) and their derivatives with 


respect to τ is 
| ewe, € Mp, 


e" (iowg + Wer), e στ ( —iotg + 08), 
= —2io -+ terms in s . : 


~ 


and this ig different from zero for |e| sufficiently small. Hence the solutions 


(32) constitute a fundamental set. of solutions of the last equation of (128). 


§8. Tus CONSTEUCTION or ÅSYMPTOTIO SOLUTIONS. 


Having determined the solutions of the equations of variation, we shall 
now proceed to construct the asymptotic solutions of (11). We shall consider ` 


. first the solutions which approach zero as v approaches +œ, and then ghow 
" how to obtain from these the solutions which approach zero as τ approaches . 


— SF), 

In making the constructions, iti 18 convenient to introduce a parameter y 
by the substitutions E | 
B=D U= rj, (33) 
where ,, {,, and F; are new dependent variables. Then, since the asymptotic 
solutions are to be constructed as power series in y, we put 


POPE PPYTPPY en di PtP babe ο 
Far try m X ) 
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When (34) and (33) are substituted i in (11), the factor y will dem. out. . Let 
the resulting differential equations be denoted by (11/). On equating the 
coefficients of the various powers of y in these equations, we obtain sets of 
differential equations which define the functions p®, q®, and rí? in (34). Τη 
order that the solutions shall be asymptotic we must impose the condition 


(Οι), that each term of the solutions for the various p®, gf?, and r® shall 
- contain ο” 1 as a factor. 


As an arbitrary constant arises at each step of the integration we may impose 
the further condition | 


(C4), that p,(0) =O; 
front which it follows that: 


PO) =a, pP(0)=0, (k=1,....0), 


duda: Orbits of Class A. 


Let us consider first the orbits which are asymptotic to the periodic ΠΗ 
of Class A. We put j=1 and consider the various differential equations 
obtained by equating the coefficients of the same powers of y in (11’). | 

For the terms in pP, qO, and rf? we obtain a set of differential equations 
which are the same as (12A), except for the superscript 0. The general solu- 
tions are the same as (25), and when the condition (C,) is imposed all the 
constants of integration must be zero except the one associated with eh, 
From condition (C,) it follows that this constant must have the value αι, 
Therefore the desired solutions are | 


0)... p~ -qQ — ej Ὁ) — e 
pi --αχθ μμ. "gi»———a τομ, rP=— ae μμ. (35) 


The differential equations which are obtained from equating the coefficients ` 
of γ to the first degree in (11') have the same left members as (12A), except . 
for the superseript 1 on the variables. On denoting the κρήτη -- | 
members by ΡΦ, Q(?, and R®, we-find that 


PP =e "IP, Q(9 -szole7"VQ, RP =e ΓΩ, 


~ 


where US, V(?, and WẸ are power series of the same form as ty, Vi, and wy 
. respectively. The complementary functions of these differential equations 
are the same as (25), but let us μμ that the arbitrary multipliers are 
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s> ο 


bP ο hee The particular integrals. ean be obtained by varying these 
- multipliers. Thus - 


Ap eus ο etna t po e us νο τμ, + ius P 
| ÁP (ns + Krus) = 0; E 
ie is) HPA (ίσων ita) FERE (pua btn) | 
| kf e (pity — thy) PEP us EAP [ins +K (typ + 945) ] =PP, 
Μοτο, ο ο Fins HAPA — ke rou bon 
Pe ` . eas HiP (vut Keg) = —0, 
Ae aut toy) + ke e (ova — ida) HP er (pits + Vis)” - , 
| HAP eiT (psv — Oy) Hk (oy +h [91 4- K (Oe + Tüy) ]= P, 
Ἔρος του he σον + HPO ων HE "e AT ἔβθευης QE 
| kg (wis + Ks) = žo, 
de pu É --σ wa ση) LEP eH (owiha) EPen (pwrs + Ww) .. 
í +hPe € ^ (pa Wy) PAP Wy EE [the + K (wit) ] =RP . 


"The detonate of the coefficients of ke oo ἆθ) is Δι, equation X24), and 
since it is different from zero for e not zero but sufficiently - small οἱ 


(36) 


. a 
^ 


^ these equations can be solved for ζω, oos, AY. ^ This 
C s E EU AP - ....γ 6), Lo mE (37) 
i A~ : 
(d where A® is the determinant formed by replacing the elements of the L-th 


column of A, with’ 0, PP, 0, Q®, 0, and RY respectively, Since po , Q9, and `- 
RP contain no terms in iier or é*^', the integrations of (37 ) for Ko, ο MP s 
. will yield no terms in « explicitly. Sueh terms will oceur, however, in the 
integrations for kf and kj, but when they are substituted in the complementary 
functions they will cancel off. ..The complete solutions are thus found to be 


p P = — Ke y+ Κῷ eth +- Kje^ug K@enaty, + Kj^u T 
| . HEP (tye + τις) Hege rug y 
qi Pelion — Ki Deratiy n -KQe^"os, —K Qe-hTp AKO, c al 3 
EU . | +EP (ve + K^ vas) +eaje "vp, d 
qo =K ο μι —K λος Pew Ke Ay AK Pw 
pu TED (w KT Wy) + ea je πο, 


à 
. $ 


αμ. 


where Kj?,...., κα are the constants of. integration, and uf vQ, and wP 
are functions similar to 44, ,, Vu, and w respectively. On imposing condition 
(09. apon these solutions we obtain - E 

. κῶς- - ae Ls "T iis KP= -— KpE =0, | | 


- 


"i 
7 


δω 
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and from condition (60) we have the remaining constant 

KP = —eajuf? (0). 
When ne constants of ΕΗ are thus determined, the solutions (38) 
take the form 


pO = — ea? 2( e ^7, O ES g 3n, ), q (0 -- - E αὖ ( eA yy) -+ ο ?nT4 9 ) ; on 
"n — ead (e^ τῇ +e ^w), e 


where the functions u®, s vo, uP; w(P, wf? are of the same form as uu, 
Vy, and wy, respectively. 

The remaining steps of the integration can be carried on in essentially 
the same way. By an induction to the general term we shall show that the 
solutions of (11) can be constructed to any desired degree of accuracy. | 

Let us assume that p”, αφ), rP have been constructed for » —1,2, ... ., k—1, 
and that 


i » 1 f 
τ πε αἱ n e πα, qi” = eat" : à e nre, rra P e τρ), (40) 


where the functions uo, v£?, and uc are similar to thy Uu, and wu respectively. 
We propose to show that the solutions for p®, gf, and r are the same as 
(40) if y —k. PA 

Consider the set of differential equations obtained by equating the 
coefficients of γὲ in (11'). The left members are the same as (12A), except 
for the superscript k on p,, qa, and rı. Let the corresponding right members 
be denoted by P(?, QP, and R®. Then it is found that 


k-41 kl 0C Is 
P® = αι". Σ gU, 09 =e dà ορ RE — gkgkt ἃ e ΤΡ. 


where UW, V®, and W{ are functions of the same form as uu, vu, and wy 
respectively. The complementary functions of these equations are the same 
as at each preceding step of the integration, and the complete solutions may 
also be obtained in the same way as equations (38) were determined. The 
equations analogous to (36) and (87) differ from (86) and (37) respectively 
only in the superscript k instead of 1. The complete solutions will therefore 
have the same form as (38), except that the respective particular integrals 
are functions similar to P(?, ΟΦ», and R(? instead of P®, QP, and R® as in 
(38). From condition (C,) the arbitrary constants will all be zero, except 
K(?, and from condition (C,) this constant is found to carry the factor satt, 
Honde the desired solutions for p®, gq, and r are the same as (40) if »— X. 
This completes the induction. 
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|. When these solutions for pP, g®, and rP”, (v= 1, 2,....0) are. substi: 
tuted 1 in "m and (33), we obtain as the solutions of (11), 


ms Σ Lemus (=) aly 

ex] bi ᾽ : 
n= i b RET (r) Hay . ο τν (41) 
n= = Σ i erui (t)e aly, | 


share ‘the superscript on aneus ug (τ), v (τ), and w8 (τ) has been 
made to conform with the corresponding power of y. Since the two arbitrary 
parameters a, and y occur only in products as indicated, we may. suppress 
either without loss of generality. Let us suppose that αι--1. 
. Equations (41) are-the asymptotic solutions of (11) which approach Zero 
as t and therefore t approach +. In the same way there could be obtained . 
the asymptotic solutions which approach zero as v and therefore t approach 
—o, It is not necessary to construct these solutions, however, since they can 
be obtained directly from (41), as we proceed to show. 

Τι παρ shown in the two paragraphs following. equation (20) that if a set 
of solutions of equations (11) is known, then another set can be obtained by 
“changing the signs of τ, σι, and r; in the former set. On making these changes 
in (41) we thus obtain the asymptotic solutions of (11) which LAS Zero 
as T approaches —oo, viZ., 


pı = -+ Σ Drug ind 
a-—À Aerop h ^ (42) 
n=— Σ i eof (--5) ey. | 


j=1 k ; 

Upon substituting (41) and (42) in (10), and returning to. the original 
variables ἕ, ⁄,¢ through the substitutions (4) and (2), the asymptotic solutions 
_of the original differential eee (1) in terms of « are found to be .. | 


E=% ta t+ i Eee) 
η--θ aei berm v (+7) εὐγή, (483) 
(το 4+- 2,2 Σ b eno (D (+ τ) ely? | 

| jul kel A 


Where the double signs occur, the upper signs give the solutions which 
approach the periodic orbits as τ approaches --o, and the lower signs give ` 
the ane which approach the same periodic orbits as τ approaches — 0.. 


am, . 
mM n 
*. . . 


"e 
e p art mm I a 
ra 

2 


Lo 
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Asymptotic Orbits of Class B. 


We consider now the orbits which are asymptotic to the periodic orbits of 
Class B. The method of constructing these orbits is entirely similar to the 
one used in constructing the asymptotic orbits of Class A. 

On putting j—2 and considering the differential equations obtained by 
equating the coeffieients of the various powers of y in (11^), that is, in (11) 
when (33) and (34) have. been substituted and y divided out, we obtain solu- 
tions which will give the asymptotic orbits, provided the arbitrary constants 
of integration are so chosen that conditions (C,) and (C,) are satisfied. 

The differential equations arising from the terms independent of y in 
(11’) are the same as (128), except for the superscript 0 on Pz, qz, and τι. 
Their solutions are therefore the same as (31) and (32). When the conditions 
(C,) and (C,) are imposed, we obtain 


-— 


T NETS : Ὁ)... ο. 0) 
pP = ase P Ug, qP = — ue ATH, 155 E 


From the coefficients of y to the first degree in (11’) we obtain the differ- 
ential equations which define p, gf, and τῷ, These equations have the same 
left members as (12B), except the superscript 1. Let the respeetive right 
members be denoted by PS’, QP, and R. Then 


Pj UP, Qai "yg, RP=0, 4 


where U2 and V1? are functions of the same form as u» and Va respectively. 
The complementary functions of the differential equations are the same as 
(31) and (32), but let the arbitrary constants be denoted by 19, ...., 1P. By 
using the method of the variation of parameters to obtain the complete solu- 
tions we have ` 


iD e^u, HiPe Tu HPU HiL (Uu Αη —0, 

i? et sisi t- Un) + ip εί — fata t Mss) -+ ig ΟΝ 

| | EAP ls L (s πάν) ] = PP?, 
HP etos — He vg E LS Vag 1-10 (Vay H- Less) —0, 

ien (Pat Yer) + ie ( Ρεῦοι---Όῳ) + lf os 


+1P [Oy +L (vat τόν) ] - Q0, 


(44) 


[Detty +16, —0, 
1D ef** (iowa t twa) ---ἶ e ντ (iot —10,,) —0. j 
The last two equations are independent of the first four. Since the deter- 


minant of the coefficients of 1 and 1$? in these last two equations is different 
from zero, viz., Δι, the only solutions for if? and i? are i? —ig 0. 


' viz., A, equation (30), and therefore the first "Rud ΜΉΝ. οἳ “5 can be: 


? 


- 
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^ The determinant of the coefficients of 1, ....,1 is different — Zero, 


solved for 1, .. » iP. . The resulting solutions are 


f B= E (heli), | (45) 


where. AMD ïs the determinant obtained by replacing the elementa of the k-th 


row of A, with.0, P£?, 0, and QP respectively. Since the right. members ῬΩ 


„and Q® do not contain terms in e*^r, the integrations of (45) for I and I? 


will not contain terms in τ explicitly. Such. terms arise, however, in the 


| integration for i? and lf, but when they are substituted in the complementary . 
functions they cancel off. The complete solutions of the differential equations 


l at this step are thus found to be ^ 


pP =LM ety LP ut] πο (a), 
gf? = LM eg — Lie vg tL Pv + Li? (vau Lava) ἘΜΉΝ (T); (46) 
tP = LP en + κκ" f 5 


` where L® ...., LP are the constants of integration, and u9 (τ) and vp (τ) 


. are functions amidst tO un and va respectively. From anaes (C4) we have 


| LOL = IP= =LØ= LP —0, 


and from condition (Ca) 


Lf eig). 
Then the solutions (46) become. i 
pf? =e [e στι (τ) + — ()) — 
gf? --εαἰ[ε-”'"υᾷ) (τ) + e? rv "m ev o: 5 
rÒ =0, | E à | 
where usp (τ) and vf? (T), (k—1, 2), are similar to ug. and vq respectively. 
The remaining steps of the integration can be carried on in the same way. 


- Proceeding by induction to the general term, we find that 


E p=’ af? S eras τ], qP = eat pl "Σ gh ( τ), - r(? —0, P x 


where the functions ufp (t) and v (z) have the same. form as un sud va 
respectively. -When these terms are substituted in ee) and (83), we find ΡΕ l 
-Solutions of (11) to be E 


p= È B erug o) aly, n X nom n n=0. ἀπ᾽ 
As in the solutions (41) we may put aues l, These equations (47 ) are the ᾽ 


~ 
. 


- 
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asymptotic solutions which approach zero as τ approaches +o. By changing 
the signs of + and q, as in equations (42), we obtain 


eo J j| eo J ᾿ 
pth Beug, am ὃ Reed, n=0, (48) 


which are the asymptotic solutions approaching zero as τ approaches —o. 
Since r,=0 in (47) and (48), the asymptotic orbits are of two dimensions and 
are complanar with the periodic orbits of Class.B. 
In terms of the original variables £, η, C, these asymptotic solutions. of 
equations (1) are, 
oo j : 
SH Eo teat D Leg (ss) ely! 
=l k= 
o j 
n=0 +7 D à eop (+7) εἰγή ο 
j=l kel 
ζΞ0. 
These solutions approach the periodic orbits of Class B as v approaches +% 
or —o according respectively as the upper or lower signs are taken. 


$9. GeoMETRICAL CONSIDERATIONS. 


The asymptotie solutions (43) and (49) contain the three undetermined 
constants /,, e, and y. The constant t, denotes the initial time and may be put 
equal to zero without loss of generality. The parameters e and y are the 
respective scale factors of the periodic and asymptotic orbits. The physical 
interpretation of the parameter e has already been referred to in the latter 
part of $4. From the way in which the initial conditions were chosen in (C;), 
it is evident that ey denotes the £-component of the infinitesimal body's initial 
displacement from the periodic orbit. 

Let us now consider the directions in which the asymptotic orbits approach 
the periodic orbits. We shall discuss only the orbits which approach the 
periodic orbits of Class A as τ approaches +o, since the discussion is 
. entirely similar for the other asymptotic orbits. 

As v becomes very large, the most important terms of the solutions of 
(11) are those in e". These terms arise only from the complementary 
functions of the differential equations which define the various p®, q(?, and 
r(? in (84). Neglecting the explicit values of the constants of integration 
which are associated with ο” at each stage of the integration, we find that 
the predominating terms of the solutions as t approaches +o are 


e ο. λα 4+ KP y+... 
q;——e" vy [KPY HEP EPY' εναν 
re Ay ΓΚ y+ KP yt... «1, 
where K(?, K®, ...., are the constants of integration. | 
14 
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The projection on the £x-plane of the direction of the approach is | 


limit dg, dpi _ jimit Vy— -pvu 


Taxon dr. dv ne pita a C M y » xs 


This limit 1 18 independent of y, but, | since u,, and Vy contain sines and cosines 
of multiples of Vår, it is indeterminate. The projections on the EC- and 
n¢-planes are likewise found to be indeterminate. Similar results are obtained 
for the orbits which approach the periodic orbits of Class Α as « approaches 
— o, and also for the corresponding orbits of Class B. 


f 


‘ . * $ 10. ΄ Tuvustaattve Exawruss, 


`- We shall sosiclude this article with numerieal m and diagrams of 
the periodic and asymptotic orbits which have been discussed in the preceding. 
sections. . In these examples the ratio of the finite masses is ten to one, or 
1—4u-10/11 and: μ--1/11, being the ratio used in the particular pe 
‘orbits already-mentioned in $ 4. 
"The solutions for the agymptotie orbits have been carried ud to the third 


degree in e for orbits of Class A and to the second degree in e for orbits of | 


Class B, but only to the first degree in y for both classes of-orbits. 


In the numerical results that are to be found in the tables which follow, | 


e has the value 0.5 for Class A and 0.01 for Class B while γ--0.1 for both 


classes. The values of ez, ey, and se; (j=1, 2) in the tables are the . . 


coordinates for the periodic orbits for the various values of τ indicated. "The 


values for eyp,, eyg;, and. eyr, are the amounts which must be added to the 


coordinates for the periodic orbits in order to obtain the asymptotic orbits. 
For :-2, 2,2 r,-0. 

: The periodic orbits are represented by the: heavy lioe in the jem ae 
and the asymptotic orbits by the dotted lines. The arrows indicate the 
direction of motion. No arrows appear in the periodic orbits in Figs. 2, 5, 
and 8, as in these projections the infinitesimal body oscillates up and down 
along thé same curve. The origin of coordinates is taken. at thé equilibrium 
: point marked in the diagram, and the.axes are parallel to the rotating Exc axes 


TS (8ee equations (2)). The unit of measurement is indicated in each- diagram.. 


The following results have been obtained. 


Orbits’ of Class A. 
. Equilibrium point (a). 


ep =e ty [e+ 2° (—0.29-+0.29 cos 2 Vás—1. 08 sin 9 V Ax) +.. 

eq, =6 ^y [—0.75 e4-8(0.22—0. 61 cos 2V4«—0. b» sin Vie) 

rye ^ y Le (1. 58 cos V Ax 0.91 sin VAt)+.. 5 
pone Pe ios 28 &--...., A-—2.548. | > 


V t -- 


Nat 


~ 
3 
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TABLE 3. 
e=0.5, y —0.1. 
T £0, l ey, £2, eypi - Eygi 
0 — 041 ο 0 0 «0500 —.0420 .0400 
E — . 043 — .008 . 043 .0385 — .0369 .0359 
P ---, 147 — . 015 .085 .0295 —.0809 .0315 
ES ---, 054. -- 091 .125 .0223 —.0259 .0270 
E! —.064 ---, 026 .163 .0173 — 0219 .0227 
.D —.074 --, 098 .198 .0136 —.0173 . 0187 
.6 -- 084 --- 0238 .228 | .0111 -—.0142 .0155 
an ---, 095 ---, 025 s ,254 . 0093 —. 0107 0118 
8 — 104 — 021 274 .0080 --, 0088 .0091 
.9 --, 111 —.015 . 289 .0071 — .0064 .0067 
1.0 --, 116 — .007 ` (297 .0065 —.0048 . 0048 
1.2 —.115 .009 . 296 .0056 ---, 0029 «0020 
1.4 | —.103 .022 rl .0045 — .0020 . 0003 
1.6 ---, 083 .028 . 223 . 0034 —.0015 |—.00056 
1.8 —. 062 028 .157 .0025 —,.0013 |—.00091 
2.0 — .046 .014 .078. | .0017 —.0011 |—.0009 5- 
2.4 — .048 ---, 016 — .092 .0005 9 —.0006 |--- 00065 
2.8 | —.087 —.097 | —.233 .00023 —.0002 7 | —. 0003 0 
3.9 ---, 116 — 006 — 398 .0001 4 ---, 0000 9 | —.0000 9 
3.6 —.102 .022 — , 269 .0000 92 | —.0000 7 | —.0000 4 
4.0 ---, 060 024 —.151 .0000 48 | —.0000 3 | —.0000 18 
4.4 — .041 — .003 |... ,014 .0000 15 | —.00002| —.0000 16 
The projections of the above orbits on the coordinate planes are given in- 
Figs. 1, 2, and 3. | Z 
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Equilibrium point (b). 


ep, =e Ty [e+e (0.2220. 999 cos. 2 V Ac —0.454 sin- 2VAx) 4-.. 
eg, =e" [0.40 e+e (0.089—0. 182 cos 2 V/A 0.087 sin VEU. el 
| gru =e "y [e( —0.345 sin V.4—0.523 cos VAT) +....], 
s 917-8.366—2.837 £--...., A=6.510. 
mE | TABLE 4. 
e=0.5, y=0.1. 


1 + ed, 









0| .0135 | ! .0500 =~ | .0188 —.0131 
1] .0147 | .0022]- . .0300 .0119 |--.00940 
ο] «0178 |, ᾿ 0186 00788: |—.0062 6 
3| 0221| . .1855 | .0118 .00517 |--.00886 
.4| .0266 | . .1602 | .00779 — 1.00345  |—.00226 
= | .5| .0800| . 00519 10022 |—.0009 57 
\ foel .0815 |. - .0034 9 00147 —— |—.0005 76 
1] -0307 |--. | 00381 000936 — |—.0002 24 
.8|: «0278 |—.00; | .0014 9 000574 — |—.0000 454 - 
9] «0956 |—.00 | .000934 — |.000347  [4-.0000 350 
1.0} .0206 |—. .000583 | .000213 |+ .0000 616 
A.2| «0186 |--. | 000204. | «0000762 |+.0000 497 
{.4ἱ .0166| . .0784 | .0000 750 | .0000309 |+.0000 363 
4.6| .0252 | . .0000308' | .0000136 |+ .0000 0936 
1.8] «08191. | .0000 187 | .0000 0590 :|-.0000 0257 
2:0| ..0289 |—.€ | 00000594 |..0000 0232 |4-.0000 0056 6 
2.2) .0905 —. es .0000 0233 | .0000 0081 0|—.0000 0021 6 
. 19.41 .0140 —. .0301 | .0000 0086 6| .0000 0030 8|— .0000 0002 2 
+ 42.6] .0156.| .002 .0645 | .0000 0029 9| .0000 0012 4]— .0000 0001 9 


"The projections of the above orbits on the coordinate planes are given in | 
Figs. 4, 5, and 6. à : 
Z 
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Έτα, 4. ; Fia, 6. 
Equilibrium point (ο). 
ep, =e™"y [e+e (—0.104-+0.104 cos 2'V Ax —0.817 in 2 VES) η... a 
eq, — 67^" y [8.08 e+e (—0.320 — 0.787 eos2 V Ax —0.106 sin 2 VÁx) -....], 
gr, —e7 ^y [e(—0.719 sin V4«—3.145 cos V Av) 4+....], EE 
pı =0.457—0.0252+...., 41.088. | 
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l TABLE 5. 
ε--0.5, γ--0.1. 
ey cys E% ey? 

0 .0050 0 0 .0500 — .0786 

ο . 0099 .0228 .0989 .0418 --, 07838 

4 .0238 .0418 .1939 ,0349 ---, 0657 

.6 , 0443 ,0536 . 2808 ,0297 —.0560 

.8 .0678 . 0563 .9041 .0264 —.0455 
1.0 . 0905 .0493 |  .4138 . 0245 — 08346 
T2 .1084 .0340 .4550 .0236 — 0239 
1.4 . 1185 019 .4766 © 0234 — 01839 
1.6 .1190 —.0105 |  .4781. .0233 — .Q051 
1.8 .1099 — .0320 .4584 0229 .0026 
2.0 0927 — .0481 .4190 .0221 . 0088 
od . 0703 — .0560 .3619 .0209 .0135 
2.4 .0466 — .0543 . 2890 .0191 .0168 
2.6 .0256 — 0484 . 2035 .0169 .0187 
2.8 .0110 --, 0251 .1094 .0147 . 0194 
3.0 .0051 --, 00205 .0105 .0123 .0191 
34] 0990 (0400 | —.1843 | 0086 0161 
3.8 .0653 .0564 | —.38475 . 0064 5 .0113 
4.2 . 1069 .0359 | —.4517 .0057 3 . 0060 
4.6 .1194 ---, 0080 --. 4790 .0056 2 .0014 
5 .1101 —.0818 | —.4723 .0051 0 .0013 
0.4 | -.0491 —.0549 | —.2971 .0046 6 ---, 0040 
0.8 .0121 — .0272 —.1195 .0035 9 — .0047 
6.2 .0081 . 0182 .0787 .0014 5 — ,0044 





The projections of the above orbits on the coordinate planes are given in 
Figs. 7, 8, and 9. 
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oe | Orbits of Class B. | i 

Equilibrium point (a). | | p 
epim 6€ "y [e+e (—1.20--1.20 cos στ: 8.96 sin ot) -....], - 
eq, — e ^y [0.75 e—e (0.90-4.65 cos ot +2.46 sin στ) +....], 


πο 


` These orbits are shown in Fig. 10. 





pe =1.833+ ()84- .:.., c-1.68. 
4 | ae TABLE 6. 
"LE e=0.01, y=0.1. 
i oo | E z 
0|. .0100 0 -0010 00: . 0007 13 
22 . 0094 ---.0088᾽ «0007 00 «0004 77 
—|> .4 7.0078 — .0166 . 0004. 90 .0003.31 
6] .0058 — .0225 0008 42: 000231 . 
.8 .0023 --.0259 | «0002 38 .0001 63 . 
1.0; —.0011 — .0264 .0001 63 . 0001 16 
1.2| —.0043: — .0240 .000113 : | -.0000 820 
1.4 |. —.0070 —.0189 | :0000 776 .0000 581 
1.6 | —.0090 —.0117 .0000 534 .| .0000412 p 
1.81 —.0099 —.0031. |, —.0000 361 .0000 289 : 
2.0| —.0098 «0058 .0000 248. «0000 203 
2.9] —.0085 “0140 «0000 169 «0006 140 
12.4 | —.0063 .0207 .0000 117 .0000 0970 
{2.6 | —.0034 — .0250 .0000 0809 «0000 0664 . 
2.8 | —.0001 ..0266 | «0000 0560 .0000 0452 
3.0 .0032 .0252 | .0000 0392 .0000 0306 ` 
3.2 .0062 .0210 .0000 0275 .0000 0208 
3.4 0084 .0144 . 0000 0193 .00000141 | . 
3.6 . .0097 .0062 .0000 0136 .0000 0095 | - 
3.8 .0100 .0027 .0000 0094 


. 0000 0065 


Equilibrium point (b). 


Equilibrium Points in the Problem of Three Bodies. 


ep, =e y [e+e (0.69 —0.69 cos ot —2.47 sin στ) + ....J], 


eq, = 6-7 [0.40 e+e (0.28 4-4.60 eos ox --3.07 sinot)+....], 


p —3.866--()?-F....," σ--2.61. 
l TABLE 7. 


"n 


Hm B2 C 00 O» WM SO OC ιο Q' Co το EA CD 


b bo ας πὶ E EE E FF 





EY: 


Fig. 11, 


ε--θ.01, γ--0.1. 


eyP2 


.0010 00 
.0007 10 
0005 04 
.0003 59 
.0002 55 
.0001 82 
.0001 31 
.0000 933 
.0000 670 
.0000 481 
.0000 345 
.0000 178 
.0000 092 
.0000 047 
.0000 024 
.0000 012 
.0000 006 
.0000 003 


€^y Qa 


.0004 49 
.0003 70 
.0002 34 
.0001 66 
.0001 17 
.0000 83 
.0000 58 
.0000 398. 

0000 275 
.0000 190 

- .0000 131 
.0000 063 
.0000 031 
.0000 016 
.0000 0087 
.0000 0047 
.0000 0026 
.0000 0014 
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Equilibrium point (c). | | l | | 
epi — e7^'"y [e-+ € (25—95 cos ot —23 sin = +. TT 


| ed, — 8 γ[δ. ο Saa 56 μεν Μα sin oe) Fe 


"pi. 475+ OPH. ¢=1.07. 
. TABLE 8. 
| f ε--θ.01, y=0.1. . 

à 0 . 0100 0: - «00100 ` 0032 9 
d .0099 |^ —.0022 |  .00093 0031 7 

PA «0098 0048 «0008 7 0030 6 

3 . 0095 . 0063 .0008 1 0029 7 
l £p .0091 - .0083 .,0007 6 0028 7 
„5 | - .0086 .0103 .0007 2 . 0027 9 

.6.|  .0080 | —.0120 .00068 - | ..00270 

E, .0073. 0187 | , .0006 5. 0026 9 

8]. .0066 0159 .0006 3 0095 4 

.9 |. ..0057 .0165 «0006 0. 0024 6 

1.0 0048: «0176 .0005.8 . 0023 9 

1:5. .0003 .0199 .00054 . 0020 5 

| 2.0 ~ 0054 .0169 00046 | 0017 1 

2.5 | --.0089 | .0090 . .0004 2 0013 7 

3.0 | - —.0100 0014 | ^ .00037 0010 6 

3.5 .0082 .0140 .0003 0 0007 8 

4.0 .0042 . .0188,.| «0009 8 0005 7 

4.5] | .0010 |  .0200 | :00014 0004 1 

5.0 «9060 «0165. |- ..00012 ` 0003 0 

S0. . 0092 .0078 |. «0000 8 0002.3 
6.0 .0099. | —:0027 .0000 6 0001 9^ 


` These orbits are shown in Fig. 12. 


Fig. 12. 
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Concerning the Invariant Theory of Involutions of (οπίςδ. 


By Warne SENSENIG. 


$1. IwTBODvoTION. 


| The complete system of invariants of a single conic 


f= G3 = dr Aag. E... 
consists of four members: f —a?, L—oi,D-—2a3i,and u,. The complete system 
of invariants of two conics consists of twenty forms and this was derived first 
by Gordan and was first published in Clebsch’s “ Vorlesungen über Geometrie."* 
H. F. Baker derived the complete system for three, and incidentally two, 
conies.] Ciamberlimi has published a determination of a complete system for 
three conics. 1 s | 

The object of this paper is to derive and reduce in terms of the system 
of two conics a?, b? the complete simultaneous system of the involution 
K=a?+kb? and the harmonie conie F= (aflz)*. The complete system of K and 
F is expressed in terms of the complete system of the two base conics f=a; and 
g=b?, which determine the configuration. 

In Bochers “ Introduction to Higher Algebra,” p. 164, it is shown that if 
two conies f, g intersect in four distinct points there exists a (non-singular) 
collineation which will reduce f and g simultaneously into the normal forms 
given below. Note that the equalities hold only by virtue of the equations of 
the collineation: 

05842 -- bas -- 023 , bi=pattqritrat. (1) 
In Table I, I give the well-known symbolical forms of the system of f and g, and 
also the normal system which I have computed from these symbolical forms by 
particularizing the coefficients of f and g, respectively, according to the follow- 


ing scheme: 0, b, 
019 = 0391 = 883 = Gs9977 0, Aor — 0,6, 


ὄτιο-διαζ bor =0, Dayo =D, bom — d, bg f. 
Throughout the paper we have used the algorism for ternary transvection 
given by. O. E. Glenn in the Transactions of the American Mathematical Society, 
* Of. Osgood, AMERIOAN JOURNAL OF MATHEMATICS, Vol. XIV (1892), p. 262, “System of two 
Simultaneous Ternary Quadratic Forms.” 


1 Oambridge Philosophical Transactions, Vol. XV (1880-93), p. 62. 
1 Giornale di Matematiche, veh XXIV (1885-86), p. 141, 
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Vol. XVII (1916). ^ This algorism is analytical but it will suffice here to 
describe the transvectant τ of index (2) of the two forms 


| φ--λαιιᾶ......ὠγαι.....ἄμν ψ--Βὂι,....ὄμιθιμ....[ ον, 
' where A and B are constants, as AB/u times the sum of all terms gotten by . 
forming in the product Φψ, in all possible (u) ways, ὦ convolutions of the type 
dig, , J of type (a,b,u), k of the type &4,, , and ἶ. of type (oa). Then τ΄ is 
abbreviated 88 
l T= ($, V) ki * 

| In deriving the system of K and F we have evaluated each member.as a 
transvectant and then reduced each form to a rational integral function of the 
members of the fundamental system of a? and b?, expressing each one in the 
form of a polynomial in k. These reductions were performed by means of 
the following fundamental ternary identities, and their modifications: | 

| (abc)d,— (abd) c,4- (acd) b,— (bod) a,=0, 

a, D, Ua 
(abu) (aBx)=|ag bg ug}. (2) 
| a, b, u, 
The result for each case was then checked by direct verification, for the system 
of normal forms given in Table I. Table II contains the summary of the results 
of the reductions for all twenty concomitants in the system for K and F. 

In Table ITI of the paper we give the fundamental system of the involution 
a;--kbi taken with a third general conie c3. All concomitants in this system 
are expressed as rational integral functions of certain forms of the system for’. 
three conics-as given by Baker; in fact in terms of the sixty-one forms of this 
system which are the simplest and therefore the most important in geometrical 
applications. This set of sixty-one concomitants is given below: 


f=ai, g=bi, P,=(acu)*, P= (0οι)”, Cy=(acu)a,c,, Cy=(bcu)b,c, | 
C, —a,b,(abu), Ay=ay,, Ag=b), A60, ACh Cy=GyOsyu, — . 
Coa = bybus Cog = 640,0, , Cas = οροιβν, ο. (aya) Ow Y u y Ca (yc) By, 
F, = (aya)?, ΕΡι--(θγω)᾽, Cg — Cals Yu lay T), ως ege y (By), 
C, = tya layt), L'-—wi, Ca-ajoy,(acu), Ca—5 yeay a (bou), | 
l σωἜαμδααι (acu), l Cs, — beg, (bcu), G, = 4.,0,0,C, (ays), G, =b γορῦ, C (Byz), 
D,-—ayc5,w,(acu), Ty=b,cgugu,(bew), J=u,, M= (abc) (abu)cz, 
N —(abc)*, O,—a,b,y,(abu), O,—a,b,y,(abu), Os=b,c,a,(beu), 
0, =64,C—3,, (acu), P=a,a,b,b,, @,=4,0,¢.7,(abc), . Q,—a,b.,c,y (abc), 


-* Of. Glenn, “Theory of Invariants " (Boston, Ginn ἃ Oo., 1915), p. 227. 
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Hz (a! bc) (acu) (abu) at, R,= (ab'c) (beu) paver, S,=b,c,(beu), 

S, =ageg(acu), S,=a,b,(abu), T,—b,b,a,(mym), T,=b,by, (ays), 

T; Ξαγαμβι(βγ9), T,= apaty (Byz), T;=b,b,0,(8y2), U,=b,b,(ay2), 
U,=agt,(Byz), V=a,b,c,(abc), W=a,b,c,(abc), X,=b,c,b,c,(ayx), 
X,—a,050,0,( Byz), Y —(acw)(abu)(bew) Z,—b.,c,uu, (beu), Z= a,ogugu (acu); 
where those preceding J are concomitants of two'conies and.those following 
J, of three conies. 


TABLE I. 
Normal System of Two Comics. 
f =aj=af = 0, = ete. =ar] tH bateas. 
g  —bi-b-—blj-—ete.pai--qai-4- rok. 
D =a=6abce. 
D' μ.ο 
—a2 = 2 (beuf + acus -- abus). 
L' —gi-—2(qrwi-pruiu-rpqwi). 
o —(al,b5)$-— (abu) = (br4-cq)ui4 (artep) uit (aq-4-bp)ui. 
C, = (ai, bs)o= (abu) a,b, 
= (ag— bp) z,9yus + (cp—ar)ss99u4- (br—ocq) Wears . 
9. Aus — (45, Bi) = p= 2 (agr+bpr+ecpq). - 

10. C, = (ai, Bu) o= 60,8, = 2 (agrayu,-+ bpr EUs +H cpqrsus). 
11. Cy —(oi, bi) 040,0, = 2 (bepayu,+ acqayu,+abragus). 
12. «ιο (az, bi) =a} ==2(bep+acq+abr). 
19. C, = (ai, Bi)a= (aT) a. B, 

=4 [or (bp—ag) unas + bg (ar—ep) uas αρ (66r) uus]. 
14. F = (ox, ῥν) ο = (as)? 

Ste ODN σα ου σα m. 
18. C, = (ai, bbu) n=, (Bx) 6,8, 

=4 [agr (br—cq)ovyu,-- bpr (cp— ar) 22u cpg (aq—bp) ttus]. 
16. C, = (ai, bii) — ag (abu) b,O, 

—2[p' παμε (ar—op) withthe (bp— —aq) utr]. 
17. CO, =(a'a2, b?)%=a, (abu) 4,0, 

—2 [a (eq— br) unn Fb (ar—ep) uunc o (bp—aq) usn]. 
18. Cs = (αξαὶ On y " n= ag (afa) a,c, 

=4 [abr (ag —bp) zou, + acq (cp —ar) tyt + ορ (br —ceq) songs]. 
19. G -(fL,gL')n-agw(agz)a,b, 

=4[a*gr (br—cq) -- b^ pr (cp—af) - epa (ag —bp) ] 218%. 
20. T = (fL, GL’) p= Aga, (abu) a0, 

=4[p*be(cq—br) + g*ac (ar—cp) +1°ab (bp—aq) ]uiusus . 


SNA oR οὐ το Γ 
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§ 2. HEDUOTION OF THE SYSTEM oF K AND F. 


‘The complete system of K and F is obtained by. forming and reducing the 
iransvectants of K and P which correspond. respectively to the transvectants 
of f, g required to produce the system of f; g (cf. Table I). Thus a member 
of the system of fy g is P= (F, gyo.. Hence the corresponding form of the 
required system is. m 

== (K, 8. | 


I have not μαμα. in this paper all of the reductions which were necessary 

to produce Table IT; but only typical ones. The-most complicated cases of all . 

were Cs, G', and I". We add that the reduotions for 3, 4, 5,6 in Table H had 
been given previously.” 


i The So p. | 
Φ'--(Κ, F)B= (at4-k93, (08)2)8— (a, (aß)? E+E (b, (a8)3)8 

= (aaBu)? 4- b (badu)* — (a4ug—agu,)* -- k(b.ug—b gu, )* 

= Maug aja — 2a, agate + k (bout Dus — 2 b.b guqup) - 

—DL ++ As Lb —2 (aa'a") (a'a"^u)agug | 

--ELD'L 4- AgsL/ —2 (bbb) (bbw) baua] 
-=DE AgL —8DU/ -k[D'L4- Ash’ —8D'L] 
=4DL' + Ass +h [$D'L+ Ayal’). 


The Form C;. how ^ p 
C= (ab + 2k (abu) HEEE, (yd)?)%, where a=y and β--5, 
= (ai, (49): ) 10 ot 2E (ab) x, (yó) ote LB, (y8) z110 10 
= (ay) a, (8x) +2k (aby8) (abu) (yx) +18 (85) β.(γδα).᾽ 
(αγδ)α.(γδω) =} (αγδ) | (yb) a, — (082) y, | =4 (αγὸ) [(αγδ)α. (oye) 5a) 
=} (2y3)*,—3 (ay) (αγα) ὃν. | 
᾿(αγδ)(ἀγ2) 6, — (aaa Saa" aw) = (az ap — aa Va’ (a/"alY —ala/')à; 
= [ (v'a a” )(b'b"g!Y) — (a’ a’al¥)(b’b"a 1 [(a'a’'a’”’) a;* — (a' a^a al" ]8, 
= [(a’ a’a!")*al¥ ah — (α΄α”α”') (a aa’) af’ a; 
| + (a'a""a*)!a5'a7' — (a'a"a'") (a' aa) a'alY 15, 
(00 =D: apay BAD aya B,-- D aya! B,—&D + aja B, —4DO,. 
| '". (αγδ) (yóz)a,— 8D A1:u,—3DOC;; since (ay AD As (By 4D As. 


E 


*« Algebra of Invariants,” by Grace and Young, p. 293, Cambridge University Presa, 1903. 
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9. (abyd) (abu) (γδα) = (a,b,—a,b,) (abu) (αβα) =a,b,(abu) (az) | 
—agba (abu) (a Bx) =a,b,(abu) (a 8x) --- Κα 
—1DD'u,—k,, since a,b, (abu) (αὖ) ο) = a,b,(abu) [bz b;—b;b7] 
= Qaba bb, (abu) ---αιδαδρο, (abu) = (aa'a") (a'a"b") UP 
— (aa'a'^) (a'a"b') an, bgb7 = 4D (b''bu) (bb'b/) b, 
—4D (b'bu) (bb'b")b7 =4D (bb"u) (bbb! ) be-+ 3D (bb'u) (bb'b")b7 
—$DD'u,4-$DD'u,—$DD'u, 
3. (By) (yèx) B= (878) L èa) Be (βγα)δι]--ἑ (βγϑ) [(νϑα)β, + (872) 84] 
=4 (By) [(8y3) T.+ (852) y,] 3 (By8)'m,- 3 (By8) (Βδα)γ.. — 
à (βΥ») (B8) y, —3 (a/a" ' B) (50 B'z)a, —i(2p05 —ogap (bb. —b; bg )a, 
=} [apas b pb a, — 505, bga, 0505 D, a, + a5 50b αι] 
Ξ-24ραρ 055; a, — 2(b' b" b") (bb )δ' qno bz au & D'(a'b"a'")b; a, 
——8D'b,b7a,——3D'C,. 
*. (By8) (yóz) B,—8D'Auu,—8D'C,.  k—asb.(abu) (ax) —$DD'u, 
+ An Us — Ay us + des Cs . 
C0; 8D Aqu, —8$DC,--2ki1DD'u,— Ant Απεάγει;-- Ai, Cs] 
ME (§D' Agi, —8D'0;). | 


The Form C;. 


O= | (a -- kb*) (at + 2h (ab)? 4-82), (αβ)᾽ [Π-- {aat , (α’:β)}9 
-2k (a (ab), (ab) +H 12181, («9") 511 MALE (0B) 2} 0 
ΙΓ 214 [oz (ab), (a8); Japiot A ES, (a8") 5 }10- 
n fata, (0/8) 218 = (ax’8) (astu) s — (00) agis oat 
— (aa’B) a, butau = — (aa a!*) (aa! Ba) ανα 
== -- 1. (βαα)α.β.--1Ῥ6ι. | 
2. fat (a”b)}, (αβ)}}3 = (Daß) (aaBu) a, (abu) 
= (aa bg—ag ba) (Gg%,—4.8,) a, (0 bu) = —ag Ὀαάραια, (a"" bu) 
+ ag balabal (abu) (Terms said a, bg vanish.) 
= (—~AyeC7-+ $4 0,—3D6;) Εξ Ρο ἆ An Co — AC. 
For, αρ aga,b,a, (a'" bu) —ag ^ - a,b, (abu) ΄ 
= Ag Orbay) (a’" bu) ag— (abu)ag' | eas α,δααι [ (aa b) ug— (aa u) bg] 
— 4b aup (aa/" b) [apa —agaz ] — (bbb) (b'b"a"') b,a a, (αα””.ι) 
--ἐζιαιιραν(αςβ) —3D' (aaa) (a/a"u) aunan = EAA pg 


A 
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ο But, Oty δι tg AE αωρίασβγ-- Gy, Oy tl (a, Byay— (ααβ)ᾶ,] - T «ον. 
Hy up| (o) — (a8) b,] ex(bb' b”)(b' iu) ya (in) yah BY 
= — Oya yugb, [αρ ἄα-- 058; .] = Od Moan Ope Ag Bit any νερά E 
=4D (buo' ) αρῦ suig—4D (ba"^u)b, Gg Ug= =4D (abu) agb jg =§DC,. 
| a5 agi, aty (a bu) = = Am0 44m0, DO, | | 
3. att, (αβ’)Σ |= (Ba ) (aap u) a,B,— (βαβ’ )[άρα,--α͵β']α,β,᾿ | 
(00 maps Ug tbe | ADB Bees (bnt tva anna 
. — (b'b'"b!Y) (bba) borana a /—0=—4D'C;, 
- 4: χα | (al) 3}% = (aad ϱ) (ba’Bu)b Ju, =. {αα’ B) {bsa — aibu} ὃ sly l 
| à —b ga, b 3%, (aa B)— —b u 8, ba, (au B) —0— — bg. b σῶν | ἀνα — ρθω | =$DC,. 
b. 402 (ab); (αβ) 2] = (αὔ” αβ) (baBw)b, (abu) . | 
= (a,b3'—agby’) (bae, —b. B, ) 6, (abu) =0--0—a,b’"b a,b, (abu) | 
- Fagbz b. Bb, (ab'u)* *=—4D'C,+ Mp eee Cr} 
E did cu t similar to 9, : : 
206. [MB (8): | --(θαβ') (UaB'u)b.B,— (0107 opb) (ὥρα, 0,84) 0,8, ᾿ 
— bib bpa b. B, * — P bb Bu B, Ub bp b Bet bpb aae c 
Qo ttu (bbb (bbb) bea bibo, —8D' (bub') babau 
=:4D’ (bub')a, [b;b,—b,b,] —4D' (b’bu) a, (bh bax) 
=$D'B,"a,(8'""'ar)=—4D'G,. | 
Also, bb bo. bd. — Tt by δ’ —b'*, and b pbu TEA hd ct 
Hence {b88}, (αβ')}}ῆ----1Ρ΄Ο,. 
χο +k] Ás30,—2 A10; 3-8 DO,] TE Aia AO 9D e : 
ἘΠ C1). 
- | The Form G. | 
G' — [ (05+ kba) (αι + 2k (ab) i+ 81), (a8): (3aza 8i 3-355 bia? — 2aàb $(ab)i 
--θαᾶαῦ[ (aioe, (a8)287)1 iT 2k (αἳ (ab), (αβ)1β0)3 ith (aBa (ab) wen p 
| +h (Bron, (a 8)287) t+ 2E (bs (ab), (a8) ba i-r (BEBE, (a8) η 5 
1-8 δρῦς [(α.αν, (a'B 2o?) 1-21 (a2 (ab) ab) eas «η - | 
+k (aii, (ap) zau ath (Oras, (αβ]εας" #4 24X68 (ab^), (aB 12) 
EE (babi, (a 8’) 2 ax") 11] —2aib5 [ (a3o2, (a’B)3(a%b)2)# | | 
--2k (a! (a'b)3, (a8)3 (apa itk (abu (αβ’)ὲ (abd, 
+h (bias, wy (ab^) E28 (b3 (ab/)2, (aß)? (ab )2)3 | 
| . — EQ, (a 8") 3(ab*)2) 81. 


kas 
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—3ala$ [a s (aa’8) (az) a, (a! Ba) + hag (abab) (a bB' z)a, (aa) 


+ Hay, (βαβ’) (BB) a, (a82) +kby (ααϐ) (a2) b, (α βα) 
+2k%by (aba) (ab? B'a) b, (aBa) + Mbp» (βαβ') (BB"2)b,(n')] 
Γδδρθα[αα,(αα ϐ) (aa"2) a,(a' Bx) +2ha, (δαβ) (aba 2)a, (aga) 
+ Fay (θαβ’) (Bav) a, (αβ”α) --Έδω (aa’B) (αα”'α) b, (a! Ba) 
Ib, (2070/8) (ba'a) b, (au) -- Pb. (βαβ’) (Ba’x) b, (aB'2)] 
—2a;b$[(aaYb) (aa’B) (aa ba) a,(a’ Ba) 

| -F 2k (aat b"") (abab) (a" ba Tb"), (az) 
E (aa/"b) (BaB') 8") (Ba^"$2)a, (a's) +k(bab’”’)(aa’B) (aab ab, (a’ 3x) 
+ 2h? (ba b) (abab) (ab'"' αὖ 6 bia) b (αρα) 6 

+H bab") (Bap") (Bab*2)b, (afa) ]. 


=3D Ay [0 4-25 (— 45) + (—§D'G) +k (0) --915(0) 4-18 (0)] 


1; 


Collecting terms, 


+8D'Ana[0+2k (0) +H (0) +k (&DG) +22 C454) +7 (0)] 
—2DD'| —4DG--2k (—44,,G) - IP (0)--k(0) - 
+2 (44m0) HDG). (à) 


@ = |8D'D' -k(&4DD'A5,—6D A14) + (6D' A34 —4DD' A) — DD". μια. 


The calculations are shown below: 


Ay (aa P) (aB'a) a, (a'Bx) —3a5a, (a0 B) [ (a927) avg.) — (a2) arg] 
=4090,(aa'B) (aa'a) (β’Βα) —1a, (ada) (ββ’9) [ (aa B) 8,— (aab) By] 
—1a, (aas) (B8'z) [(αββ’)αι-- (αββ’) ay] =0. 

by (αα’β) (aB'a) b, (a Ba) = (bbb) (bb Ta) b, (aa’B)(a’ Bx) 

=4D' (xas), ete. — 0. 


a," (aa/B) (αα”)α,(α Bx) = (aaYaY!) (aYaY'za) a, ete, — 0. 


δα, (aa' B) (aas) b, (a' Bx) =ban (aab) [ayay —aza] b, (a Bx) 
—b, (ac) aua; b, (a Ba) —b,. (ao/B) aanb, (a' Ba) 
= (a'a) (aab) Lazag — a5a7] az b, (a' Bo) 
— (a"a*a**) (a a" b) [aas —a5a, ] a; δ, (a Bx) = —iDb,aga;b.(a'Ba) 
—$Dbsaza; b, (a' Bx) —4Db,a',0,b, (α’ (a'Bx) T dDb,.aga;b,(a' Ba) 
—$Db,agaz b,( a’ Ba) —8D (bb'b") (b b''xaj )b,a, ay —3DG—0. 
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5 (aa*b) (αα B) (aa’bx) a, (α Bs) 
= {alas — apap | (a' Bx) {ayb,—aib,} a, (aa*b) --ᾱ αι αἲξι (a Ba)a{aa') | 
| —ayag alb, (a' Ba) a, (aab) — aptata ὃς (a/82:) a, (aa 5) | ; 
--agauasb. (a Bx) a, (aaYb) 
—0— (a'a"" al) (a'a Ba) asy ag b,a,(aa b) —0 
+ (aaa) (aa βα) a ran agbsa. a,(aa'b) 
— 14D (flza"aY) a's b,a, (aab) 4-3D (Baa! ) asb,a, (aa b) 
— —4D (αρ ἂν —a; a) αρ δια, (aa*b) +4D (apaz—ar ag) agb; α,(αα b) 
—4Da,a/aalb, (aa b) +4Dajzazagb,a,(aa"b) | 
—4Da/ab, (aa*b) [a a% —aga3 | 4-&Da;asb, (aa" b) (aga, —aYagl 
—$2Da//a;b,b; (axb) —$Dazagb.b. (482) — ——$DG—4DG-— —4DG. 


6. (bab'") (aa’B) (aab?) b, (a/B«) 
το zx (aag —a5a4) (α Ba) (a,b, —a αὖ» )b,(bab"") 
—a',aga,D, (α Bx) b, (bab) —0—a50,0,b, (α΄ Ba) ὃ. (bab) +0 
= 20656, ba (α’ Bab, (bab'"")-2(a'a'"a!* Xa" a! Ba)a’ (aun g 4,0 (bab): 
=%D (Bza"b'") ay a,b, (bab) =D {agbs —azbg [αρ a,b, (bab) 
— —&Da//b//'a5a, b ,(bab"") = — 4D (b'"b’b"’) (b'b''a" (bay 4a a,b, —0. 


7. a; (a"buB) (a"bB'z)a, (αβα) —apa, (ας by—a5 ba) (a5 0,—as bp) (aBa) 
= aga, (aa) [aa boag b, --ᾱ- bga bg —a5 ba αρ b stag ba à, bg] 
= (a"a'a") (α΄ a" Ba) a's! aja, ὑρῦ.--(α”.α α)(α a" Bx) a2 'b gb ga gia, 
| — dg balg 0,0 54s (a Gx) + (bb b^") (bba) bal a. dg s (aga) E 
—4D(Bz')aga,bgb,—0 — Aqu G + 3 D'(aa a"y(a' a’ Ba) a al az! — — Ass. 


8. by(ab"'aB) (ab B'a)b, (aBa) = (bb'"'Y) (bb ab"), οἷο. = 0. 


| 9. d. (abab) (a'" bat α)α.(αβω) = (a^a) (aaler) a, (Pag: ) (a 2) 
= $D (αβα), οἷο. = 0. | 


10. by (aba) (aba 2) b,(aB2) = bubs agb, abu (au) 
But, bababa ba 'aga apu) bab. b ana αβο)-- bob ya (apo) buo —b be] 
= by b,a50, (ao) (t (bb"a/ a) — a,b Jag (00 αα) [ (a Ba) αν» „— (a Ba) ayn] 
A b «αρ (ba'a) [ [ («a ) 57 — (aaa! )bs 1= =0, i 
b, (abab) (ab/"a'a)b, (αβα)᾽ Scd 


SENsENIG: Concerning the Invariant Theory of Involutions of Contics. 119 
11. (aab) (a'"baB) (E babe) a, (aBa) ——3 AG. 
For, (aab) {ag ὂρ-- αρ δα) (αβα)α,! (aab) b, — (bab )az | 
= (aab) {az bpa, (aBx) —ag b,a, (aBa) 1(a'" a b" \b,—(bal’b’” Jay’. 
(aa b") az bga, (abrXa "ab \b,=0 
and (aab )az bea, (abr) (bab )az —0. 
But, — (aa!Yb"'a7'b,a, (aBa) (aab) b, 
= —ġb.a, (abx) b, (a'" ab") [ (aa b") aig’ — (aa b") al] 
= —1b5,a, (az) b, (aab) [ (aal a") δρ + (αὐ δ'''α''"}αρ] | 
—1 (aa"'a'*) (aa b") a,b. (a 82) bbs’ —13 (a'a  ab'")*b,a,asb, (aa) 
=— AnG. Also (adb )ag baa, (aBa) (ba ας. 
=$ag αιᾶς (αβα) (bab) | (aab }ba— (aal*b) δα | 
= ag αιᾶ» (αβα) (ba! *b'") { (abb jay — (ab b)aat 
= fag 8,0, ax (αβα) (bab) (abb) +4 (ba "b^" ) aag ανα, (affa) 
— 3 (a*a'a")(a' a" Ba) Yma a, a; (abb )—$D (Bx b" b)az'a, a, (abb'") 
=4D {bg b,—b;' balag aaz (abb'") 
= 4D (b'"'b'b") (010α””) bes b,a,.az —4D (bb'b") (b'b"a'") bab αμα. 
-- τς DD’ (a”ab)a,a b,—3« ΡΠ’ (a'b α)α, a bz —0. 
19. (bab!) (abab) (ab? a” bÌ r) b, (a Bar) 
= (bab) [abg —asbz | Bis | (aa b) by” — (bab) a,b, 
—0—0— (ba'"b!Y) a,b" (a Bx) (aab) ος ο, 
+ (bab) aby’ (αβα) (babab, 
= —$b,b, ba (αβα) (aab) | (ba'"b!*) a,— (bab'") az" | 
T $a (ago) (bab *)a,b,i (ba/"b'*) ὃς — (ba'"b'") bz | 
——4 bb" (αβα) (aab) | (baa) DIY 4- (aba) δρ} - 
φαρ(αβα) (b'a b) a,b, } (bbb) ag’ — (abb) bg} 
=0 +0 +0 -+4 (a" b" b1*)*a,a b. b. (αβα) =4 Ail. 
13. ap (BaB") (B8"z)a, (aB'e) —ap | bib —b'yb, | |o bz ---δ δρ] (β'΄σα)α, 
=0—dp,0,b,b; (bbb) (bb a) bgn 
— Agra, (bbb) (bb Za) b, δε by +0 
= —4490,b,,D" (za) —3 aga, b δ D' (wa 8") - —3 D'G. 
14. by (BaB) (Ba) b, (aB') = (bbb) (DOLG) b, (βαβ') (αθ'α) --0. 
15. a,(BaB') (Ba’x) a, (aB'z) = (aad) (aa zB) a, (βαβ’) (αβ'9) =0. 
16 


A 
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16. b,(Baf") (Ba'z)b, (aB'm) =bu ο δη νῦν | (DL ὃν —b1b2| (B'za)b, 
=0— (bbb) (bb ia) bi bp ba 
(00 — (b'b' bi) (bb Ta) bib bz b, πω -- 2190 be 
—4 D’ (saa!) bbb b, = —8D' (aa'x) b, «δ», 
. = —$ D' (a0; —;8, ) b, bb, b, = —3 D' (a'a a) (a' ab) a’ nna bL 
+8 D' (aaa) (aab) a;,,b,a,b,— —DD' (ba''b' ) b blag 
+4DD' (bb'a')b bla, —0. | 


17. (αα”.ϐ) (βαβ’) (β4”00) αι(αβ”ϱ) 
= (aa'”b) (aB'z) a, bib — bb; | (az ba—ag bat 
= (aa'"b) (a 8’) a,| brbgan b, —b.bgag b,—bpgb. αι bat Up ΜΡ | 
= (bbb) (bb xa) boinas bia, (aa b). 
: 000 — (pbi) (bbi ia) κωδ. biG, (anb) ᾿ 
— (b'b/ Y) (bb Ha) banas bya, (aab) 
+ (bbb) (b baa) bao b, bs a (aab) | 
--ᾱ D' (bb'2a) baa, a” (agb) —3D' (a"'b'za)b,b.a, (aab) mE 
| —4D' (b''bxa) baa (aab) 4-4 D' (b"a'" Za) b, bza, (aab) 
==: —3D'ia7'b;—a, θε] b,b;a, (aab) = —$8 Ρ'ῦσα. b „a (aab) 
--8 D'a’ bib baa, (aab) =4D' (0 a'a”) (a'a"b') at b;b,a, 
—4DD’ (b'ba)b}b,a,=0. | 


18. (bab*) (βαβ’) (βαῦ Το) b, (a'a) 
— (bab) (Baba) b, | δη ρὸι | αρα, --αιαρ] 
= (δαϊ7γδ.[Ῥάχαχα;---διῤραζοᾷ-- Ὀχθάαραχ + Dy bazan] (a,b5—a,b3) 
zm (bbb) (bb a’) baba; a, (bab) b, 
— ο”) ο) (bba bets δ΄ α”ὉΣ (bab) by, ete. 

—4D' (bb) braza, b, (bab) —4D’ (a'ab') biaz bib, (bab), ete. α 
— 4 D'a/a,b, (a/bYb') [ (bab) bi — (bab’) bY] —0, ete. IE 
—$ D'a'/a,b, (a/bYb') [ (abYb') b, — (bb*b')a,], ete. - 

` =4 D'aza,b, (a/bYb^) (ab%b') b, , eto. =4 Ρ'αα.ζ,αραρὂα, eto. 

 =trD’a,b,a,b4 [a725—0;a; ], ete. =ryD’a,b,a,b, (αβα); οἷο. 

= py D'G-- 3 D'G-4-3 D'G--3D'G—3D'G. 


l Combining these results 88 in (3) we obtain G’, 
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TABLE II. 
l System of ai--kbi, (aBx)’. 
K -—airkbi. | 
F --(αβα)' 
(L)' —oi--2k(abu)'-- A 8i. | 
(L'y 2413D A ou® --3D' Au —2DD' (abu)?].. 
(D) 2D--3kA,, 4-343 Aus + 12D’. 


. (D'Y 2de|9 As Ass —DD'HDD'. 


Q' =4DL'+Ayl +k 4D'L+ Ag |. 

Ci; —0,—k0,. | 

Ai —$18D 41. J-DD' Ay +k (3D! A3,--DD' Aye) |. 

C; =, [50 A0, -DD'C,4- k(3D' A440, 4- DD'O,) |. 

Cy —(8DAi9,—8DC,) 2k (&DD'u,— An d- Ans ditt, — ACs) 


ΓΚ D'Aguu,—3 D'C). 


Als =4D Ass 2k (4DD' + Αμεάχι) Hk tD Ane. 
C, —$[3DA,4C,—2DD'C;--6k (DA, C4—D' ΑΟ) - 


—E 3D' A0,—2DD'C,) ]. 


FPÜU —413DAysF --2DD'Ayf —8 DiD'g 
+2k (3D Aisg —DD' A of — ADD g 4-8 A,D'f --DD'F) 
00 TEN(3D'AqF--2DD'Aug— 8DD"f)|. 
C; =4#{2DD'Ay,C,+4D'D'C, 
4-2k (3 D' 420+ DD’ A40; —3 D A340,— D D' A103) 
"E +k? (—2DD'Au0,—8DD^0,) |. 
Cy —$13DA340,—2DD' AC, —DD' AuC,4-3 D!D'C, 
FE(—38D' A340,4-2DD' Aq,044- DD' Ajs40,—8 DD"C;) |. 
Cr —4DO,-k (Au 0,— 24550; +8 DO) 
+P (— Aq, tH A048 D'C;) +12 (—4D'C,). 
C, —$3D4,4,0,—8D:D'C,--k(6D A3,C,—4DD' A140, 4-2DD'O,—3D Ay) 
+ (—6D' 43,0, 23-4DD' A01 —2DD'C,--8D' ACs) 
+k®(&DD"C,—8D' 4C) |. 
G' —$18D'D'--k(4DD'Ay —6D A4) 
; +i (6D' A5,—4DD'A,4) —3 DD? - KLG. 
I" —f|8D'D'--kE(4DD'445,—6D Ain) 


+ (6D' A3, —4DD' Ay) — 4 DD" - AT, 
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$3. SYSTEM or at--kb?, ci. 
| TABLE ΤΠ. | 
(ai-- εδ f ο) in terms of the system of Baker. l 
Φ' = (ai-E kbs, c) =P, +h. E | abi ; 
ος = (at-Ekbt, οὐ) --Ομ-ἠ- Ομ. | Acl oh 
= (ai 1-12}, yi) o Αν BA P | LES 
o = (azt kbi, ye)o=C atk Ca. C T a 
C; —[oi-4-2k(ab)i ABBE, cH] — Ca -2RME- HIC, _ 4 
Ais [aà--2k (ab)3 +B, EIR = Apt 2kN +A. 
| C; = [at 4-2k (ab) +r Bi, y 18 — Ca 1-25 (01— 0.) TEC... 
P = [o$-F2k (ab)1-- Bi, ys Fa 4-25 (4:9 —2P + Af) + Fj. 
ος = [ai 2k (ab) -- B cya] s 4-2k (0, —Q:) C 
Ον -- (at kbi, dy) Οσα. ο, 2s 
X = (at kb!) (af + 2k (ab) t-- eB), of] | 
—C«--k(2R,—8,J 4-20,) 1-1} (2R,—8,J +20) Ca. E 
y = [(a$--kb3) (ai--2k (ab) tK B1), yalor ον 
επ = C+ k ((24,01—2f 99-21. 1T ε--υἷ U) 
MICA Hip IT eT JU, EOS ; 
| G" = [( + kb) (art 2h(ab) 5 TE8), Cya ln l 
. =G,+h[24,V—27W+ Xi] ΕΛ [—2A4,V +2g9W 4- X4] LEO, 
c, TU. = [(ad - Eb?) (aft 2b (ab) +k Bi), yili 
| IURE. [244 E VAL" 2589 21) TE[—24,F —S,L' + 28,5, -- Zi] ENT, 


Note on Seminvariants of Systems of Partial Differential 
Equations. 


By A. L. Newson. 


1. Introduction. 


In the discussion of the projective differential geometry of a geometric 
configuration by means of Wilezynski’s method, one of the necessary steps is 
the construction of a fundamental set of seminvariants, that is, such a set that 
any seminvariant whatever may be expressed in terms of them and their 
derivatives. In the cases where the completely integrable system of partial 
differential equations employed has one dependent variable, this construction 
has been accomplished by the reduction of the system of equations to its 
canonical form, the independent coefficients of which form are the fundamental 
set required. Let us illustrate the process by the case of plane nets.* The 
completely integrable system of equations for this case is the following: 


Yuu = Wut by, HCY, «ια YH Y ey, Yama" yut b" yty. (1) 
The transformation 


y= Ay | (2) 
yields a new system of equations of the same form as (1), with the coefficients 
ü =a —2^, b =b, 6 --ο +a + D 
ges ^ Peps a, πο da ded (3) 
a" mu, b" —b"— Y Ce 4 an τος. m 


The integrability conditions enable us to find a function ρ(υ, v), such that 
Ρι-α--δ’, p,=a'+b”. We find also that under the transformation (2) 
these combinations become 


— A y n 
P= Pui ru D =p,—3 λ . 


i * Of. E. J. Wiloxpnat, ‘*One-Parameter Families and Nets of Plane Curves,” Trans. Amer. Math. 
Koo., Vol, XII (1911), pp. 478-510. 
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^ j t 


If, therefore, X be so chosen that 


He Pes - 


we get the special unique form of (1), which shall be indicated. by capital letter : 


coefficients, characterized by the relations A-+B’'=0, A' J- B" —0. This is the 
canonical form of (1). We list its coefficients for later comparison. 


A =a a —2b’ a B =b C =¢ J-$a! +tab’+3a'b +4bb” 
p —ta, —4b,—15^, 
4’ =i(2a— d B = 420" επ 2t C’ --ο Had --$a'b' E $b'b" . 
PL δι bab” —ta,—4), ,. 
Α-α”. κ Ῥ'-ᾱ -- τα ας +4aa” | 
— $b, —4a,—1a^. 


Only seven of these coefficients are independent. They are the fundamental 
 geminvariants. For, consider any system of equations of the form (1), to which 
. we shall refer as (5); and any other system (t), obtained from it by any trans- 

.. formation of the type (2). Let (s) be reduced to its canonical form (S), and 


" (t) to its canonical form (T). The coefficients of (S) are the same combinations: 
of the coefficients of (3) as the corresponding coefficients of (7) are of those of. 

(t). But, since. the canonical form is unique, the corresponding coefficients of - 

(S) and (T) are identical. Hence they are.seminvariants. Moreover, any . 


seminvariant ace io I, is a function of the original coefficients of (s), 


d.e, Ἱς-](α, b,...., 0,0,,0,,....). Since it is à seminvariant, it must be ᾿. 


identical with de same function of the port i coefficients of any system 
of equations ‘obtained from (s) by a transformation (2). In particular, 
| 1-51 (A, D, osos 5 dou reis). Therefore I is a function of the seven 
independent coefficients of the eanonieal form and of their derivatives, Hence 
these coefficients are a fundamental set of seminvariants. | 


The determination of this canonieal form depends upon the ability to find "m 
.gueh a function p. Green* has shown that this ean be done for completely _ 

| integrable systems with one dependent variable and n independent variables, 

provided certain conditions are fulfilled. However, the expressions for p, and 

p,, Which, with their derivatives, must occur in the coefficients of the canonical’ 


κα. M. Green, “Thè Linear Dependence of Functions of Several Variables, and Completely- 
Integrable Systems of Homogeneous Linear Partial Differential ον Trans, Amer. Math. Soc., 


. Vol. XVIL (1916), pp. 483-516, 


r~ 


(4) 


ern 
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form, are not always simple, and as a result the seminvariants which come from 

this regulation method are sometimes rather complicated when expressed in 

terms of the original coefficients. We proceed to indicate how (in most cases, 

at least) an alternative set of simpler seminvariants may be computed. 
2. The Effect of Transformation (2) in the General Case. 

We assume that the completely integrable system of equations (corre- 
sponding to (1)), to which we shall refer as (1’), has one dependent variable, 
y,* and n independent variables, 4, ...., Un, (131). It will then consist of 
ὰ certain number, p, of equations which express certain p derivatives of y in 
terms of q chosen derivatives (which Green has called the primary derivatives). 
Let us also assume that among the q primary derivatives are none of order 
higher than the order of the lowest of the p derivatives in the left members of 
the p equations. 

The transformation (2) gives rise to the following expressions of the 
various derivatives of y in terms of the derivatives of y. 


y =AY, 
Yu, =AYu, t ^us (m, 2, sereg n), 
Ro 9 bh bob) en δ Φ δ » 9 ὁ ὁ 9o» 4 ὁ 9 5 5» 5“ ὁ f (9’) 
ρι-50,...., h 
" ο, Lh R i B 
TO Αα pul AR oe eh inte 
where 
l ! οἴ... Ἐν 
ly zie SEEN: κας Ts οι... 
πα ο end NE peo o 


If we substitute (27) in the system (1’), and arrange the resulting equations 
properly, we get à new system of the same form as (1’), in which the dependent 
variable is y. The coefficients of this new system, which, in collected form, we 
shall refer to as (3'), are equal to the corresponding coefficients of (1') plus 
linear combinations of fractions whose numerators are derivatives of A, and 
whose common denominator is 2.: Each coefficient (3’) receives additional 
terms from those y-derivatives in its equation which come by differentiation 
from the y-derivative belonging to this coefficient. (Thus, for example, in (3); 
b', the coefficient of 7,, can receive only one additional term, — I, which comes 
from y,,; C receives one A-fraction from each of the derivatives Yu, Ys, Yw.) 


* This assumption is merely for the sake of simplifying the discussion. The process may be readily 
extended to cover the cases where the number of dependent variables is greater than one. 
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We arrange these coefficients (3’) in classes as follows: In the zero-th 
‘class shall be placed those coefficients in each row which are coefficients of 
those primary derivatives having the same order as the derivative in the left. 
member of the equation belonging to that row. The t-th class shall consist οἵ. | 
the coefficients of those primary derivatives in each row of order i less than 
the derivative in the left member of the equation belonging to that row. (Thus, . 
in table (3), the coefficients in the first and second columns are of the first class; 
those in the third column are of the second class.) The zero-th class coeffi- | 
cients, if present, must be seminvariants, since their y-derivatives can not — 
yield by differentiation any other y-derivative in their equations. The first 
class -coefficients will be altered, if at all, by the addition of multiples of 
‘A-fractions of the first, order, the coefficients of which A-fractions are integers 
or integral multiples of zero-th class coefficients (3’). In general, the i-th 
class coefficients will be altered by the addition of linear combinations of . 
A-fraetions of order not higher than 4. Each one of the coefficients of these | 
a-fractions will be an integer or an integral multiple of some one coefficient 
(3’) of classes 0 to il. 


3. Pseudo- Canonical Fors of (17). 


Now it very frequently happens that under suitable restrictions we may ` 
make n first class coefficients (3^) vanish by a proper choice of A. For example, 
in (3), under the assumption a,—b/, we might have made à/—b'—0. Or we Ἢ 
might have made ἄ--δ' --θ, provided a,—b7. If we éan do this, under the 
necessary restriction the new form of the completely integrable system deter- 
mined by this choice of λ is unique, because of the nature of the equations in A. 
We shall call this unique form a pseudo-canonical form of (1). Moreover, 
the necessary restrictions are always seminvariantive ones. For, consider 
certain n such first class coefficients, 


II (—1,2,...., 2) - 00) 


where the k; are at worst integral multiples of seminvariant coeflicients of (1’ )-. 
In Braet to choose λ to satisfy the equations 


9 - 2 
l a,—k, δι, log 2,20, (4—1, 2, e.. n), (6) i 
the assumptions necessary are — EP _2 NP 
Ó Q | | 
alt= am ποδιών :. Ὁ) 
í 


which are easily seen to be seminvariantive from (5). 
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Let us assume the necessary restrictions (7) and choose à in accordance 
with (6). However, there is a precaution to be observed in substituting for A. 
Whenever a cross-derivative, 


1 Qrt tp λ : 
oe Bubs δις (at least two p's £0), 

occurs, equations (7) afford us a choice in the substitution. We must, 
throughout a coefficient (3’), replace such cross-derivatives by the proper 
derivatives of the same members of equations (7). The reason for this pre- 
caution will become apparent in the next section. Then, since the restrictions 
are seminvariantive, and since the psendo-canonical form is unique, the 
coefficients of this form are seminvariants, by precisely the same argument as 
was made in Section 1 for the coefficients of the canonical form in the case of 
plane nets. 


4. The Coefficients of a Pseudo-Canonical Form are a Fundamental 
Set of Seminvariants. 


Now, if the restrictions (7) be removed, the pseudo-canonical form will 
no longer exist, but the combinations we have obtained are still seminvariants. 
For, let us form the same combinations of the coefficients (3’). If we do this 
under the assumption (7), of course all traces of à will disappear. That this 
must also be true without these assumptions is evident from the following 
considerations: 


Let any one of these combinations be denoted by f(a, b,....). It is 
composed of coefficients of (1') of various classes. However, from the nature 
of the choice of A, the only derivatives which: appear in f(a, b,....) are 
derivatives of coefficients of the first class. Now, Jet us form the same com- 
bination of the coefficients (3'), f(@,b,....), and examine the resulting 
expression. It may acquire derivatives of coefficients of (1’) only from the 
following sources: 1. Those derivatives which appeared in f(a, b,....) will 
remain. ‘These, as we have noted, are derivatives of coefficients of (1') of the 
first class only. 2. Those arguments, d, b, ...., which are of the first class 
(whose expressions are given by (3')), may have as coefficients of A-fractions 
zero-th class coefficients of (1’). Hence, when the expressions (3') for these 
arguments are substituted in f(a, b,....), the resulting expression may con- 
tain derivatives of these zero-th class coefficients. It thus appears that the 
only derivatives of coefficients of (1') of any class except the zero-th which 

17 
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may occur are those from the first source. Moreover, we have taken the pre- 
caution that among these derivatives in f(a, b,....) shall appear only one 
member of any of equations (7) and its derivatives. Hence, if we collect the 
expression resulting from substitution of the values (3’) for the arguments in 
f(@, b, ....), the collection being with respect to the A-fractions of various 
orders, no one of these fractions may have as coefficient an expression which 
vanishes by virtue of assumptions (7). Therefore, since in the resulting 
expression all terms in à cancelled under assumptions (7), the same thing 
must happen without these assumptions. 

It is to be observed that in a pseudo-canonical form, there are pq—n non- 
vanishing coefficients, precisely the number of independent coefficients in 
Green’s generalized canonical form. Moreover, these coefficients are inde- 
pendent, since no two arise from the same coefficient of the original system 
(1); From this it may be argued that the seminvariant coefficients of a 
pseudo-canonical form are a fundamental set. 


δ." Seminvarianis Arising from Cross-Derivatiwes of log A. 


In certain cases there is a lack of definiteness in the formation of semin- 
variants by the process outlined above. As mentioned previously, whenever a 
A-fraction involving a cross-derivative of A occurs in a coefficient (3'), either 
member of the proper equation of (7) may be used in forming the seminvariant 
corresponding to this coefficient. Indeed, certain expressions of the type 


ο 2) 9 (κ) 
"ae 1" Bug Ui, 


0 -]- τὲ 


| Ó (4) Ó (2) 
may be used instead us Ty or ou pu 


A coefficient of the type in question may be put in the form 


t, jz1, ....,^ 


i<j . | 
a+ à a*5PDP-L-gum of terms of type aD” ash... cot | il Deere S 





where D@ 058 nee log à. Let us denote one of the possible substitutions for 
$6 


DH? by [D'*?], and the other by ΙΡ 21, We wish to find what expressions - 
of the form 


pé T mo p [D* 5] = a p iD p | 


m Ὁ n p> 


(m^? +n’ E0), (8) 


* Section 5 was added at Professor Wilezynski's suggestion. 
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may be used to replace Ὁ», We shall find it convenient to use the notation 


- 


(, f) Cf, f) (5 
(M. P DD αι i) eum ^ a [ΡΣ s £] Hanm pj}Da gat, (9) 
ty. srs moe Hissen t4... etin 


and it is easily verified that 


(MPD), = (MoPDE) + (MEMD?), ete, (å j, k=1, .... m). 


Now, if we denote by 0—0--50 the same combination of the transformed 
coefficients (3’) as 0 is of the original coefficients of (1’), we see from (5) that 
[DEP] =[(D@P]—D@?, DEP] =| DHP} DEP, If, therefore, F^? is to 
replace D'^?, it must happen that 


GD GD | 
δα DAS n=O, ο ο μα ο 


: ti, Ὁ s 2 . 
In order to compute OF h ,b, let us successively differentiate the 
Άν ο S.S 


equations 
(m p +n hype Ὁ --- (Μ΄ ΤΌ P) : 


which result from (8) and (9). We obtain 


dus T i: rm | Gp 
(5) (5) (m9 P). Ps uos 


2479, Τη ln (5, Ὁ 


= A (B) (M: ἮΝ p Dao on) 
From these equations f 


210, , à 
Gn 1 Pam, sever dy (D G, n 
αυ aum > 6S x) (M. pi Pe PD on i7) 
fem), sss. lp 
αι *" 1 l I (S D a, p | (6 5 
iain MEA ~ 1 , ͵ μα 
Σ Σ a) ee (aa) CE p) (n? pn^): SNP ILS D m mo NP aks 


559595 4494 55 ὁ ὁ ὁ 8 


ΠΝ la hi fh a, f "P rt^ L= 
— f ο pa) (m zs n h α. SEC "mp 
: * 


and m 3 E will have a similar expression with πο πο. ΠΡ D@? and 


pen reniaciag MEP qGP, MEP, DS! P and F^, respectively. Use of the 


relation 


(t f) GD . 
SE h =F? 1, Ν΄ Po x : la 


seein 


Ed 
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gives us, after considerable labor, 


Gp . ($1) c d : ] t i E 
FL kb+DL R= l ο | 
Mas. Un 8i. Ka 
p --θ, sec. A dn : ` 


#esceageteoer eter 


^ 


(t, 5) 


. Py, ...., be x h m δι Pa (9 i 
* oy * 
(8) 2 (s. s.s.» Gs) m r T a p nt 2o xn 
x £7 x a i 


NP Pa GD >` 
μος h— ri den] 
ἢ l 1 E 
r . : Rr ἐν f l l 7 (m Pup hg Pi. Pii qe 9. Ρ 
ciui Ma : 
(b) à .n (a) m "νων; e zat παρ πο S : 
E: "ES LM "E Ep > l . 
(ds&umbeesd "n "A | μα 
ο μμ (MG PE MSP) a mo ap 
(ο) — Σ Gg) ()8— aaa Pm bor 
l < a | πα s | l ον T n | Dog oue 
(d) Rar a) by ET κα) ( en)... [^ 
e | Paea? MPa me Nn rij 
ΠΝ. ! | GD EP -. 
' " h—p ls i.p. + D h—59 hs. 1,—~Pn) 
M ascia - e Mae 
pi*l, , : d : 
ο στο m D 
Panel, (m +n )n 
(e) m x "ὦ G0 ey ue 85 un aD =r αν) 
: 0m" -A-n esas. Meo i 


It is αν that (a) will vanish if : 


* 


GN i (, D 


NP p» | UR 
Hjsss 1 w - 
one P Or j^ =O FED ene po --0 (p,=0 3 * 989 ΄ 8 hs. φ ου i Da =0, sen 50 Le (11) 


The conditions (11) imply l : B | 


(m9 4 n ip mo p | "ow. B9? E 
παρα δν =0 (Pr=9, 6 1ο 
so that (b) and (e) vanish as a result. moreover, (11) also imply 


y Gf) G3) TE 
i OF h-r h em TD. i». LR εἶτ Βα E 
νι quae ΣΣ ew »* Un 


(p,=0,...., 55 1... 5 p,=0,....,1,; except that not all p’s=0; i yh); 
by virtue of (10) for successive values of the /s. Hence (d) and (e) also- 
vanish as a result of (11). "Therefore, a sufficient condition τ sn may 


(10) 


-— 


LI 
` 
- 
---- 
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replace [D'*?] or {DP} in any seminvariant without affecting tts seminvart- 
ance, is that for each pair (1,j9==-1,...., n; 4«4), 


G, Ὁ G Ὁ 
JP P N Pı 


Pa ] 
τες» en 81... Ha a, Ὁ d, Ὁ τ — 2 i " "e 
MEP p gp and mS 1 ο ΟἹ 42 j d:0; ; ο πα la) 
be seminvariants, where l, is the highest order of a derivative of [D^] 
(or 195 51) with respect to u, (r—1, ...., n) occurring in the original 
senunvariant. 


6. Application of the New Method to Special Cases. 


It should be noted that while we have indicated a large class of expres- 
sions which may be used in the place of [252] or {DHP}, if we wish the 
simplest set of seminvariants we will set n ^? —1, n9 ^ —0, or m? =0, n6? 1. 

Let us now illustrate this method of computing seminvariants by the case 
of plane nets. We assume temporarily a,—b5,, and take A,/A-—b', A,/A=a’. 
Substitution of these values in (3) yields.the fundamental set of seminvariants 


A, =a—2b’, B, =b; C, —c +ab’+a'b—b,—b”,* 
4; —0, B; =0, C! =e +a’b’—b!, or c'--a'j'—a;, } (12) 
Αι z^, Bj-b"—2a, — Otzc"-a"b'--a'b"—a,—a'*,* | 


which are considerably simpler than those of (4). A further advantage of 
the new process over the old becomes.evident when we diseuss the invariants 
of (1). Ofthe seminvariants (4), only two, A" and B, are invariants. Of 
the seminvariants (12), five are invariants, viz., those just mentioned and in 
addition C =€, Cj=K (or H), Cj —6G". That this advantage can be guaran- 
teed in general, however, is not evident. The simplicity of the new process 
might perhaps give it a better chance than the old to yield a larger number of 
seminvariants which'are invariants as well. Another pseudo-canonical form, 
viz that determined by 4,/A=4a, A,/A—$b", yields a fundamental set of 
seminvariants which are simpler than those of (4), but not quite so simple as 
those of (12). Only two of these are invariants. 

In the case of conjugate systems of curves on ‘a curved surface,t the new 
process (for a certain choice of A) gives seminvariants which are very much 
simpler than those given by the regulation method. Moreover, three of the 


* It happens that C, and O,” may be still further simplified by use of the integrability conditions. 
1 G. M. Green, AMERICAN JOURNAL OF MATHEMATIOB, Vol. XXXVII (1916), pp. 215—240. ; 
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five are seminvariants, as against one out of five for the old method. In the 
case of developable surfaces,* besides yielding simpler seminvariants, the new 
method gives two invariants, while the other gives none. | / 

It seems evident that the method we have outlined will be of even greater 
value in the cases of higher dimensional configurations. For example, the 
simplification due to the new process for the case of curvilinear coordinates 
in n dimensions ¢ is seen by noticing that it would replace, for every i, 

fm apo 


j=l 
by some single coefficient af”. 


ΑΝΝ ΑΒΒΟΒ, ΜΊΟΗ, January 2, 1918. 


* W. W. Denton, Trans. Amer. Math, Soo., Vol. XIV (1918), pp. 175-208. : 
Τα. M. Green, “The Linear Dependence of Functions," ete. loc. cit. Cf. especially Section 7, and 
equations (21). 


On a Method for Determining the Non-Stationary 
State of Heat in an. Ellipsoid. 


Bx BiBHOTIBHUSAN DATTA. 


Introduction. 


1. The first writer, who attempted, with some success, the problem of the 
determination of the non-stationary state of heat in an ellipsoid with three 
unequal axes, was E. Mathieu," who showed how the problem could be reduced 
to the solution of certain ordinary linear differential equations. But he found 
these equations to be so unmanageable that he contented himself with approx- 
imating to their solutions for the special case of an ellipsoid of revolution. 
Prof. C. Niven improved upon the results of Mathieu in certain respects in an 
interesting memoir,t entitled “On the Conduction of Heat in Ellipsoids of 
Revolution." 

In the present paper, I propose (1) to obtain the chief results of Prof. 
Niven by an entirely different method, and (2), to show how this method can 
' be applied to the case of the ellipsoid with three unequal axes, to obtain similar 
results which are believed to be new. It may be noted here that, in Art. 6, I 
point out a mistake im Prof. Niven’s memoir. 


Preliminary Remarks and Definitions. | 
2. Let the initial temperature of the ellipsoid be f(a, y, z) and let its 
boundary, viz., z + = $5 =], be maintained at temperature zero. Then 
the required temperature V (x, y, 2, t) is such that 
OV | cV QV ον . 
Ot δα "oy τ ae? e 


* Cours dé physique mathématique, Ch. IX. t Phil. Trans., Vol. CLXXI (1880). 
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the unite being 80 chosen that the diffusivity i is 1, mE 
V0 . on the boundary, l | (2) | 
V—f(z,y,2)whent—-0. . " (3) 


Thus V can be expressed as a sum of terms of the fons 4e?" W (2, y, 2), 
where the normal function W satisfies the equation M Iss A 


caia QW ΟἹ 


2.42 
cues ^. 


aad vanishes on the αμ] and the constants. As are 80 chosen that the 
- initial condition (3) is satisfied, so that f(x, y, ὁ) =LAW.- 

When a=b=c so that the ellipsoid becomes a sphere of radius a; an 
_ appropriate normal ο, 18 


oe 8 (Ar) Pr (cos 6) 908 m4, - 
where | 
8 »(2) = --(-- jw 2 Vent), P$ (cos η =sin Te u^ , µ being cos. 0, - 





and A is 8 root of the ΠΝ ο (λα) = -0. ‘Throughout ike present paper I 
will represent by W7 the normal function corresponding to the function | 
9, (Ar) P? (eos 0) cos mo, and denote W? by W,. c ^m 
`I proeeéd now to obtain the functions " of various types. 


W,-For Ellipsoid of Revolution. 


8 Lete denote the eccentricity of the ellipsọid, then — 6 and 
| higher powers, the equation of the ellipsoid can be written as 


r—aji— -ἐσ +4e*P.(cos 6)}, 4. e., r=a(l+eP;(cos@)), .- 
where a= tics be’) d e— je. Now assume that | 


W,-—S,(Ar) Κε MS, (àr )P, (cos a), 


M, being an unknown constant to be determined. Then, evidently, W, satisfies . 
the partial differential equation (I); 3 and to satisfy ihe boundary condition we . 
must have 





0 — δυ(λα) 4- ex ο Ὁ P, -+e Š ΜΘ (λα) P, (con 6), 
, i £21 


since & and higher powers are neglected. This equation must hold for all. 
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values of cos 0. Therefore, equating to zero the coefficients of the various 
zonal harmonics, we get 





S, (Aa) =0, (1) 
M,S,(Aa) +o ο. =0, . | (2) 


" and all the other M’s are zero. Hence the required expression for W,, in 


terms of a and e, 1s 
| , 2502) 





W,—S,(Ar)—1e S, (Ar) P, (cos 0), 


Bs (ia ) 
where A is given by the — (1). But the general solution of the equation 
(1) is known to be 

A0 — 7t, 
i being any integer. Hence 
l Aa —47t-- 4 ine’, 


4. In order to obtain a closer approximation to W,, we will retain e* and 
neglect the sixth and higher powers. Thus the equation of the ellipsoid is 


ra[(1— $ e'— ie) + (Fert ἃ et) Pat get id; be; ΤΞΞΡΠΗ ΤσΕ, +TP], 


where 8 —a(1— i e— ie), σ-- ig4 19 ef, and t= È e*. 


Let us assume that 
; 02) 


W,—S,(r)—ie S,(Ar) P, (cos 0) 1-5 XNS (àr) P, (cos 6), 


Xa) 


N, being an unknown constant to be determined. Expanding by Taylor's 
` Theorem, we have 








FS (A 
8,00) 28,08) +B ον ο ορ 
and | Bir) --Θε(λβ) τ᾽ (oP,+cP,)+.. 
when | l ΓΞ-β(1-ΓσΡιε--τι). 
Again (P,)'= BP,+ 2 P,4- i. 


18 
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Hence we must have 


0-- sap «69855 (ορ eB) 4-2 DET Πρ, 211 
(2 Q9) 02) | alspa (Aa) TE 
-Qa | OS,(A 
-ie ur S0) Pi deor B EM Pott Pats 51 
ἘτΣΝΒ(Άβ)Ρ.. 


This equation must hold for all values of cos 0. Therefore, equating to zero 
the coefficients of the various zonal harmonics, we get 





| , 98, (Aa) | 
a 9 2 : mE 





q p . 

508) 9508 26 ron PEE) Lec e S0) 
i - 0S, (Aa) | 
Qa 429,08) _ 


ae S (Aa) Bag B. 


NSB) + 8 95:08). ΗΕ sg 2500) | 





"Er EM LL 2 —0. (8 
85€ 0 S, (Aa) 8-7 8 0; (3) 


and all the other N's are zero. On substituting the values of Pe c ane Tin 
terms of a and e, the above equations take the forms 


q 28 (2) 05,0) iu Κη Qa) 


15 


So (2a) — ΠΝ e) 


we 


aS.) 
i θα OS, (Aa) 





en ROO PANNE pg ον εξ 
αδο(λα) . 
A01 _ ON (AG as (Aa Ca OS, (Aa "n 
ὀΝιϑι(λά) $a 7277) — ἃα e E mua a 224) 9, (6) 
39, (λα) 


98, (λα) 018, (λα) Μπο 3 
8 8 g 00ο Lor a, 9a ,,9m(A8) — 
ss NaDa (2a) + as ὦ Qa 35 9 Qa? | 85 S (Aa) a θα = 0, (6) 
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Hence we must have 

oS 
0—8, (Aa) P, -- sa 2Sa 8) Qa) [B, P, t0, P, 0, P, ο] dm Oa) P, 


This must be true for all values of cos 6. Therefore equating to zero the 
coefficients of the various zonal harmonics, we get 








ϑ.(λα) pea OG o, | (1) 
a 

oS 
H, sS, (A2) + a A BL =0, |) 
H, 48, ε(λα) ES 425.02) jy =0, (3) 


and all the other H’s are zero. Thus the unknown constants are determined 
and the required expression for W,, in terms of a and e, is 


ΜΕ 98, (λα) 
^ Qa 
W,=S (Ar) P,— REC - S, (Aa) (λα ) Sara (Ar) PuasBuas 
9S, (λα) 
i “3a 


T3 e uA S... (Aa). Spa (Ar) P, aD, ο; 


A being a root of the equation (1). 
But, in terms of a and e, this equation is 


n! --n—1 ο. OS, (Aa) 


8, (44) — 7318) Un—1) ^ 6 σα =U. (4) 





Therefore, if x be a root of the equation S,(v) =0, the — solution 


of (4) is given by 
E n! --n—1 e 
ha=n} 1+ (2n+-3) (Qn—1) l 


Ws For Ellipsoid of Revolution. 
8. Let e* and higher powers be neglected, and assume that 
Wz-S,(Ar)P7 (cos 0) cos mp+e $ 128, (ar) P” (cos 0) cos mq, 
im 
where Σ’ refers to all values of ¢ from m. up to infinity except the value t=n, 


imm 


and J? is an unknown constant to be determined. "Then it is evident that. W™ 
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satisfies the ο differential equation = ΡΝ pitting r=a(l +P); we | 
get | 


8r) -8 (λα) dap Ga) P,; and Py: P ΠΝ, PE+DEs κ 
where. E | m. Ρ 
pr πο mio) c= n(n41)— 3m" 
p MEM ση Ρα}; 


* (Em) (ntm) 
a= x (25ἠ-1) (2n—1) ' 


Hence, hoi the boundary condition, we must have 


95 el (BY, 


= S (λα) P” cos mo rex 43 ο νου 


008 moe Y IPS, (Aa) P? cos-mQ. 


Therefore, equating to zero the coefficients of ihe various ‘surface harmonies, 


we get 





' θεία) κα” Ce - A) 
28, (a ELLE TA 
Ita a (An) + a TM sg 9 
2 98.1 . 
οἱ I 45, a2) Τα ---- α) De 


, - 

" r 

E ' 

x 

g= ` 
ᾱ-- 

LU t 

. - 

, ad - soe 
ΠΠ τν * : H à 
" 


PT all the οίνος I?’s are zero. 
— Thus the required expression for Wri in T of a — e is 
08, (Aa) 
E | » ΩΝ ΤΝ 
πι m d. o o σα 
Was 5, (ar) P? (cos 0) — 35 e Sa NU 
| «99. (λα) 
^ Qa 
12a d 


where A 18 8 το of the equation a. But, expressed in teriné ofa and. 6, 


this equation becomes " 
(n? 1) ent 8, (λα) 
S «(λα) -- (2n-+8) (2—1) eig — > a E l 


S. (Ar) Pha (cos PBa d | 


--- eg S, (Ar) Pz., (608 nz. 608 mp 





Therefore, we obtain 
(n? +n—1) +m? je 

| name (Lt ssec) (2553) (2n—1) Τ᾽ E 

| corresponding to the root x of 8, .(2) = ze 0. 


E T 
> 
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W, For Ellipsoid with Three Unequal Axes. 

9. Let e, and e, : the PUERUM of the two principal diametral sec- 
tions of the ellipsoid ~z z yi AES > —1, a>b>e, by planes passing through 
the major axis. μα, neglecting the fourth and higher powers of e, and ez, 
the equation to the ellipsoid is 

r—a [1—4 = (e-+ e) (8, Ρε) Ld 33 (61-61) Picos 20], 
1. €., r=y(1+eP.+ ει Pi cos 29), 
where y=aj{1—i(eé+eé)}!, a= 4 (e+e), and ει 4 (εἲ---εἶ). 
Now assume that | 


W,=S)(ar) τα Σ b Fo, us (àr) PP (cos 6) cos mo, 


where AK, ,is an unknown constant to be determined and Σ’ refers to all values 


tom 
of t from m up to œ, except t=0. Then it is evident that W, satisfies the 
- partial differential equation (Ὅν To satisfy the boundary condition, we must 
have 


0—8, (Ay) +y — m (e Pat e, P2 COS 29) + bi b Ru, S: (Ay) P? (cos 0) cos mẹ, 


the unknown constants R’s being assumed to be of the same order as ει and &. 
Therefore, equating to zero the coefficients of the various surface harmonics, 
we get 


B, (Ay) =0 (1) 
Ro, 28, (Ay) tay a D) = =0, | (2) 
Β, S (y) Γεν 28,00) (3) 


and all the other R’s are zero. Thus the R’s are determined, and we get 
finally the required expression for W, to be 


4.98» a | 
W =8, (ar) — 6 id) - (92 (Aa) τ δι(λε)Ρι (cos 0) 
2 ues 





4-à(e—6)—————— 8. Aus ὃς s (ar) Pi (cos 2n cos 29, 
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where A is a root of the equation (1). But the roots of the equation (1) are 
given by | a 
Ay — $7. 


Hence, in terms of a and the eccentricities, we have 
* 1 * 
Aa==in-+ 4 (ei-4- ei) ἔπ. 


Conclusion. 


10. I conclude this paper by pointing out that the results or Arts. 8-9 
admit of extension and generalization in various directions. For example, a 
procedure similar to that of Art. 9 will give us W} for the ellipsoid with three 
unequal axes. Also, denoting by W”, the normal function corresponding to 


S, (ar) P? (cos 0) gin mo, 
it is obvious that, for the ellipsoid of revolution as well as for the ellipsoid 
with three unequal axes, W? can be obtained in the same way as W”, 
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Nilpotent Algebras’ Generated by Two Units, i and j, Such 
| That i! Is Not an Independent Unit. | 


By Guy Warson SMITH. 


I. Introduction. 


The problem of referring all hypercomplex number systems to a relatively 
small number of typical forms was suggested by Hamilton,t but with the 
exception of DeMorgan’s discussion of double and triple algebras, nothing 
much was done till Benjamin Peircet worked out all algebras of deficiency 
zero and one. Starkweather$ worked out algebras of deficiency two. He 
showed also that algebras of n units could be obtained from those of n—1 
units. Cartan || using the characteristic equation developed the semi-simple 
and the nilpotent sub-algebras, and showed the possibility of representing 
every algebra by means of units with double character. Taber { reestablished 
the results of Peirce and extended them to any domain of rationality for the 
coordinates. Wedderburn** and Vogheratt+t made an advance in the treat- 
ment of the hypercomplex algebra by basing their work on the conception of 
invariant classes of numbers in the algebra. 


Besides this direct line of development there have been two others. The 
first is by means of the continuous group, the second is by using the matrix 


* This paper considers only linear associative algebras whose coordinates are taken from the field 
of ordinary complex numbers. 
T “ Lectures on Quaternions," Preface, pp, 29-31. 
t" Linear Associative Algebra,” AMERICAN JOURNAL OF MATHEMATIOS, Vol. IV (1881) pp. 97-192. 
$ “ Non-Quaternion Number Systems Containing no Skew Units," AMERICAN JOURNAL OF MATHEMA- 
TIOS, Vol, X X1 (1899), pp. 368-386, i 
|| * Les groupes bilineaires et les systemes de nombres complexes, Annales de la Facultedes Sotenoes 
de Toulouse, Vol. XIT (1898), B. pp. 1-09. 
f[ ^ On Hypercomplex Number Systems,” Am. Math. Soc. Trans., Vol. V (1004), pp. 509-548. 
**:* On Hypercomplex Numbers," London Math. Soc. Proceedings, Series 2, Vol. VI (1907), pp. 
11-118. : 
++ “ Zusammenstellung der Irreduziblen Komplexen Zahlensysteme in sechs Einheiten," Denksohriften 
der Hath. Nai. Klasse der Kais. Akad. der Wiss. Wien., Vol. LK XXIV (1908), pp. 269-329. "| 
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theory. The first method was aged by Scheffers, * Molien,t and Study, i the 
second by Shaw § and Frobenius. || 

Shaw regards all associative numbers as belonging to an associative 
algebra of an infinite number of units, the “associative units,” A,,,, which are 
elementary matrices. Each associative number is a linear combination of 
these units, so the theory of linear associative algebra is the theory of these 
associative units. He shows that the presence of a modulus is not necessary, 
thus making the methods particularly applicable to nilpotent systems. He 
proves that the equation of an algebra determines all the units but those which 
form a nilpotent system, and consequently to get all linear associative algebras 
we must first determine all nilpotent algebras. Benjamin Peirce] was the 
first to recognize the importance of nilpotent algebras.. Furthermore, algebras: 
of order n may be found without first knowing those of order n—1. By 
selecting a base and adjoining to this a nilpotent unit, an ever-increasing 
system of nilpotent algebras may be determined. p 

The simplest case of the Shaw canonical form ** of a nilpotent algebra is 
that in which there is only a single generator, j, whose u,th power vanishes, 


. 29 S M EX 
1:253, www s 


Three lemmas concerning polynomials in this nilpotent have been introduced 
for use in the handling of the next simplest case, namely, that in which there 
are two generators, j and another nilpotent unit, i, whose square is not an 
independent unit in the canonical form. The unit j is such that 7^7! Æ 0, /^—0 | 
‘and 5190, 1j^—0, where μι and u are multiplicities of 1 relative to j and 
ioi respectively, and u; Sug. The expressions 1, j'j 1 where 0 «s« 4, and 
0<t<u, are the independent units of the system. The algebra is therefore 
of order u,4-u;—1, or if we insert a modulus η, of order u,--u,. The μι power 
of every number must vanish, hence the deficiency in this case is µε. There is 
at least one hypernumber which does not vanish for & power lower than µι, . 


*''Zurückführung complexer Zahlensysteme auf typische Formen," Math. Annalen, Vol. X XXIX 
(1891), pp. 293-390. 
T '* Ueber Systeme höherer complexen Zahlen," Math. dence Vol. XLI (1893) pp. 83-158. 
$“ Ueber Systeme von complexen Zahlen," Gött. Nach. (1889), pp. 237-268. “Complexe Zahlen und 
Transformationsgruppen," Leipzig Beriohte, Vol. XLI (1889), pp. 177-228. 
$ Theory of Linear Associative Algebra," Am. Math. Soc. Trans., Vol. IV (1903): pp. 261-287. 
“On Nilpotent Algebras,” Am. Math. Soo. Trans., Vol. IV (1003), pp. 405-422. 
j| * Theorie der hypercomplexen Grossen," Berlin Berichte (1003), pp. 504—537, 634—645. 
T Loe. ott., p. 118. \ 
** Loo, cit., p. 406." 
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and there may be several such. The base unit i is chosen such that ij^—0, 
uj +0, the various products ἡ, 17°,...., do not contain terms in j alone, 
such as aj", and u, is such that there is no hypernumber 7’ satisfying the con- 
ditions on 4 for which 4'7^—0, 77%" 0, t> ua. In other words, 118 not the 
product of any hypernumber into j, and we do not have for any power of j, 
ij'=bj', These characters of i and j are essential. The two sequences 
J, Fp ....,2 ^ and i, 17, 47, ...., 4 constitute the two shear regions of 7. 
In the cases Peirce considered, that of deficiency zero contains no i; that of 
deficiency unity must have u,—1, hence ij=0. In Starkweather’s types 
where only two generators enter, u,—2, hence ij is a unit but {--0. In the 
types herein considered the deficiency does not play any róle at all. The 
investigation is along the line of Shaw’s construction by generators and not 
by classification by numerical invariants, other than those entering the equa- 
tions of condition. The associative units are used, though not indispensable, 
for convenience in making reductions. 


ΤΙ. Lemmas Concerning Polynomials of a Single Nilpotent j. 
Lemma I. Ifj is a nilpotent number (j/^—0), and if Ε(}) and G(4) are ` 


polynomials in j, a quotient Q(j) can always be obtained o0 provided F(4) ` 
does not contain a term of lower order than does G(j). 

. Proor: The lemma will be proved if we can find a polynomial, Q (7) of not 
more than μι terms such that F (j) =Q (j): G(j), or 


fo fid Ff Fic (dodo did do qd ess.) (tpit gf! 4- . . . .). 


Equating coefficients of corresponding powers of 7 on both sides since they 
belong to independent units, 


fo doo; f= tI " fa— qog + 091+ ds9o: TETE οσους 


These equations can not be solved if F (3) starts with a lower power of { than 
G (3), that is, if 


h=h=h= ee.: =f,=0, fra 9, 
while συΞ-σιτ-... «ΞΞζεμιΞθ k>0. Tf, however, fP=fi=....=f;=0, farn FO, 
while Jo =g = cR god == 4,470, Inna £O, Ock«h-r1, then the first h—k--1 
of the above equations are identically satisfied, the next k equations give 
(σόι... «αι =0 and from the remaining u,— h —1 equations, q,, 


Testy + +++) Q8 MAY be uniquely determined, leaving dy 444, Qm—htktls eres > 
{μα arbitrary. 
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Lemma II. Consider the equation L(3) - M (3) —0 where 

L(1) —hÓ6 M6 E.... +b, 49", M (1) —m,--mj-4-mgy-4.. eT mu U^ x: 
(a). If 1,0, M (j) vanishes entirely. 
Proor: (h4-hj-Ehj + -e E044 1) (mod mij +... mya") =0. 
"Then 

lymo—0 .*.myz0, bom thm=0.'.m=0, lyms4- Lm, 4- m4, —0 .* .m4-—0, 

DRE NE Red d , dom, i+ vanishing terms —0 .*. m, ,—0. 
(b). If 4l —5-—....—1,2-0, Lj F0, ngu —1, then L3"? L, (1), 

M (3) P Lua (1) =0, where La (4) bay H hyped + ΘΕ, Fo and hei d 0. 
Applying (a) to the equation M (7) j^! - £,,,(7) =0 gives 


M (j) P m μυ 
. My == My = Mg... My m A or M(j)-j^7 Mi), 


where M,(j)-—mmg-- my + ma t+....+m,)]"+ any terms whatever up to 13. 


Lemma ΤΠ. If C(4) is a polynomial in 4 with non-vanishing constant 
term, then 1 can be expressed as a polynomial in (jC). 


Proor: Let C(j) =a -+ajgtaj?+.... +4, 12^, ag EO, then 
jC —aj-- ad Eas +... ta, af: 
. (3C)! =a] + 200] + (2aa,+ ai) f+...., (CO) ag 43a d... 
(UC tesque ne 0o UU μυ icd abad 


And since a), αὖ, a3,...., a! 0 by hypothesis the determinant of coefficients 
does not vanish, and we may solve these equations for 7, 7*, 7°,...., 11. in 
terms of powers of (JC). 


IIl. Hapressions for the Generators. 

From a nilpotent system choose any nilpotent expression 7 to be a unit, 
called the adjunct unit, such that j is a number which has as high a non-van- 
ishing power as any number of the system, and a set of expressions (in this 
paper one, say 1), called the base., Then it is known that any hypernumber of 
the system is linearly expressible in terms of the u;--u,—1 independent units 


t, 2 4, J ; iy” } J? ? uw goes ως ^, jh, . κα. 
and in this order the product of any two units ij^ and ij^ is τη, ος 
in terms of the units which follow * the unit ij^*5—1, 


* Shaw, Trans. Am. Math. Soo., Vol. IV (1903), pp. 406-410, 
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These types are now written out as follows: | | 
11. u 24, µι--μιζμι--α, «0, Es 0. "The generators for this type are 


1—210-4-128^**B, j—111-4-221-r-120^**E. 


From these we get the following products:  — 
4-—211-r-12à0^*^* B, j*—112-rF222--120*'*"2E, 
j^—11n4-22n4-120^**t"^«wE, 
j1—2114-120^**B--110^**E—14-r;jE(j), 6$—1lló5**B—j^**B(). 
12. u,—2u,, H=dH,, H,-~O0: 
i —210--12à0^B, j—111--2214-128^"FE,, 1j—211-4-128^"B, 
j7^—11n-4-22n-4-120^*"nE,, 
j1—211-4-120^*!B--110^*E,—4ij-;"E,(j), ?v—110^B —j^B (1). 
(12. µι--με με, Ε-δ'Ει, E,;d0, υ»ϑμι--μι: 
i —210--1984-*B, j—111-L-221--12904—5**E,, 
4—2114-120^—^"B, j"—11n4-22n--120^ tote In Κε, 
ji= 2114-1289 ΜΕ --110*7^** E,—4j ge etek, (7), 
?-220^^5B--118^^5B-—j^7*B(3). ` 


3. E=0: a dud 
i =2104120" 4B, j—1114-221, i17=2114128"-%11B, 
ji—2114-120^7^"Bg-—ij, j*—1ln--22n, l 
?—110^-5B-L-220m-5B—j^-^B (j). 


Type . : -- (a) — 
l o ïj, ΑΡ (1), 
2 Vj ^H E (9), j^B (1), 
ὃ V4Tj^**E(j, j^**B (1), 
4 ij j^-^** E, (4), ge Ba), 


or in terms of i and j, instead of i' and j. 


Type | n= = | 
1 i, A 1^ ^E() (74)'—47 AP +g PB), - 
2 jr 7^" Ey), ijA- 37^ ^E (1) GA) —17 4 ^B (1), 
3 Wit EOS WA T 30^ ^E (9) GAY =A T3" B (1), 
4. — jj EQ, GAFE GAV ΗΑ" 1-}΄--Β (1), 


when (}4)’ is the formal derivative as to 7 of the polynomial 14, and A is 
arbitrary. In case A starts with a term of order u,—4;—1 or higher, i' may 
be used for 2. 
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ῥ V. Cnet. α-ὀ, C#1, E=0. 
If A vanishes we have the defining equations: 


| i —210--123*-^B, j=111 +2200. 
Then — 3j'—21s--126"—^"'BC*, and ἐΡ(1) = 21P (6) - 1298-9 BP QC). 
Again ji = 2100 +128- B —ijC (j) 129^" BC - C (C) +1290 


| paH B1 — ο. Ο(δ0) 1--0, (1) = 


. Also -- 11242280, ENTES ^en whence PG 11P--22P (60), 
ΓΝ —1109-^B--220"—^p, 


but μύρα 29θ'--0»-», so Pa jh (j), - 


(-^[B—O*7^B(90)-0. . (2) 


Let C be written C= C+ 0'C, where c, may be 0, but Cro FO and 0<t< pml. 
l Substituting i in equation (1) 
RS jump [1— (0,4-0'C,) (64-9 0'0,(80))]— 0, - 
ος ^ ΟΠΗ [1—65—0'0,0,— 00 C'C, (0€ )]-0. | 
' By applying Lemma II we have either > 
. 11. opel and.B 7b, 4, 
or | 12. ο--1 and Bzó^-'À3B,. 
Now. substituting i in equation (2) the results just found, we have for 11: 
| g5-7ib. ι[1--- (s: 903] = --0. 
Therefore by Lemma ΤΠ, D 
| 111, ὅς ι--0, and B=0; or 112, e-1—1, baa EO. 


. For the case 12, Quer [B - *-^3:B, (60) ] = zz. 
| Hence either 121, for οτι, gu- ‘bio (u—t—1)C,=0, HE which we have either 


1211, μι»μι, B—0 7B, 
or 1212, =m, B=O"'B,, 
or . 122, for € ο“. =0, 
for which we have | " 
:1221, u,—1 is even, B,—0'B, , i. e., B6, i; het 
or 1222, B,=6'*"B,, i. e., B=0,. 
. oT 1228, iy —i—12 ds, B,*F 0. 


| 


ar 
NA 
C 


RO 
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Jose dentiv when «στὸ the following seven types arise: 


1 
011 Lx] B= δδι- 11 ο... " 
wii. ρα, πο Ly πι bie 


1 

1219. Ὅς et EV shea 

1221. ==], h-t is even, B=: S gu ER 
19 ως digested μας 


1222 aml, auy—i—1 μι, Bose ΠΗ, ΡΕ. 


We now work out these seven types obtainivg the expressions for the 
products j? and i 


lil. G=e,+60,, cul, B=0. Por this the generators save the form 





112. cf τα, B= fp 

Now κ — 210-4 199 ns as j—11* 4- 5280, 211, qium210€-—DU(, 

ο πμ ο μου, Ὁ. ας Uyak: 
121i. Gp = L E == QUEE n ia > Hs è ᾿ 

t == 21041266" 3, 1 2:111-4-221--220'^0,, ο ον NE pom 

dac Jl PO eV. 

=) ο ο er o là dA 
—.-Í mn fema EË 


A 
. 
yd 
Is 


C71, BSTR, f= Us. 
i -z2104-125^-15,. 111 t221--220'70,—:111 +2200, 
1j"-21n4-120^—*7EB,. 4i =21 1 -+210 es OR aE Le 1, =a bic 7), 
PLS 8,4 2068-18 = iB, (7), g 
1221. 4-—1is even, Β-Γ, egam], 
i = 2164-126" 4b, ee oe ij =21] 
jiz2il(—i)-F210'* e + το), 
tanin- 220i -EA im P1195B.-2990—1»—;n- 
a} | J 
1222. ay rz—4d, Des. 
' —210, j—111--221(—1) 3-926¢ , ve I 
ji 211(—1) 4-818 70,2 —ij- iO), δ--0. 
20 


, 


| 


154 Swrrg: Nilpotent .Ugebras Generated by Two Units, 


1993. oe ——1, miiu, B6B, δι se 
i —210--1984-—1B,, ;j-—1114-221(—1)-F220'*C,, 
d^—21n4-120^-*t*1(-- .)"B,, 
ji= 211 (—1) +2100 E1297 By = —4 4-39 tC (1), 
@ 1188 B ages (7). 


Type gie us 
1 ijLecr2 030) 1, U, οὗ ΠΕ 1, 
2 ij [657-2 010) 1» 207 ET Qui baa FO, 
3 ijti 7010), geo BY): ta > (1 
4 ij 7010), j^7'B,(), £a ta 
5 tp 4g 0) πο, μι is odd, ba 0, 
6 -ij + ijt C (i), 0, 
τι ον) j NO h--t—12 ps, By =F. 


VI. Case LI. A0, Cul, H=0. 
In this ease, which is «Le most general, we first form the following 
products from the generators: 
i—9104-92044-1294-^5, j-1114 2200, 
ij-21r4220AC--125^7^ "DC, τ <pe—l, 
ij1—91092--128"310^»7, 
iR (j) == 2310 P (0) + 2264 P (OC) + 1984-5 BP(8C), where P(j) is a 
polynowialin j. 
ils +2200, scm, Palle, ity > SZ d 
P(j) =11P (8) +22P (00, 
ji= 219C 4-220 AC +128 OB 
—iJC(j) --22€ AC 4-17? ya -215.—920 4C - Ο(θ0) —120^- BCC (90), 
P (3): i10—210P (0C) SOAP (0C) +126 ^ BP (0) =t P (1C), 
29104 4-226 4?--220^7  B--118^-^B -120^ ^" AB | 
sij 4 (i) + JP PB (j) 7-220 4x 9295—^B-4-120^-^* 4B 
—990 ACA (3: —22609-^C^-^B (8C) —1926^—-^BC A (0C). 
Since the terms in 22() and 12() must vanish in both the products ji and V, 
we have four equations: 
(1) θ4σ[1-- σ(66 1150, 
ας (A) 
(3) Se-""BLA—C : 4 (60) 1Ξ0, | 
(4) PALA—C- A(9C)] 1-θήτ[Ἡ «ΟΡ (00) 1-0. 
Before reducing these we need a second theorem which we proceed to deduce. 
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I. A) 2A), OSs<yy—1, then P—i?4,G) -j^7^B(j), where 
dj £0. By Lemma III we may now express a polynomial in j in terms of 
one in jC if C—o-F-;C,. Let A 1(j) =4: (jC) and determine i from í—i' 4’ (3) 
where αι 0, then 

Pi A ALS jA, (j) + ο) 
But using the formula P(j)i=iP(jC), 
Ai (j) i =i; (C) =14,(j), 
Ai(j) v —id (1) 4171 (1) 2v A,(). 
Thence t AWA =i A ALII AG) AG) +B (i). 
That is ER EBA G) An (G9) mg + GAB’, 
Turorem HL If C(j) =q+jC,(4), where ο) FO then j= PGC) and Ai (1) 


is known, and invertible. Hence we may choose i so that the term yeti 41 (1) 
becomes simply ij**, that is, we may take A,=1. ~ 


As a consequence of Theorem II we have two sub-cases, 
IIh. A(j) —j', C() ου Γι (I), c0. 
Th. C(j)e—jO (i), t>0, ο #0. 
Case IIL. The generators may now be written 
t= 210+ 220*1-- 126-^B, j=111+ 2200, 
and we shall have . E 
Ji—9C(j), ?-i"-j^B(), 
where the following four equations, which are the reduced forms of equations 
(A), must be simultaneously satisfied: 


(1) 6'"C[1—C(0C)] «0, 

(2! $é*-"B[1—0C-C(8C)]-0, 

(3)? 28144 Γ53Γ1 [1-0 στ] Ep. 

(4)' OH [1— C] 4-959 [B —0-^B (00) ] —0. 


Consider equation (D. 


(A)' 


0*C[1—C (00)1—0. 
This leads to two classes 3 and 4. 
9 s-2—u, C-—o4-8'0,, 6.3 0, Cy FO. 
4 s+2<ùs, then since c,#0, 1— — — —0^——*0.,, or C(6C) 
l =1 0O, ορ-Ε0. .". + 0C (0C) C' = 1- geat, 
or 0-0 [039 - 0C - Cs (9C) ] [$4- 0C] ... , 
or. Cot Oech 4- 0H C, —1 E 0510, 
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Therefore -— mud t=(4—s—2-+r since οἱ ΞΕ 0 ΞΕ e and dio =1+40C,, 
b< us. Consider next equation (3)', 
EE δή! [1 0 11--0, 

For c class 3, s+-2=u,, C=c,+6'C,, oy E 0, e #0 this becomes 
| DE -—09: =0, | 
from which we have either | 

31. b=0, B-àB, ql, 
or 382 | os. | 


For class 4, 5-59 «μι, σα ETE E μμ. (3)! becomes _ 
jue B m1 (1 -- oi οι --0, 
9^ BL—CQ,(s--1)4-....]—0, 6 4"B=0. 
. This is satisfied unless r—0, then B=6B,. Consider now equation (2), 
ó^—^HB[1—C- C(8C)]-—0. 
For 3l 3+2= = uş, gh 151, C=Q4+hC,, oO Fey. Put B= »B,, by E0. 
Then seater BIT-C. 6 (6C)]= 0— diei uc. C-C(80)]. ^ ^-^ | 
.811 If 1 then v24,—1, Bo" bai, or B—0 if ba = 0. 
312 If ἃ-- 1, œ 1, that is c=—1 and μ--1 is odd, then 
00 dH tiim. .". V 2 µε--ὐ--1. 
For 32 c^——1, then §*4Bl1—C-C(8C)] = : 
| | p OUSAR [1— (cot 9'C,) (co +8'C'C, (8C) ] = 
. 921 If oe 1, B= oar bua τ 
399 If ci—1, Ε--δμ-' ἹΒι, and if e με] i is even, that’ 18 fl, ` 
is odd. 
For Class 4, 8-2 «με, 6,1, t= E equation (2)' Dosobien 
berm B []— C 6(560)]--0, LUE ROM (6C)]= 0, Ἔν. 
Εν δ ΡΕ — 0, which is με =0. s. 98Ξδ1 Γι. .; 
We: consider finally equation (4)’, 2 E . 
ga r1— Crt] 97 LB—O»79B (80) ] = --0, 
For 311 d a1, Ε--δ''- 10 where b may be 0, s+2=p,, cj* #1, Be. 7 
then @*~"b[1— (e.+6'C,)**7] =0, which is satisfied u unless ==, since en --0. 
Therefore we have also 
3111 =u, 6=b7,1=0, i. ey v u,—1, and 
3112 µιξµε, 0 Ξ1, but this 18 impossible, since it is a sonteadietinn | 
` to 311. ox 


* We write b in place of bp,—1 in what-follows. -~ | 
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For 312 q=—I1, u4—1 is odd, B—0*B,, ba zEO, v>u,—t—1, equation 
(4)' becomes 
Geter B, — (—1--060,) *7**B,(00) ] —0. 


We have then either 


3121, u,—us-v is odd, and μι--μ;-υ με, i. €, v2 2u — hi, or 
3122, u,—us--v is even. | 


Now Qe-^[B,—B,(00) —....] —0 
becomes Qi [δα (1—C)+....]=0, 
and My Ha - 9 4-1 2 μ», i. €., Ὁ > 2a — i—i. 


For 321 ᾧὦ ΕΙ, B—5*—b, ,, ci^ —1, equation (4)’ becomes 
| 9575, ;[1— (e 4-00) 7] =0 


which is satisfied since 0^"—0. If nu 057-0. If w=, the [] causes 
the expression to vanish. . 

For 322 c&$—1, B=d"*"'B;, u,—1 is even if c,— —1 and (4)' becomes 
(On-1[B4— (ep + 6°C,) ^3 B,(00) ] «0, for which we have 


3221, «1, =bn (10) 4. ...— € 0,B. (80) —....] —0, 
ΕΗ. 0, which is ' satisfied unless dnte Then 
32212, = s, - B,(0C) —0B,, i.e. B0B, 
3222, 0,— —1, u,—1 is even, then 


get [B,— (—1)^——B, (0C) — ( —1)-0'C,B, (8C) Ἴ--....]--0. 


32221. If u—t—1 is even, 0-7 [5,0(1—0C) +....]=0. 
ὃν Bg B,, which makes B-0^7b, 1. | 
32222. If μι--ἰ--1 is odd, B,—0'*! B,, which makes B —0. 
For Class 4 s--2 «us, q=1, t=p,.—s—2+r, B—0*77B,. 
Equation (4)' becomes | 


(gH [1—017H] + 05-7 [B—C-»^B(90)]—0, 
i-o p B, (124-00, ) B, (60) ] =0, 
Qmm pI549(1—C) +. — τες em, 
P" bað + baf (14-C) +... + OB,(OC)-+....1=0 
sa δ’ B.(00) =0, for iio we have either 
41, m or 
42, ui—us, B,—0B,, i € B= "B,. 


) 


ce 
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We have therefore in Case IIL the following eleven types: 
911. m>u, B—0"3b i, c1, odi. 
3111. u,—;, B=0, +1, ο ΞΕΙ. 
3121. e ——1, of 131, u4—1 is odd, B= 6"B,, μι--με!-υ is odd, 
v292ug—u,, υ»με--ἐ--], u—gUs2 t+. 
3122, c=—1, ch Æl, µι--1 is odd, B=6°B,, µι--μι--υ is even, 
8--2—us v 22u,—pu,—1. 
i 2321. duel, ο ει, Be 5 ss 
32211. µια, 6-1, B-0"-3B,. 
32212. μι--μ,, G=l, B= pps 
32221. ¢=—I1, µ,--1 is even, u,—í—1 is even, B = 0b, 1; 
32222. 0c,— —1, µχ--1 is even, uj,—£—1 is odd, B —0.- 
41, ug, οί, i-—u—s—2-Hr, B-—0"7B,. 
eH» 42 = o—1, t-—u—s—2 B0B 
κ μι Us» Co ? H δ 3 6» 
These particular types are written out as follows: 
311. s-F2—us, μι»μ,, GEL B=" "bd, 1, C=e,+6'C,. 
i —2104-22093.L.1934—15, j—111--220C. Ἢ 
Then ὑ]--211, {1:- 2100 -- 11Ο (1) -- οι] Οι (1), 
ὃ -- 21001. 1183 —ij3-- jb, 
8111. s+2=4, µιζμµε, B=0, fl, οἳ "ΕΙ. 
i = 210422084, j—111--220C. 
Then i= 211, ji=210C=1C(j) =caj tip, (7), P= 21 t= ye. 
3121. q=—1, cf £1, i —1 is odd, B=@B,, µι--μι-Γυ is odd, v 2 2u, — u, 
V ug—i—1, µι--με 4-1. 
422210 4-220" --120^-^** B, , 
j —1114-22(—1)4-220*1C,—1114-220C, ij ——— EA 
ji=211 (---1) + 1288-8 HB, + 21 C= --- Hi C), 
ο... jh? 1108-7 
—210^71-- 2204 ** B,--120^**7 B, + — 
mh; HB). 
3122. c-—-—1, οὐ” El, w—1 is odd, B—0O0'B,, µι--με-- υ is even, 
v 2 2ug—p—1, 97 u—i—1. n 
i —210--220^3--12ó0^—^*"B,, 
j —1114-221(—1)4-220*0,—111-4-220C, ij^—21n-r-126"—^*"*(—1)9B,, ` 
{415-211 (—1) 4-210 10, -- 120-1" * B. — —43 1-10} C4(2, 
j'—11a--220*(—1--0'0C,)", je—^**—116^—n1, 
$ —9109-L-11655—^**B, 1-120 ** 19, —44"171 ph eB, (7). 


- 


. 821. 


32211. 


32212. 


22221. 


τν 
a 


S 
a 
i 


-— - 
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ο αι, cht=1, Bo", $4-2—1. 

i 5210-220 7-128971, j—111--2200, ij—211, 
one? P —2109-1--22997 119p it je, 

Cy —1l, gus, = ftp, , s+-2 =u. 

i νο. | 

J =111+4221+2260,, ij = 21 n+ 120 "P7 B,, 

ji—211--128971B, + 210/20, —i- "0, (j), j^—11n-4-220 (1-00, y, 
5  210^3..1.2209 18, 4-113431], 4 1999 o 4g, 


οἱ j μετα. 19 Sat —-2 B, + jae B,— 2208 8, 


1995-12 ο το 
O=1, µιζμε, . B=O'Bs, $--2-—us. 
i —210--220^71--196^—B,, j= == 1114 221+ 226'C, , 
ij^—21n--126^-'**p.,, ji C B1I-L210*C, 412959, ο Lif90, (7), 
j"—11nJ-220'(1--0'C,)" 2$—290^-'B,--910*3-L-119^—B,, 
P Sij 7B). 
Co=—I, u,—1 is even, u,—t—1 is even, B=6""b, s+2 =u. 
i = 2104226741986 j= 111+221(—1) +226, ij —211, 
gi=211(—1) T21070,——ij rij" C), 7^ —11n4-226"(— Eee 

r— — T 
ij^ + jp — — 2201h (— —1)^3 --2203p. 


Since ied. unless u;—gu,, these last two terms vanish separately. If 
µιτ- µε they destroy each other since (—1)^73—1. . 


32222. 


41. 


42. 


6, — —1, u—1 is even, uj, —i—1 is odd, B=0, 5--9--μ,. 
i —210--220"—. j—111--221(—1)-rF220"0,, ij=211, 
j1i—211(—1)-rF210"!0,— —ij--ij0,(j), &—9210—ij3, = 
δ-2-«με, ug, CQ—1, t=u—s—2+r, B-0U"b,. 
i —210-4-2207--199s-m1—pB,, j= 1114-221 4-220 0,111 + 2200. 
ij^—21n-r128*—*3-0^B, 920107. 
ji ο ο... WiC (j) =i} 916, (4). 

5 —910.L 22077 B,--119^ 7B, + 129^ B, E229 

κ. -- {11 tj * lix—t—1 B,. ] 
St2<ue, µιζμε, Q=1, t=u—s—2+r, B—09"—B,.- 
i —210--220'9.-120"—7B,, 7 =111+226¢, | 
ij^—21n--290'*0*-L198*—B,05,.- 
ji —210C 4-220*C + 120? B, —ijC (j) —ij 4-ij C, (j), 
ij*—210*0--220*--2209—B,-- 119? B,--1999**— B, 

=i + PUB). 
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ως 


Type ji- 1 | 
1 ijti tl), | 9^74-J^—7B.(3), μι μα; 


2 {ΓΙ οι)  9g"7-FJ^^B.), =e, 
3 id C0), ity FBG), µιλµε, 
4 Gry), . pP aBel), w=» 
6 ej T4 (2) , Ages οὗ + 1; a — Hs 9 
6 αὐ] σοι), Αγ, OFA, μι» μὲ; 
T cij Hig C(ai), - ight jb, ol, of -—1, | 
8  —4-44770,0), 1271, u,-—1 is even, u is odd, 
9 -- ὑπο}, τετ, μι---ἐ ig odd, µε is odd, 
10 —ij+ijt O (G),  47-Fj^"B,QG), ο ὃμι--μι, µι--υ is odd, 
11  —ij-i'"0,(),  d^7--j^7"BQ4), υδλμε--μι--1, μι--υ 18 even. 


Case IIL. αυ 
0--θ'Οι(θ), 0t€u,—2. We go back to equations (A) which. now 
become, | 
(1) 6'24[1—C(6C)]=0, for which we have either 
1. i—gu,—2, C= 1ο, where c is written for c,, 3, ΟΥ 
2. A=’ αι. 
(2) b-+1B=—0, .*. B=d"'b, where b may be zero. 
(8): &»-^"B[A—C- A(0C)]—0. This is satisfied by the result of (2). 
We now use the results of equations (1) and (2) in (4). ‘For 1 έξ-μι-- 2, 
C=6""c, B= $b, equation (4) becomes 
(4) G€A[A-—0*-cA(0C)] 4-035 [1—053]—0, ϐ41-0”:”10--0. 
The three possible solutions of this are 
ll, u 4, A=6" "4, where m=u,/2 if μι is even, 


m= 7 if µε is odd, 


12, µι--μι--μ, A=0T Δι, B=0, u is even. 


18, µιζ-μι--μ, A=0T A,, B=%0b, αἲο-0--θ, u is odd. 
For 2 C=6'C,, Bó"7b, A=0 4, (4) becomes 
(4) pe- 4 [ 4, — 0079 A.(00) ] 41-0535 —0, 
gtd 4. Guinot? 4 CO. A (00) -I- 057b —0. 


This reduces to 
guid 424 geb —0, 
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because (uy —t—1)t + 2424 —2> μι, 1. 6. (£4-2)1,— (1 --δί-2)2.με, or 
“Ha —t—2 2.0, £u, —2, which is true for this case. 
Now the possible solutions of 
θά. 421 gu-15 —0 
are 21, µι 7 us, which gives rise to 
211, 24Xu—2, 
and 212, 2í»u,—2, 4ἱ:-θ 134, m= E if u, 18 even, 


| m= = κ if μι is odd, 
, and 22, µι--με--μ, which gives rise to the sian 
221, 2b u,—2, b=0, 
222, 2L0u—92, A =E A, , b=0, u is even, 
223, 2>p—2, A—0- 5 4:, af J-b—0, μ is odd. 
Therefore we have the following eight types: 
ll. μι»μι, 4—0774,, B—09-ib, C= Oc, m= S if u, is even. 


m= A if Ua 18 odd. 


19. µι-μι--μ is even, A= Vr As, B=0, C—607. 


13. H7 ua — u 18 odd, AS — oF ΣΑ, B= b, C= og. a t b= 0. 
211. Hi > μου 2t < μα---2ι 4 ει, ; μμ, C= 0'C, . 
212. ία > Es; οἱ < Us—2, 4 Εμμ A B=§"), C= 0'C, ; 





m= E if µε 18 even, m= x if μι is odd. 
991. μι--μι--μ, 26 E uy—2, A—0774,, B=0, C90, 
222. =u, =u is even, 2t» u—2, A05 A,, B=0, C60C,. 
298. u,—u,—p is odd, 2t» u—2, A=OF 1A, B—7b, C—0'C, , a2, +b=0. 
These eight written out give the following: 


ll. 4, .4-—0"34,, B—7b, 0—0970,, m= P if u, 18 even, 


m= P5. if uy is odd. 
i —2104-220"4,--1935—b, 71114-29610, 
Hence ij—211, ji—210'—c—ij"—c, 2-210" 4,4- 1105 —1j" A,(4) -- jb. 
19. µιτίμος-μ is even, -4--θ:5 4,, B—0, C—64-tc, 
i =210 +2203 As, j—1114-2207-, ij=211, 
ji=210e=ij e, P= 2107 A =i) 5 A,(j). 
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18. u == u 18 odd, A=0F A, B=5*""b, C=0 e, aa +b=0. 
010-4226" ΑΓ 129110, f= 11142200, ij—211, 
ΤΝ. 
v= 210 E FA, +226, .-9203p--119^b—ij T PAG) jr 
211. uin, PEE — 2, Α--θ'--54,, BHO, C=O. | 
i —210--2205—— 4,--199"b, j—111--220'0,, 4j—211, 
ji-2100,—47 6, ), 0-210914, 4-110575 — 1977 4,(3) $I, 
919. ups, 3 Su A=0""-14,, B=" b, Ο--θ'Οι, 
m= "if μι is even, m= T. if wy is odd. 
i =210-+290- ay 120% j —111-4-220*0,, ij—211, Ἢ 
ji 210 C, — ij^ C, (2), 1 210777 ο ο ο. 
221. == u, 26€ ui—2, A= Mif 0, C—0'C,. 
i —92104-220—-14;,- j- 114-2206, ij —911, 
ji— 21070, —ij*HO,(j), P= 21081419" 1 4,0). 
999; wis even, 20» u—2, 4—0$74,, B=0, C=O'C,. Ἢ 
© 4 21042207 Ag, j—1114-220'0,, 455211, 
ji 2101 C= 49" 64(), | ὅ--91θ A,—ij $ AS). 
293. uis odd, 2£»u—2, A—0 7 7 4, B=, C—00,, a b—0. 
l i —210-L22057 41-127, j=111+2200,, ij—211, 
ji σον, (7), E 
(7 on Aj-- 11970-2207 - αμ οι. 
Type ἠὺ-- j= 
a» dee, -. d". G) +I", μι» με; 
2 ie, ij Td) μις μι-μ is even, | 
3 ij, ijt AQG)-Ebj^7, ^ uis odd, b4-a$—0, 
4 ὑπο), tg ται) Γη EP 
5 BOG), — AQ) bi^, m= FE if µε is oven, 


| 1. 
m= Erti if u, is odd. 


jog) YAG), 00 735432 
UC, (1), ij * A40), 217 u—2, u 18 even, 


πρ, if T AG) ib, δ--αβ--0, 25» u—2, u is odd. 
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VIL Complete List of the Types Arranged According to the Form of the - 
Product ji, with Sufficient Conditions to Distinguish Each. 


Class Type j1— 

I 1 y, 
2 ΕΕ, (1), 

I4 3 ΕΜ Ε(Α, 
4 djqjeVEQ), 
ὅ ij +ijC,(j), 
6 — dj--ij* C, (i), 
T ἡκῷ ασ), 

CO] os FiO), 
9  ij4ij'"0,), 
10  dj-riü'"0,), 
11 ejij-Fij*C,(j), 
12 Cot T4476, (7) , 

IV 4 18 .eiHj-Fij*O,(j), 

| 14 ojij-Fij"O.(), 

16 eij +i tO (j), 
16 —ij-Fij"C,(j), 
17 —ij-Hij"0(j), 

18 —4j 4-390, (3), 

V4 19 —ij--ij'*0,(j), 
20 —ij+ij*C,(j), 
21 —ij- ij" 0), 
22 —ij--ij ^ C, (3), 

^ 28 e, 

24 {ο 
290 (ο, 

26 — ij'"O,(j), 
wl 2 596580, = 
28. 4" C, (9), 

29 — ij'"O,), 
30 — d" 0,(j), 


t= 


ih jp (2), 


; i5 —j4^B (1), 


ΕΕ (7) , 

i? —je-»B(), 

{41 B, (7), 
j^—B,(j), 
ijj B,(j), 
ij^ + j"7B,(), 
ij - Lj 3B, (j), 
ij^? 4- 1 B,(j), 

0, 

jb, 

ijt 4 jp, 

igh, 

iji |. jp, 

0, 

jb, 

ij, 

{ΙΒ (j), 
ij p jp, 

ij - p ja- mp. (3), 
ij jeep. (3), 
12^ 4,(j) 4-775, 

ij £ Aj), 

ij^ Αι (1) Hoj, 
ij717 4 (1) bj, 


ij^7* A,(3) bj", 


ije (1), 
ij A,(j), 
ij T ALl) EOI, 


Conditions 
E —90. 
la— =k, EE, 
µι- μιζ-μι]-α, a>0, EEO, 
lU — Us X Ug, 07 2ug—pu,, EFO. 
i= le, 
ly > us, 
Ua > fla» 
Μια, 
αι > Us 
μι. 
οὗ ΞΕ 1, 
Ο5Ε1, bzEO, 
Οὗ ΞΕ 1, μι» Le ) 
ος El, µιτ- µε, 
0 qe d, CP S15 


b F 0, 

uy—t 18 even, μα 18 odd, 
B,(7) #0, 

μι--ἰ is odd, μι is odd, 

U2 ὀμε--μι, u—" is odd, 
υ > ὂμχ--μι--1, µι--υ is even. 
Us > Us 

μιτ-μετ-μ is even, 
b+ai=0, u is odd, 


m= S if u, is even, 


m= B if u, 18 odd, 
2t  u—2, 


2t >u—2, u is even, 


«9ὐ»μ--9, u is odd, b+a2=0. 
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These types when arranged according to the form of the product ji fall 
‘into six classes. i 
| Class I, made up of type 1, is the only commutative type of the entire set. 
Class II, types 2-4, have for the product ji the term ij and powers of j 
Class III, types 5-10, have j1—1j 4-31j^C,(j) where t>0 and C,+0. 
‘Class IV, types 11—15, differ from those of Class III in that 


ji—ojij-4-ij C,(j) where ο ΞΕ 1. 


Class V, types 16-22, are essentially different from Hose of Classes III | 
` and IV since ji— ---ἵ]- 17^" C, (4). ge 

Class VI, types 23-30, have the product ji starting with at least 17°. 

We need now to see that the types of each class are essentially distinct. 
The conditions given, having arisen in the determination of these types, are 
sufficient to show this. For example, we might think that type 18 and type 20 
would be the same if in type 20 b=0. Although this would make the products . 
ji and ? have the same expressions for the two types, they would still be dis- 
tinet, for in 18 µι--ἵ is odd and in 20 it is even. Types 13 and 15 have the 
same form for ji and Ù, but they are essentially distinct because in 13 uw με, 
which is not necessarily the case in 15, and furthermore in 15 c#"1=1, but the 
only limitation on c, in 13 is c; e 1. Similarly it can be shown that the thirty 
types are all distinct. 





Invariants of Differential Geometry by the Use of 
Vector Forms. 


By C. D. Rice. 


I. Introduction. 
Let the equation of the surface be given by 
c-—f(w), (1) 
where u and v are scalar variables. Partial derivatives in what follows with 
respect to u and v are represented by the subscripts 1 and 2 respectively. 


Derivatives with respect to s, the length of & curve on the surface, will be | 
denoted by primes. The well-known constants in a, point are given by 


E -——Sz5, F =—Sa%,, MED G= — S39, | 9 
Ι,--ϑαιο----δασῃ, M=So,2,=Saa,=—Sat,, N=Sa.a,=—Sate, (2) 


where a is the unit vector normal to the surface at the point v. The vectors 
2/, ὤι, ὧν, a, 04, G are all parallel to the tangent plane at the point. When a 
curve upon the surface is determined by a scalar relation 


$ (uv) =e, 
Φιν + pov’ —0, 


we have 


or NM Ec (3) 
14 Vv 


By the use of these relations we find from 


x --- μι’ ae ου a 
the relation 


τα = $9 — PL, — w. (4) 
In like manner we find 
ra —$,0,—4$,0, — 0. Ντ (5) 
From the study of surfaces we have 


A — EG—F* = 84,98 0,0,—~ Sv BN Lly = —SV 12a V 040. (6) 
21 l : . 


i 
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But we know that λα-- Vau; j m hence we find 


E | Aa— V2. ιν... 
By multiplication we find also . ντ ον oe ος 
E A A=—Samq,. | "oT eS) 
In like manner we write Δῃά-- Ταιαν and find . IE T M c" 
A, Baa, . I 000) 
| But we know that the Gronn curvature i is given by | l 
| " 
ΝΗ 
=> (SiS SaS), since Say - aut -M, 
----- ἃ SVaas Vn — Sn. | ^ 5. Ὁ. Ux) 
δλδ 7000 IEEE ἐπ 


By the use ‘of f and w defined above we have the quadratie form: 


| 8 Egi Doubs Gol S (puris) (Patsy) = — SOW 
- z2—f'Ow'w', since wee Pay nm, E du 
= γ᾽ since Saa! ——1. | | mE | (12) 


Also we have the quadratic: ^ +. gue 


4=L¢i—2M Gg. NGI =S (φνοι--φιοι) (hi: =Swo | 
—r'Sa'a', since ra’ =@ and ry =w, | 

ars, | _ ». πο... ` (13) 

where e gni is the curvature of a normal section through the tangent at: 


we 


ας na pu = i 
Many expressions may be abbreviated by: the use ) of the operator a 
where dn is an element of the arc of the curve on the surface at right angles | l 
to the given curve. 
At any point P of the curve on the face we have 2’, the anit vector 
along the tangent to the curve, and a the unit vector normal to the surface. 
Let us take. 4 a unit vector in the rangon plane at Mic "ee to x. Then j 


we have | | 
f . dz 
E =V ax.. 
dn | 
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Let us write £'—c«s,--ez, where c and e are scalars to be determined. We 
find 


Sax,f’=eSaxy2,, | San E’ = cS arnt, , 
0.7. Ae —BSaa£ = —Saan Vas! ——GSaax, .°. Ac Nank —SaaVaa'! —Sasx. 


Hence we have 


> 1 : 4, ἃς 1 fae δα ) 
E ον [ax 49 —XySH—en't, or in = A 5; Sma!— δ δορ : 


If now R be any function of u and v we find 


dR dR dx» 1 fƏR OR q- | 
de "ds dn^ A Be 999 — 3, δα]. d 
The operator T. is very useful in what follows. In particular we have 
d 
A ^ Lc ἰφοθα΄αι--φιδα'σεὶ M sn { Sa’ ($24 — Xe) } — —Sa’w=r, 
do κ Dm | | l 
, mi mB, (15) 
where we define the quantity 6 by B= X 
From a study of curves on surfaces we find | 
D — —Saz'a" | (16) 
to be the Geodesic curvature, and the expression 
W =—Saa's’ (17) 
to be the Geodesic torsion. 
Also we have the cubic 
K — Sav —Sa'a" —Pu?--3Qu'v' --8 Ru" -- Sv", (18) 
where 
| P=Say%—Styh, Q=Say%,— Say) — Sant, 82,0, | (19) 
R -—Sa,2,—S2v40,— Sasa,—S2,40,, D — S agq4— 82505. 


The mean curvature ἦν is given by 


Ah= -ᾱ jEN—2FM+GL} 


1 | 
αρ | (Suv, Say, — Sv, m,Sas:,) — (S298 0,9 — S 2:5 a9) | 


1 
ds 1 SV a,;4V a,0,— SV EEV a42,| — Saa 2,—9aa327, . (20) 
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From this expression for h we easily find 
A'h,L—ER—2FQ--GP, | Ah,—ES—2FER--GQ, 
AV =E (Ruw --Sv) —2F (Qu + Rv’) --G(Pw --Qv'). | 
Change of Parameters.—Suppose we have the surface 7=f (Uv) and wish 
to change to the parameters u, v, where u=P(uv), υ-- 0 (W0). Let us write, 
Qu 9Ρ᾽ Qu oP ov aq | 
δα Ou ^" Be OP  " δα Ou "v ὃν Ὅν τον 


— Then we have the transformation 


(21) 


B= HP +091, Ώι--αιΡρ-!-αιίϑε. j (22) 
The modulus of this transformation is denoted by 
It 
= P,Q.— - η; 2 
3=P, QP = ο οἱ (23) 





We wish now to consider forms of expression that are invariant in trans- 
formation. When the resulting expression has the same form multiplied by a 
power of ὃ it is said to be a relative invariant form. When it has the same 
form, but not multiplied by a power of ô it is said to be an absolute invariant. 

Elementary Invariant Vector Forms.—When a vector ἕ is transformed 
into the vector ἕ we have 


Form (1) dE —£,du-- Edo — (E,Pi +£2.01) du (GP, HEQ) dv 
: =, (Pidu+ P,dv) -£(Qidu + QAT) = Edu Edo — ἀξ. 
| This shows the complete differential to be invariant, and hence we have 
the complete derivative to be invariant. Hence vector expressions composed 
of factors that are complete derivatives are invariant. Thus’ 
D=—Saz's", W=—Saa'a', δα, δο., 
are invariant. | 
Form (11) Vit =T (EPI + EQ) (EPa - EQ) 
= (P,Q,— P,Q1) VEE =dV Eka, i f 
which shows this form to be invariant. 
Under this form we have the invariants - | 
A=—Sa%,4,=—SaVag,, Ak=—Saa,a,=—SaVaja, δ Saw,w,—SaVwquw,. 
Form (III) SE, —SE, —8 (EP. - EQ) (ων Ps - 9.0.5) | 
— S (EPa H ERa) (Pi +0291) = (P194 —P,0:) (SE. 0 — SE) 
—9(5E.m —52,m). 
This form is made up of the difference of two scalar terms of which the 


partial derivatives 1, 2 in the first term are respectively 2, 1 in the second 
term. : 


ή a“ 
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Τη a similar manner we may show the 1, 2 and 2,1 form to apply to a 

large number of invariant expressions. Thus, 
Sxw,—Saw,, Sax,w,—Sax,w, , (η A,— mA, , φοῦι--φιῶι, &o., 

are all invariant forms. . 

Of especial importance under Form (III) is the invariant expression 

ak 1 

-where K represents either a scalar or a vector quantity.. By the use of this 
invariant expression we have, when K is a vector, a number of invariant 
forms. Thus each factor in 


dK dK dK κ „aR aK’ 
Sa Baa 7: DAW τς; Sa’! — da 5 Sax pus Saw, 


being invariant, the forms themselves are invariant. 

Every invariant in differential geometry may be shown to δὲ composed 
of one or more of the elementary forms (I), (II), or (ΠΤ). If we can 
evaluate any of the invariant forms that we can write out from our simple 
elements in terms of well-known invariant expressions, we will be enabled to 
evaluate any invariant or covariant expression of differential geometry. 

Forsyth has shown in his “ Differential Geometry” that all invariants and 
covariants formed by the use of derivatives below the third order may be 
expressed in terms of any set of twelve such expressions that may be selected. 
From the set selected by him he derived eleven absolute invariant expressions 
as his fundamental set. For the set that we will use in this paper let us take 
the following by means of which we will evaluate all other invariant forms 
made by derivatives below the third order: 


K,S2'%—K,Sx'x,), see (14) 


-e 





D =— Saz'z", the geodesic curvature. 

W=— Saar, the geodesic torsion. | 

kanm - Saa,a,, the Gaussian curvature where A— —Saazz,. 

SS x ο , the differential parameter of the first order. 
' h= A | Saa X — Saam], the mean curvature. 

== Sa'a' = —Saa", the curvature of a normal section. 


ο un e x) +=) 
ds’ dn’ ds’ dn’ ἄδλρ/ dn\p/ 
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Between these there exists the relation : 


h 4 
ur 7p 


making in reality only eleven absolute invariant forms to be used. 

We will now evaluate a number of énvariant forms and will later show 
that invariants of differential geometry are composed of those forms. It will 
be seen that every form that we notice will be invariant by reason of elemen- 
tary Form (I), Form (II) or Form (III). Hence, while we may evaluate 
invariant or covariant expressions of differential geometry by means of a set 
of eleven, we may express all such invariants or covariants in terms of three 
elementary type forms. | 


; II." Evaluation of Invariant Forms. 
We have defined 


| w= — Qv — γω”, (24) 
which is seen to be invariant by type form ΤΠ. Also we have 

Swwz- riSa/a! ——r^, since Sa/z——1. —— (25) 

Sa'w' = Sa’ (r'z' cra") =—r', since Sa’x’=0, ^. (26) 

Sww' —rSa'w'- —rr'. ^" . (2T) 


Since Saz,27,— —4A we have 


Sawt,=S8a($%,— 1%) t= —P,A, Sawm —Sa($,—492,) = —0,4^. 
By differentiation we find | | 
Saw,2,+ Sawa, = —$Qi^—$M, Saw t Sawty= —o,A—9¢,A,. 


S. Saws — Saw, Ώοςφελι---ϕιΔι-- ΓΔ’. (28) 
We have seen that we may write ru'—4$, and rv'— —4$,, and from these we 
find ryu!+ru!=oy=—ryv’—rv", | 
ΠΝ o r(w +o") =— iru trw) =r. | (29) 
We have seen that 
-Ah=  Saag,—Saa,,. See (20) | (30) 


.Akc—Saa,a. See (10). | í B (31) 
Sa'a! —— A Sa'a' Baa l 


—— + |S a’a,Saa'a,—Sa'aSaa'a,}, since Saa’=0 


1 


ERE 1Sax'Saa'v,—G8asx'Saa's,1, since Sa’x,=Sa,2’, &o., 


n 
—— 


4 
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1 - 
aie Saz (Saa,a,—Saa,2,) + S2'x,Saa’a,—S2'x,Saa' ag} 


h 
----- Ξ r3 —BSaa,8,Sa' (zyv' ;- aqu) } since Saa’a,=v’Saa,a, 
1 {Ah h 
Alp f ρ 


It is easily seen that the vector Va'z' is parallel to a, the unit vector 
normal to the surface. Hence we have 


Waz--Va'a, since W= ----σαα ασ’. 
" 77 ——§Va'a'Va'a! =—Sa'x'Sa'a’ Saa Sara — x TR (33) 
WD -Saa'z'Sax'z" 





Saa Sax Sax’ —1 0 Sag” 
=—j| Sa'a Sa'z' Sa/z"|——| 0 Sa's' Sax" 
οσα Sz'z ο’ 0 —1 0 , since Sz'z'" —0 
= a'w". "E (34) 
Saa'a'' = —Ga's' Saa'z' ———BS«x'a'Saz'a'' —Sas'x'Saa'a', since Sz'a—0 
E "E since 9z'z"—0.  . (35) 
"e rD | 
Saa'w' —6ada'(r'z'J- ra") ——rW-- ο. : (36) 
i / da mS / Pl ' | 
Sa 35 —Sz'Vaa' —0.. | (37) 
dwg fda’. αλ . — 
Sa in^ Sz (r In +” T.) since qp— rd 
.. dr |. (38) 
~ dn 
da 
Sz T = ἰϑααιϑα΄αν-- —Sa'x Sx'a,}, see (14) 
= — = breira σωμα σι], since Sa'z,— Sa'a, and Sa'z, —Sa'a, 
— τα x S Vat Vaw = —§ aac, since Aa Vu, 
07 aW. (39) 
dw da . 
Ba. =—Sw es since Saw—0 
M eee (40) 


an 


- 
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. . di κ. ; į | | i . : ; ! 
Sa' T = Sa'Vaa'——Saa'z =W. 2 T ες. (41) 
1 i , . | τ 
Sax m msc αι ον J 


dn: 
=> 1. δα’ (Sans Sazan) Εδω w San’ ο. w8 an’ i) 


--- 


i 
=— A rA HAST (w ο ) να (rA AS) 
: o τν AA 
| since we define B= X ο 9) 
: dw dw ... NM | | p | 
Saw p —rSas' -- —rA', since w—rz'. | - (43) 
. dn dn . i E l ΙΙ. l : 
aud ("Y 1 ο dw ,. a (w)...1 de ΠΕ 
Sax! — Baa 5 (2) ας Baz. i — iur a Tu = 
1 n B : P -E . v - 
Say? —gyayVay——SaaSwa——l  Ὃ .. (45) 
uic apii A 7. lui 
Saw’ 7. = —Sa'x'Saw' 5 = — Saw Sac in ——r. : (46) 
Saw WY — — swr Saw = — 80w Sas dw gy ος 
dn dn an > | 
ΠῚ = +r A8 —rD8 T (rz'), since Saa'w' —Sax' (r'a! Erat) =— 
AP +o | ην. . 67 
ι „dæ . y ; 2 ? Ve o tra nid / OE | | 
Saw ain ------ αυ a Sow Baa! Z sv? T Saw a — B T: R | 
Saa' dar — — δα Saw LP ως "δα ut E^ T Bw ro m 18. (49) 
dn c dn -9 8 | 
+ ,dw dw | | . - 
Saa pu da ] eed - - | 


| I so- ιο dw NN dr | T 
_ Ὅν =—Sa'a' San’ 7. so Sag =- δρ Wi . (50) 
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Saa’ = —SVaa'Vaa' =—SaaSa'a' = i o 
| P 
Sax aa == a | Sa’a,Sax'a — Sa'z.S aa l 
dn A | ul E 
: l 
oe | Sa'a’ (Sax,d.—Sax,a,) TS8s'a,Sax'z,—Sz'aSax'a, ΄ 
----- * ἵ--- ΔΙ ASz! (a, + aw) ? =h— FI 
aa ; , aa 
Saw 2 — —BSa'z'Saw j 
—Ba'w'Sax τ — Sa’ LTT 'q'—r (i—)-n. 
TL NEC mE da da 
Saa PE Sz'z'Saa a S2'a' Sas’ = —Se' 5 Saa 


=—— (i 1) Wak See (33). 


Saa" da — — Sr’ r'ar" τε =— Sr da Saz"z' =— WD. 
dn dn - an 
Sawyw,= —BS«'z'Bawyw,-— —Sa' (vqu' +a,v') Saw,w, 
= — | Sa'a,Saw'w,—S2'2,Saw'w,} 
τ. / dw 2 n! ΩΩ; . dr 
=. ASaw Tn = Ay TADD M. See (47). 


da da 
— Sa" — Saa's’ 


sa" dn W dn 


1 fh yt , da I / ,da | 1? - 
=+ 7 58 a’ Sax qn? Since Sa'z απο and Sz'"a'—0 


D ο =). See (34). 


„dw | dw 1 nog uU BW "E 
Sa SY —— = Sa! E Sa aww —— | — Sa'w’ Saw τ. + Sa’w' Sax 
lf 1 - 
-—3pl- ας, πι) "ae (s emm) 
E 1 [- "Da - +1DWAB' "v 
"D 
Qm 1 ay m ων... 1 a! Sau 1 
ΠΠ js SOTW = y- Da'Baw ;- + Sa'w 


ο... 


F4 
n 


(58) 


ed) 


(91) 


(92) 


(93) 


(94) 


(99) | 


(96) 


(97) 


(59) 
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Sw ;- πα --- (t) —Sa’ i DÀ since Sa’w= — 
dn «X dn\ p p 
d 


r ; " — ay 
=% (+) ας Tn +2’ τ) since εὐ--γῶ 





ον VL e(t) AWB’ 
ο dn dn = pf o` tor) 
3 dw σον H πολ... $ tt / dw ES ft pf 
Barm = Z Sa" © Saa'a' = -— 1 {sp agan SY — Sa ‘Se te) 
1 / τ ΕΝ / 
= — L- Lys Ta WDAB ^ since Wa=V a'a 
=— , W+DAB. | (62) 
Sa" T. = —ÜOaa'"x', since τ --Ῥασ' 
dn an 
——Sad"s! — Baa! - Saa a  W 4. = See (35). ' (689) 
| dæ 1 | 
Sa" du — A | SLL a a, — Sa! a, 80/2] 


= I [ϑαα/(ϑα”α,- —S2/a,) —Sa'z, (Saa —82/85) | + Ser" = 
1 E 
=— 5 [Se'm] Sa’ (z,)' —S«' (a.)' }— Se'm 1 Sa’ (23) —52 (αν) 1] 
1 „da T i 
Sz qn? Since Sz'a,—Sa'z, 
1 
ος [Sr | Sa’ (2')—82' (α'}ι}--ϑα'αι | Sa’ (Φ΄}ε--δ9’ (α'}α}] 
„da l 
= X l ga’ ων (σι Γδα’ (a^) οσο νο. 


ERU 2 [συ TS (a ),—52'2,80' (2);] - 59 e ---ς ) ^ 


| ,da d β Ἷ 
^ — A Sa pum T να +D i) (64) 
See (59) and (57). 
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W’ — —BSaa'"z' —Saa'z" —Sa"Vaa' —Saa'z" = Sa" = eae 


~ dn g 
δρ) +275 +D (n=). (65) 


d Gharg B +D (n=) 2. See (64) and (35). 


Saa'a'! —— Sa'uw'Saa'a" = —Sz'a'Saz'a" —Sz'a"Saa'sz' 
1 : 
—— pU J- Saza”) + 5 Saz"a! -WSa"a* 


0 = 4 W(K-+WD), since K —Sa"2'—Sa'a" —Sa"a! —WD 


-—i 8 (3)-»(A 1m). 2 ΠΡ ow 


dn Np POP p 8 
1 d (+) 2W 8' 
———-—i—]—Dk—- ———--WK. 66 
By the use of similar methods we find 
E A( p— στ) | 67 
Ug —- DD — — LN | PLE e inl i (67) 
1 dA 
Sv(Au—Aa)- (WA Ξ 25). (68) 
2 , 
Saaqw,—Saa4w,— —AW (D+ 2 )— 5 NB — E -Fr'Ah. (69) 
E 2 dA I ο’ 
Sam’ (Aw — Aw) — —rA?-+ ArD ED + ΑΔ)’, (70) 
Sac (Aya, —A,a,) =  AA'h —AW = -Ea (71) 
Saw, Saw, —ArD (a— i Adr oAWRB'—rAW. (18) 
p/ ' p dn 
A’ 
Saa (x); — Saa (x) = — σι —AW D. , (73) 
Ap’ 
Sa(a' )09—Sa(a' )gm- Ah’— F (i— =) + AWD. (74) 


Each form evaluated above is seen to be invariant by virtue of the type 
forms I, II or IIT, of which it is composed. 
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III. Invariants of Différential Geometry, |... 
| In what follows invariants or covariants of differential geometry will be 
seen to be composed:of one or more invariant forms, and hence may be 
expressed in terms of one or more of the three type forms I, II and. OI. It”. 
will thus be seen, also, that the invariants and.covariants may be evaluated 
by the use of the results Obtained in the previous section. | 
In making the evaluations of invariant forms the derivatives ne rand A 
were used in. several instances. The reader will notice that in combining two | 
. or more of these forms to express an invariant or covariant in differential 
geometry that-the derivatives of x and A are eliminated by the use of the 
relation r — AQ. ox 
In what follows the invatiancy of an expression will be indicated i 
giving at the right the type form or forms of which it is composed. 
- The quadratic form 


b= nd Fea ag 


was shown in (25) to be given by 


_ b= = Sww=—S (pti -ϕιῶν) (ensi) (Form IH); - (a) ~~ 
From this we obtain the absolute invariant — - p x 
0 Sww . 
APO ARS | j (a’) 


Seed B* is the differential parameter of the first order. 
` Again we have the quadratie form : 


l 4 =L; — 2M ΙΓ ΝΦΙ--δ (0320,23) (ubi (Form ΠΤ). 


=Swo, since w= Pr — ids 

=P Sa'a', since wre! and o— γα’ = -. See (18). | (b) 

From this we obtain the absolute invariant form | 
i l l j DA r E , 

- m AXE since B= ^x. | οσο (Y). 

We have seen algo in (10), | | 


-+ 


1 (PM | 
ka Ai (LN —M?) = A (Sayz Sage, —5 a, 8 0,23) 
----- Aid Vaya Vas, (Form IT) g 


1 : 
=— ^ 888. | B |...) 
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In differential geometry this absolute invariant is often written 


1 f 
πο (e) 


After omitting the numerical factors the functional determinant of ϐ and y 
may be written 





παν | S232'82'a,—S wx Sz'a, | 
= Ag . —APrW. See (39). (d) 
From this we find the absolute invariant | l 
Tox Edd (d') 
We have the quadratie | 
d—4A9i—2B9014- C91 =r (4u?+2Bu'v’+Cv’), 
where 
Δά-- ἂφιι--δαυσμ, ΔῆΕ-- ΔΦι--δαυῶμ, AC = Appt Saws. 
E € {A (puu + 2h uv’ + Pog) + Saw (aye? + Za, u' ν΄ + 2ου”) | 
2 
= ^ iA (pa + G20") + Saw (z'' —xuw’ — av") | 
" 
= | —A (Bai yt) -ESawa' 4- A ($,u" +4, v") } 
= D Sax'z" (Form 1). (e) 
In this last form d is seen to be invariant. We have also the absolute 
invariant form | 
4 ——B*D, since D= — Sag'o". - (e) 


More useful expressions for A, B and C may be found as follows: 


Sawz,=Sa ($2 — 12») %—=— oA, ϑαιυαι--δα(φχοι--φιαὶι)ος-- ce 
By differentiation we have, 


SawazyJ-Saw,z,— — pA — pA, | Sawgg-- Sawa, — —$1459— 0:4, 
Saws + LAWL = —$s,— dI, SAWL d- Saws, = —hAr— 054, 
and by the use of these relations we find 


Ad =—þ A Sawm, AB=—9,A,—Saw2,= —$ Saw, 
g AC = — pA, — S AWT . 
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The intermediate invariant of 0 and d may be written 
[=AG—2BF+CE= A | S Lat (A. + Sawn) —S2,0_ (PA + Saw m) 
—BS tg, ( PA, + Saws) + 82,2, (pA, - Saws) | 


l 
= + A ASe (φιῶς--Φφιῶι) — A821 ($123— 0:2) + Saw Sarr, 
ωμή — S82, 0S aw Er ιν) S avsv,4- Baz, Sawyty—S2,2,8 αιώνος | 


= = LA Sz w— A Sayw-- A (Smw,—Sz0w,)| (Form ΤΠ) ——— 

ο» 4A .. ji 2) 14 

-ii- Tide A NE . See ( ) and (67) 

=—AD+ao — 8 TA A =x% —QA'D, since r=48 

d8 ) | 

τῳ. ΤΑΝΕ... 

= (S gn), | (f) 
and from this we have the — invariant 

d 
A - 28 D. (f’) 


It is well to notice that the above invariant may be written 


-afon (2) (2)} fom πο 
TEE 


which is the diferential parameter of the second order. 
By omitting the numerical factors, the Jacobian of 0 and d may be 
written: 














T = Saw, Sz,w | 
i At Bo), (Bo.—C$) 
Al Saw, Φε(ΦιΔι d- Sawm) ανν μη 
Aj ο μυ, D: (Q A+ Saw.) —4$4 (QA 4- 8 aws2,) 
. |9mw Saw since w= t — 
— A| Saww Sawgw | sn Paa 
-—L iSaqx'Saz'wy—Sazyr'Sax'w,| (Form III) 
= Say SY PAD. See (42). (g) 
J θά 
. UNE. ro io n (g) 
"The cubic 
K — Poi—3Q9%o, -3 Ropi — 891 — r (Pu^-3Qu^v' L3Rw v? Sv") 


-r(Sa's'—Sa'x") (Form I). | (h) 
is geen in this last form to be invariant. l 
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This cubic may be expressed in terms of well-known invariants as follows: 
K —r (Saa! }-ϑα’α'' —28a’x") 
-"[7. (a'2^) —28a’ x” | μια (= )—2wo}, 
ἆδλ p 
and from this we find 


A sez ^5 )- wn). | a) 
From the cubic E, let us take 
K — Sa'a! —Sa''a/ =N (Qu? + 2aygu/v' + 8,40?) z' —S (au? 4-220,4u'v μυ”) α΄ 
—u^?[Sa,2,—S25;| uv’ | (Sagz,— S24) +2 (Say, —S2350,) | 
+u v^^12 (S a12 Eaa) F (Saut — s Laa) |] -- v? | Saty S Laat. 
Now we have Sa,%,—Sa,a,, and by differentiation we find 
Danta — N Lut — tS bah, Sau, — I Tla = Sag, —S Tat. 
If now we write 
K —Pu?--3Qu^v' -3Rw did 
we have from the above, Ἢ 
P -—B5ag2,—82,40, Q = Saut — S250, = $a424—S82,,, 
R =D atr — 8,0, S 0,.9,—S240,, S= Sag7,— Sm... 
Let us now denote 
Ky = Pu" +2Qu'v’+Rv", K,—Qu'-F2Rww JS, 
Then we find 
=W (PW -FQv') +v (Qu' -- Rv") 
=u! | S'(a,)'a,—S (2,)'a1] +0’ {S (a,)'24 —8 (2)'a,| 
=w 18 (a'),9,—8.(z' Jit --v'18 (a )a21 —8 (25a; 
= 52,1 (a')w + (a’) qv’ ji—8a,1 (a) yu’ 4- (x Jat” j 
— Sa" m,—S2'"a,, 
and in like manner K,—8a"2z,—Sz"a,. 
The expression 
σ-- { H*S—3EFR-+ (EG+2F)Q—FGP}@, 
—ÍIEFS— (EG--2F*) R--3FGQ—G*P 19, 
= Í|jE(ES—2FR4-GQ)—F(ER— —2FQ--GP)19, 
—iF(ES—2FR--GQ) —G(ER —2FQ--GP)19, 
= «ΔΙ (Eh—Fh)pa— (Fho—Gh)$. See (21) ᾿ 
= — ΔΡ hse ($323 —4,2,) — —h, SX (yv, —,2) | 
=— A'r | h,Saya’—h,Sa a’) (Form III) | 


ig seen in the last two forms to be invariant. 
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From this we easily derive the absolute invariant form, 
= =p% G’) 
Also we have © 
c'—(ER—2FQ—GP)q,—(ES—2FR--GQ)9, 
—A'(h$,—h,Q, See (21) (Form III) 
δν’ BE G) 


tà 


which is seen to be invariant. It ΜῊ also be written 
= Bh’, | | (42) 


as an absolute invariant. 
The Jacobian of the cubic K and the quadratic 0 may be written: 














ος} 822, Θα a, » „da " x 
pd Sa"'z,—Saz"a, Sa"'v,—Sx'"a, =Ar [sa dn np dn 
2 (Forms I and ΤΠ) 
- ο S98 iof 2) 6-1) 
dn Np ρ © P 


See (57) and (64) 


ΜΠ w 


From this we have the absolute invariant form, ] 
zu ss ) Z ' / 
=g $ (= ).aweg. (x) 
As a special case of the quadratic 
= —Se'a' — Eu*-L29Fww + Gv" 
and the cubic K —Pu*--3Qu^v' -3 Raw v" -- Sy? — Sa"! —Sz'"a', 
we may write dc $18 x e : ) H2wg. 


The Jacobian of P and y may be written 


Li 





| — Sa, x’ Sa, x’ 
S μηρ--- ΝΣ ᾽ j 
es (Sa'z,—S2z'"a),— (Sam, Nd 
Sa αι Sa' x Sa,z' SGa,c : 
— 6r? a 613 1 | since Sa,z'— Sa'z 
| Sax, Sa"m, Sala, Sa''d, |’ a : 














= —6P | SY zum, Va'a'—SVa,a,Vz'z"|-—-—6Ar1Saa'a" —kSaz'a"| (Form I) 
=+6Ar [E =) +D k+ ---ᾱ--- E —wP— Dk} See (66) and (16) 


pd p8 
σος) 75 " 
In MIU ὑμῶν 00 
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The discriminant of the quadratic d may be given 


A’ (AC—B?’) = (9,4, + Saw,2,) (PAs - Saw) — (PA + Sawm) ($24. + Saws) 
=A, Saw, ($s25— 0,2) + A,Saw, (Qux, — dv.) +8 AW 2, SAW L, 
—Saw,2,Saw,t,= Saw (Aw, — Aw) +Saw, | BS Goss mS AW yl, | 
= Saw (A,w,—A,w,) + Saw, wata ToS GW — 15/8 AW, | 
= Saw (Ayw,—A,w,) —ASaw,w, (Forms II and IIl) 
=— rat arp SS +7 Qd'r'— Arp ~a Ti rD 
j^ (70) and (56) 


τ τ) —rABAA-E Arh’ (AB’+ A'B) —A*r' B 


— 2 pow) 
a "(S — da 
— LAS: GT τὸ) 380, Bo ο 

La 855) «ΔΡ (Gv —r) 


LAS. dr às) "m η OB 19, 
= Mis —A*6 =—A'rD z; ^8. (m) 
q ο 
. a (4c—B) - —g— gp 8 (m') 


The intermediate invariant of d and y is given by 
NA~—2MB+4+L0=—— σι Ed [Bast (Arp, + Saw,x,) — Sam (Aq, + Saw) | 
| = ων — Smt, (Arby + Sawa) |] 
=— A. [A80 9,24 Dun.) — Asa, (Durs — ui) 
+E dot N aw, — Sav, S aw, — S a. Saws, + Sa,z,S aw, ] 
E" X 1 (AS wa, — A Swa) +A} Sa,w,—Saw,} | | (Form III) 


"i +a) —arb(n—+)4 ^ dr 


| 


ὦ ρ p dn 
—2WA'*B’—A’rW See (68) and (72) 
=< A aB κ 2 ( -iJ- 20: 
— Dus A'GDIA ^ 2W AR. j a 
1 d d 1 
a (N4—2MB+10}= d E — 8D (i— =) 2W β΄. (π’) 


It is well to notice that the above gives the form 


οὐ | οὐ 
20 ` | 
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We have, 


EFG 
LMN 
ABC. 
Now we find | 
EM—FL =—([Sa,",Sa,0,—S2,%,S a,",] — ---γαιωνῬαιοι---ΔΑααιᾶν, 
LG —FM =— [S8a,0,8a,%,—S22,8a,%,)= SVEV a= Δβααιῶ, 
FM—EN ----[ϑαιαρϑαχοι--δααιθακαρ]-- SVaxVaa,=  ASaam, 
ΕΝ —MG =— [Sx,0,Sa.0,—Sa,019 Loly] = —SV2,2_V a,2,— —AS ade, . 
E F G | 
L M N |-8aa;|z (pA + Saw) ---ᾱε (PA t+ Saws) | 
ABC — Saa; αι (QA + aW T) — L (p A + Saw) | 
= A,Saa,w—A,Saagw + Sad, | wsS adds -]- 95 aw, — 2S aW | 
|. — Kady | WI asm, + LS AWE 95 aw,2, | 
? = Saw (ιαι-- ναι) +A(Saa,w,—Saa,w,) (Form ΠΤ) 








—C(EM—FL) 4-B(LG—EM) +B(FM-—EN) + A(FN—MQ). 





haw a= Δ.Δ (rD+ =) 
an ρ | an 
D gary AE pan See (69) and (71) 
=ar (paraw (8 “Δ. 77) ΑΕ 208 E 
— — AB + AW x = + ABWD+ —— ae 
eser em] 
=A G hl8'--W js TED . (o) 
EFG j 1 
x LMN{= ας +8D)- (9): 
ABC f n : 


Many othe? examples could be given, but enough has been shown to 
illustrate the use of vector methods in discussing certain forms found in 
differential geometry. The reader will see how much more direct and simple 
these expressions and reductions are in vector forms than in the use of the 
more tedious expressions in Cartesian coordinates. 
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On Certain Saltus Equations." 


By Henry BLUMBERG. 


. Introduction. 


Instead of attempting to introduce into our discussion the utmost 
generality, we shall, for the sake of greater simplicity, confine ourselves to 
the consideration of a real, one-valued function f (Œ~), defined in the linear con- 
tinuum, bounded at every point—and hence, according to the Borel theorem on 
sets of intervals, in every interval—and unrestricted as to continuity. From 
f(a) we derive three new functions: u(f, x), the upper-bound (—maximum) 
function; ἰ(}, ο), the lower-bound (=minimum) function; and s(f, z) =u/(f, 2) 
—l(f, 3), the saltus (oscillation) function of f.t Just as the notion of 
derivative at once suggests that of differential equation, so the notion of saltus 
leads to that of “saltus equation.” It is the principal object of the present 
paper to give what may be regarded as complete solutions of such saltus equa- 
tions in several simple cases. Hor the sake of greater brevity, we write as 
follows the successive saltus functions derived from f(s): 

s(f, £) — s, (2), $(s;, c) =8; (x), S(sj^, z) ERST (2), .... 

Because of a theorem due to Sierpinski, { which asserts that sj" (0) —s, (7) no 
matter what function f(x) we start with, there is no need of considering saltus 
equations beyond the “second order," t. e. equations involving a saltus with. 
an index greater than 2. The saltus -equations s;(z)-— (9) (9) and 
s; (x)= g(v)s,(z), where g(a). is an arbitrarily given -continuous function 
and f(z) 18 sought, are among those above referred to as “completely solved” 
in this paper. | 

The first section deals with several properties of functions of interest in 
themselves and useful later. Section 2 deals with the equation s;(z)— g(«) f(x); 
Section 3, with the equation s; (2) -- σ(2)5/(9);: and the appendix indicates 
several lines of generalization. 

* Read before the American Mathematical Society, December 26, 1913. 

1 For the definitions of these functions see the author's paper, “On Certain General Properties of 
Functions,” Annals of Mathematics, Vol. XVIII (1917), p. 147, and Hobson, “ The Theory of Functions of 


& Real Variable" (1907), Art. 180. 
t Bulletin de l'Académie des Sotences de Cracovie (1910), pp. 633-634. 
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Section 1. Preliminary Theorems and Several Simple Saltus Equations. 

TuEorEM I. If two given functions are upper-semi-continuous (lower- 
semi-continuous) at a given point E, the saltus of their sum at E is greater than ` 
or equal to the saltus of each of the given functions at £. | 

For let f(x) and f(x) be upper-semi-continuous at £. This condition is 
equivalent to the relations f,(£)=«(/1,&) and F,(£) — u(fs, E), where u(f,, 3) 
and u(f,, Ὁ) are the upper-bound functions of f, and fa, respectively. If 
s, (E) — h, a sequence [£,| of real numbers exists such that on ἕ --ξ and 


an RO) —w(f,£) —h-—R (E) —h. Moreover, since f,(£) is IDEO: 


tinuous, we have oa falën) S f(E). Hence 
“iim [f1(E,) FAC) ISA(E) CE) — h, 


which shows that the function f(v)=f,(v~)+f,(v) has a saltus >h at E. In 
the same way, we prove the theorem for f,(z), and for two lower-semi-con- 
tinuous functions. 

Since the saltus function s,(z)- u(f,c)-—i(f,v) is actually the sum of 
two.upper-semi-continuous functions, u(f, 2) and —l(f, ο), we have, as an 
application of Theorem 1, 

Tuzongw II. The second saltus function is at every point greater than 
or equal to the saltus of both the upper-bound function and ihe lower-bound 
function. 

If in Theorem I it happens that the saltus of the sum is zero at £, then it 
follows that the saltus of both f, and f, is zero at ἕξ. That is, we have 


TuzongM IIT. J f the sum of two given upper-semi-continuous functions 
is continuous at a point E, then each of the given functions is continuous as E." 

Either from Theorem II or Theorem III, we obtain by specialization 

TurzongM IV. If s(x) is continuous at a given point bs both u(f, ο) and 
l(f, x) are continuous αἱ E.t 

By means of Theorem IV we can obtain the complete solution of the saltus 
equation s" (z) -- 0 


For from this equation it follows that s;(z) is continuous, and hence, according 
to Theorem IV, both u(f, x) and ἰ(ἠ, Œ) are continuous functions. Conversely, 
* The theorem is false for the produot of two upper-semi-continuous functions. 


T Although this theorem is near at hand and of sufficient interest to deserve mention among the 
general properties of functions, it does not seem to have been previously noted.. 
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tol; (2) ἕ is not in such an interval. If (1) holds, we have S,(z) =f (v) for 
a<x<(, and the assertions in question follow from Theorem VIII. If (2) 
holds, there are points where g(x) 3:0, 1 in every neighborhood of £; hence, 
according to (a), every neighborhood of ἕ contains zeros of f(z). Conse- 
quently, sinee in virtue of our saltus equation a neighborhood of ἕ exists in 
which f(z)20, we have (f, E) —0, whence s,(£)=u(f, £). Therefore u(f, £) 
-—f(E), which is equivalent with the upper-semi-continuity of f at £. 

(ο) If σ(ῳ) —0, f(a) is continuous at E. 

(a), (b) and (e) give us necessary relations between the character of the 
given function g(x) and a solution of our saltus equation. Furthermore,. 
however, these relations completely characterize the solutions. For suppose 
 f(a) satisfies these relations. In the first place, let £ be such that g(£) 30, 1. 
Then £ is contained in an interval throughout which σ(0)ΞΕ0, 1. According 
to (a), f(z) —0 throughout this interval, so that s;(&)=0, s;(£)—g(E)/ (E). 
In the second place, let g(£) —1. Then, as an easy consequence of (a) and (b), 
we have ](}, ἔ)--θ. This relation, taken in conjunction with the upper-semi- 
continuity of f, shows that s;(£)—f(E)-g(E)f(E). In the third place, let 
g (£) —0. Then f is continuous according to (ο), and hence s; (E) =0 =g (£)/ (E). 
The saltus equation is thus satisfied at every point, and we have . 


'l'uzoggM IX. If g(x) is a given continuous function, then the set of 
solutions of the saltus equation s;(x)=g(x)f(x%) ts identical with the set of 
functions f such that (a) f(x) =0 where g(z) 3:£0,1; (b) f(a) is upper-semi- 
continuous where g (c) —1 and x does mot lie in the interior of an interval 
throughout which (0) —1; (ο) f(s} is upper-semi-continuous and possesses 
an everywhere dense set of zeros in the interior of every interval throughout 
‘which g (2) —1; and (d) f(x) ts continuous where g(x) —0. 

The following implications of Theorem IX deserve mention. 


ΤΉΠΟΞΕΜ X. The only solution of the saltus equation s,(x) —g(v)f(x), 
where g(x) is a given continuous function of x taking nowhere the values 0,1, 
is f(x)=0. | 

Turongw Xl. The only solution of the saltus equation s(x) —g (x) (a), 
where g(x) ts a given continuous function taking at no point the value 1, and 
throughout no interval the value 0, is (2) 0. 

. Tuzonzw XU. A necessary and sufficient condition that f(a) be a solu- - 
_ tion of the saltus equation s;(~7)=g(x)f(@), where g(x) is a continuous 
function taking nowhere the value 1, is that f(x) be continuous, and = 0 where 
g(x) #F 0. s | 
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= 


TursongM XII. If no interval eatsts throughout which the continuous 
function g(x) is 0 or 1, then all the solutions of the saltus equation 5)(ᾳ) 
=g (Œ) f(x) may be obtained by making f(x) an arbitrary non-negative, upper- 
semi-continuous function in the set of points where ϱ(2) —1 and ging it the 
‘value 0 elsewhere." 


Section 3. The Saltus Equation s; (2) --ο(2) 512), where g(x) isa 

| Continuous Function. | | 

. (a) If g(E)*EO, 1, then f(x) is. continuous at £. For an interval (a, 8) 
with £ as interior point exists, such that ϱ(2)ΞΕ0, 1 for a Ee S g. Since s/ (2) 
is 0 in an everywhere dense set, it follows from our saltus equation that 
$,(2)-0 is an everywhere dense subset of (a, 8). We now see that s;(z) pos- 
sesses in (a, 8) the properties sufficient, according to Theorem VIII, to make 
it a solution of the saltus equation sp (£) =F (æ). Hence s(s;j, ὦ) =s; (æ); 1. e., 
s; (w)=s;(@) in (α,β). In particular, s; (£) —s;,(£), from which we would 
conclude, contrary to our assumption, that g(£) —1, unless s;(£) —0. Accord- 
ingly f (s) is continuous at £. 

(b) If g (E) =0 and É is jo! an interior point of an interval where g(x) is 

constantly 0, then f(x) is continuous at &. For since s; (E) —0, it follows that 
s(x) is continuous at ἕξ. :As every neighborhood of E contains points where 


g (z) ΞΕ 0, 1, we conclude from (a) that every neighborhood of £ contains points . 


where s5,(z) —0. Hence s;(£) —0, and f (x) is continuous at £. 

. (c) If g(x) =0 throughout the interior of an interval (a, B), then f(a) is ` 
continuously bounded for a x» «(8 (Theorem V). 

(d) If g(&)=1, then f (x) is pointwise discontinuous at & (Theorem VI). 

Just as in the preceding section, the necessary conditions (a), (b), (ο) 
and (d) upon a solution f(z) of our present saltus equation are sufficient to 
characterize it completely. For suppose f(x) satisfies these conditions. In -/ 
the first place, let g (E) + 0,1; then f(x) is continuous at £ and hence s;,(£) —0. 
Since 5/(2) is upper-semi-continuous and non-negative, we have 6) (E) si (E). 
Therefore s; (£) --0 and the equation ο’ (x) —9g(z)s,(w) is satisfied for α--ξ. 
In the second place, let g (E) —0 and let furthermore £ be such that it is not an 


interior point of an interval where g(x) is constantly 0; then f(x) is con- i 


tinuous at ἕξ. Hence s;(£) —0, and therefore sj’ (£) —0, and 8; (£y =9 (&) 8, (E). 
That (c) and (d) are sufficient conditions follows from Theorems V and VI, | 
respectively. We thus have 


* The notion here employed of an upper-semi-continuous funetion deflned in an arbitrary linear 
point-aet requires no further explanation. l 
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Tueorem XIV. The set of solutions of the saltus equation s; (4) 
= 9(u%)s;(x), where g(x) 1s a given continuous function, is identical with the 
set of functions that are pointwise discontinuous αἱ every point where g(x) —1, 
continuously bounded in the interior of every interval where g(x) is constantly 
0 and elsewhere continuous.* 


A number of consequences of Theorem XIV deserve special mention: 


Turorem XV. If the continuous function g(x) is 1 nowhere and 0 
throughout no wmterval, then the saltus equation sj (x) —g(z)s,(v) has only 
the trivial solution f(x) =continuous function. 


Ίππο XVI. If the continuous function g(x) is nowhere —1, the set 
of solutions of the saltus equation s; (zx) =g(ax) s(x) is identical with the set 
of continuously bounded functions that are continuous where g(x) -E 0. 


TuzongM XVIIL If there is no interval throughout which the continuous 
function g(x) is 0 or 1, then all the solutions of the saltus equations s; (£) 
—g(z)s,(x) are obtained by assigning arbitrary values to f(x) at the points 
where g(x) —1 and making f(x) continuous elsewhere. | 


Appendix, 


A. The coefficients in the saltus equations considered im this paper have 
so far been exclusively continuous functions. Without attempting a compre- 
hensive treatment for the case of discontinuous coefficients, we shall now give 
a theorem relating to the saltus equation α'(ω)--σ(α)6γ(ο) for a discon-. 
tinuous 6. 


TuzongM XVIII. If the zeros of g(x) form (at most) a non-residual 
sett uw every interval, then the set of solutions of the saltus equation 
s; (£) =g (x) s; (x) is identical with the set of pointwise discontinuous functions 
that are continuous where g (x) ΠΕ 1. 


For since 5/(2) is upper-semi-continuous, it is continuous in a residual 
set,f hence sy (2) --0 in a residual set. Therefore, according to the equation 
s; (z)-—g(z)s,(z), the product g(x)s;(x) is equal to zero in a residual set. 
By hypothesis, the zeros of g(x) constitute a non-residual set in every interval; 


* À part of the content of Theorem XIV may be derived as follows: Taking the saltus of each side 

40f the equation s",(m)L-g(s)s';(z), we obtain the equation s'",(m)—-g(c)as",(v). But according to 

Sierpinski’s theorem, s',(m)zss",(m). Therefore either s”,(@)=-0 or σ(αω)--1. In similar fashion, we 
may deal with the saltus equation of Section 2. : 

f According to Denjoy, an “evhaustible” set (— set of first category) is the sum of a denumerable 
set of non-dense sets; and a “residual” set, the complementary set of an exhaustible set. See Journal 
de Mathématiques, Sér. 7, Vol. I (1915), pp. 122-125. 

} See, for example, Hobson, “ The Theory of Fanctions of a , Real Variable? (1907), p. 240. 
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EA the zeros of ία). constitute a non-exhaustible T in every | 


interval. The zeros of s;(x) are therefore everywhere dense. Since addi- 
tionally s;(#) is upper-semi-eontinuous, we conclude from Theorem VIII that 
5’ (2) =8(s;, x) Ξ- (2), which shows according to Theorem VII that f must be 
pointwise discontinuous. Furthermore, we now have two possibilities: (1) 
Hither 5/(2) —0, and ^ f is continuous ai c Or (2) 5 (2). 0, and then 
g (x) =s; (%)/s;(%) = 

We have thus Pint that f must necessarily be pointwise πο πας 


and continuous where ϱ(2)9Ε1. But.these conditions are also sufficient. For- 
from the pointwise discontinuity of f, it follows that ον (ο) —s,(z), and hence - 
our saltus equation is satisfied where σ(2) —1; and from the continuity of f at κ 


other points, it follows that the saltus equation is also satisfied elsewhere. 
One of the consequences of Theorem XVIII is | 


Tunorem XIX. The only solutions of the saltus equation si'(x)=g(x)s(x), - 


where g(x) is a gwen function taking the value 1 nowhere and the value 0 in 
‘a non-residual set in- every interval, are continuous functions. i 


- B. Although we have assumed throughout the paper that f(a) i8 single- 
valued and bounded at every point, it may be readily seen that the dropping 
of the former assumption would necessitate hardly any change in our presen- 
tation, while the dropping of the latter would require only slight modification 
of the results and proofs. The extension of the treatment to functions of 
more than one variable is not difficult, but we shall not enter upon it here. 
We shall also not deal with the corresponding saltus equations that arise when 


the f-saltus, the e-saltus, the e-saltus, etc.,* are employed instead of the | 


ordinary saltus. | , 
' ©. Inconelusion we call attention to the simple saltus equation s; (a) 
_==g(#), where g(x) is an arbitrary discontinuous function. We have not 
succeeded in obtaining a satisfactory characterization of its solutions. 


κ Annals of Mathematics, loo. cit., pp. 148 and 148. 
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Investigations on the Plane Quartic. 


By Turesa COHEN. 


$1. Introduction. 
The plane quartic (axv)* is taken in the form 


απο - 4,2544 + 44953 + Chagas |- 12 Lao s + 6g 9s +t 4 by 

T 12mayoio, + 129naxv, a + Aon T bas p 4 bui + 6 dubius er. 
It wil be convenient first to mention briefly certain well.known forms con- 
nected with it that will be made use of in this article. 

Of these several arise from the polar forms, (ax)*(ay), (ax): (ay)? 
(ax) (ay)*. Since of each of these there is an οοὗ, the placing of one, two, or 
three conditions on the curves they represent results, respectively, in a locus 
for the pole, in a set of points, and in an invariant condition to be οι by 
the quartic. 

Upon the polar line the only condition that can be imposed is its identical 
vanishing. This, as is. well known, means that the quartic has a double point 
and requires the vanishing of the discriminant, an 4. 

The polar conic may be made to break up into two lines. The locus of 
poles of such degenerate conics is the Hessian. H, an A4?2?. To make these two 
lines coincide requires two additional conditions and gives for the quartic an 
invariant, shown by Dr. Thomsen f to bean 4*. 

From the polar cubic more can be obtained. The locus of poles of polar 
cubics having a double point is the Steinerian Σ, an 41525, The cubic has also 
the invariants S and T, of degrees 4 and 6, respectively, which give rise to the ` 
covariants of the quartic S=A‘a* and Te4*5^. From the relation connecting 
the discriminant of the cubic with these two invariants we have 

Σ--646᾽--1 
a very useful form for calculating coefficients of the Steinerian whenever that 
may be necessary. Το require that the polar cubic have a cusp is two condi- 
tions, giving rise to a set of twenty-four points with cuspidal polar cubics. 
The number of these points is determined by the fact that they are common 


* The notation Atajé* is used to represent a κα fori of degree { in the coefficients of the 
quartic, { in e, and k in £. 
T AMERICAN JOURNAL OF MATHEMATIOS, Vol. XXXVIII (1910), p. 249. 
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points of S and 7; therefore they are cusps of the Steinerian. There are also 
twenty-one points whose polar cubics have two double points and therefore 
break up into a line and a conic; these are the double points of the Steinerian. 
The line parts of these cubics will hereafter be referred to simply as “the. 
twenty-one lines.” | Hach of these lines meets the quartic so that the four 
tangents at the intersections are all on a point, which point is the corresponding 
point; i.e., the pole of the cubic of which the line forms a part. If one of these 
lines be taken as 2, —0 and the corresponding point as (1, 0, 0) then in (ax)* 
b, —m—n-ce-0. | à 
The: quartic also has certain contravariants obtained by imposing a con- 
dition on the four points in which a line cuts it. The locus of lines cutting 
the quartic in a self-apolar set is s= (5ὔ)/Ξ:4 3". The locus of lines cutting 
in harmonic pairs is t= (1E) 5x APE?, ; 


§2. The Undulation. 

If a line cuts the quartic in four consecutive points, the quartic is said to 
have an undulation. The invariant vanishing in this case is given by Salmon 
as an A”. The undulation tangent is evidently a line of both s and t, and it is 
that special.case of the twenty-one lines occurring when one of the lines is on 
- 115 corresponding point. This corresponding point is the undulation itself, 
which is therefore a double point of X. Suppose | the undulation to be at 
(0, 1, 0) with the tangent.zy. Then 

ολ ep. 
The undulation is also a point of the Hessian, for its polar conic is 

. haot 2bymyr, + 2ma2, = Hy (hay t 2δφαι -+ 2m24) , 
. & pair of lines: Let the double point of this conic be taken as (0,0, 1), ο 
therefore becomes the corresponding point on the Steinerian. ‘Then 
m-0. -— 
The polar cubic of (0, 1, 0) is 
ο ΙΟ. 
This is made up of z, and a conic; its two double points are (0, Vm, V—bp) 
and (0, Vn, — V —b,); they are the two points of the Hessian corrésponding 
to the double: point of the Steinerian and. are harmonie to the undulation point 
and to the Steinerian point corresponding to the undulation considered as a 
Hessian point. ‘The terms in H not containing a are ΤῊΝ 
gigi — cb? o--232$ * —9cb,n-Lat - —en = — oai (by at -- nai)?. 

Therefore % is a triple tangent to the Hessian. 
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$3. The Discriminant of the Hessian. 


The Hessian and Steinerian, as is well known, are not independent curves, 
but are brought into one-to-one correspondence by the relation 


(az) (ay)*a,—0, 1-0, 12 
where 2 is a point of the Steinerian and y a point of the Hessian. This says 
that the polar cubic of z has a double point y and the polar conic of y a double 


point z. The joins of all such pairs ὦ and y give rise to the Cayleyan, an 
435. Since v and y ean not come together unless 


(av)°a,=0, 4-0, 1, 2, 


which is the condition that the quartic have a double point, there is a very 
convenient reference scheme for handling these three curves in any other case. 
Let (0, 1,0) be a point of the Hessian, (0,0, 1) the corresponding point on 
the Steinerian, so that vc, is a line of the Cayleyan. Then 


aja,a,==0, ^ 1—0,1,2, 
or | m=b =f=0, 


` Now let us see under what conditions the Hessian acquires a double point. 
It is known to have one when the quartic does. ΤῸ discover other cases let us 
use the above reference scheme. Then 


Πίο. 2n(bh—bj) + aha, - 264 (bh —53) + lower terms in αι. 
Therefore (0,1,0) is a double point if 
| δ1---0.--θ. 


But this says that the polar conie of (0,1, 0), which is haj+2b,2,07,+b2%, shall 
be a line counted twice, and this means the vanishing of an 45, Since this 
line is already on (0, 0, 1), let it be taken as αι, so that 


behel. 
Then the polar cubic of any point (k,0, 1) on αι, namely 


(ak + a5) 2+3 (aik +1) aris +3 (ask +g) ritt 6 (Uhm) ns 
+3 (gk + ου) auis +3 (nk +01) mw -+ (Cok +) a9 , 
has a double point at (0, 1,0); therefore the Steinerian must contain the 


line z,. Two of these polar cubics have cusps, the poles of which may be 
made (1,0,0) and (0,0,1) by requiring that 


l=n=0; 
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The cuspidal tangent of each cubic is on the pole of the other, and the pair of 
them make up the tangents to the Hessian at its double point. . Then 
| Se —aic "m bade) + ba,g*) +... pasa ( —bas66, 4- bog?) 
| e^ + higher powers in αι, 
and ` 
T= Batchatad Lass, - «4δαδοὸ--.. E νο + higher powers i in foe 
Therefore S touches αι and T has a, as a flex line. at (1, 0, ϐ) and 0, 0, 1). 
Also 
Xu, [ates 64batcló 4- . . {-αξαξ - 64baSaic? | 
cades Όσα εντος + 16B° aged} + higher powers ina, ` 
showing that a, divides out only once, but that (1,0 m and (0, 0, 1) are more - 
than ordinary singularities. 
` The Hessian also has a double point when 
eq. 
The symmetry shows that (0, 0, 1) is also a double sitit: as can be verified 
from the coefficients. Then (0, 1, 0) as a Hessian point has (0, 0, 1) as the 
. corresponding Steinerian point, and vice versa. The polar conics of (0, 1, 0). 
and (0, 0, 1) are, respectively, | dio 


hægt bore, + bay, and μυ 


If the harmonic conjugate of 2ο as to the first pair of lines is Hen AS T and 


that as to the second as Da, then l 
5,— 0,70. 


This hows that $, 18 one of the twenty-one lines, To find the degree of the . 
invariant vanishing in this case is one of the objects of this investigation. 
With the above reference scheme 2 i 
0 Sz —begl- a3} 22 (cg h* — chl*) + aar, - νο. begh— bol) 
xe 7. + lower powers in δ, 
(0 Tega 9} ο) }-αἱ | αἳ . ---8 ο) P + 9αραι (--- 3ο) αι] + 60 οὐ αι] 
| | -- a3 (b*c*a3 -- 4b*cg* 4- 19b c! h1*)| + lower powers in αχ. 
Therefore these two curves touch at (0, 0, 1) along the line αι, and similarly 
at (0, 1, 0) along the line z. Then l 
Laie, - : 4b?c 184. aig, - —12bc*h3l + aya? - 8beF ( —8Sbe*a,hl 4- 6bc* alt) 
B Tu Abot (b c'aj—12b'cgf + 12bc AP) -+ lower powers in 4s. 


Therefore X has 8 singularity at (0, 0, 1), and, symmetrically, at (0, 1, " 
which is something more than merely a cusp. H may be a tac-nodè.. 


- 
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These three cases make up the totality of ways in which the Hessian may 
acquire a double point. Therefore its discriminant, an A™, must be made up 
simply of the three invariants attached to them. 


$4. The Discriminant of (sE)*. | 
The eontravariant (s£)' is on the line 2, if 
b,—f—c—0. 
The point of contact is given by | 


3em, + (—b0, 4-590) ἕε--0. 


Since (0, 0, 1) is taken as any one of the points in which x cuts the quartic, 
this point of contact will be on (az)* if m=0 (if οι--0, the quartic would have 
an undulation). But this says that (0,0,1) is a point of the Steinerian. 
Therefore the forty-eight intersections of (az)* and (s£)5, which considered as 
a point curve is of order twelve, are the same as those of (as) and X. This 
can be substantiated by finding the point equation of (s£)*. The line equation 
of (ax)*is s*—27¢7, But s formed for (s£)' is —128+A*(ax)‘*, where A? is 
the invariant 4 given by Salmon, and ¢ formed for (s£)* is 

. T + (ax)*+ (ta)? (£a)? (a's) (ax). 

Therefore the line equation of (s£)* is . 


[—12S9 + 4° (az) 1? —97 [T + (αφ)! - (ta)! (£a)? (a's) (α” 2) 17 
= — 273+ (ac)! - AUs*. 
ας will become a double liie of s only if 
boss 0o sm eU, 
all other conditions than this placing more than one restriction on the quartic. 
The points in which z, meets the quartic are (0,0, 1), (0, k, 1), (0, ok, 1), 


(0, ok, 1), where pu tà and o!--o--1—0. The tangents to the quartic at 


these four points are, respectively, 
i C124 =0, 
3nkz,—302,4-3ce 2, --0, 
l 3nakx,—8C%,+3c,aka, =0, 
Bno kro —30,2, 4- Bc! kx, —0, 
and they evidently have the common point (οι, 0,--α). . Let »—0, so that 
this common point becomes (1, 0, 0). Since among the coefficients equated to 
zero are b,, m, f, then (0, 1, 0) 1s a point of the Hessian with (0, 0,1) as its 
corresponding Steinerian point. Since the tangent to the Steinerian at any 


^ 
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. point is the polar line as to the quartic of the corresponding Hessian point, gi 
the tangent to the Steinerian at (0, 0, 1) is αι, which is the tangent to (ασ). 
, at the same point. Then since no distinction was made among the four ` 


points in which 2 cuts the quartic by assigning the particular coördinates 


(0, 0, 1) to one of them, when one of the twenty-one lines is a line of (së) 


the quartic and Steinerian touch four-times on this line, the four tangents 


going through the corresponding point. Also since the tangent to the Hessian - 
at (0, 1, 0) is zz, the tangents at the four Hessian points corresponding to 


these Steinerian points are also on that corresponding pou: 
t, Will also be a line of (s£)* if 


b=b,=f=0; 


E €., if 2 18 8 — line of the quartic. But this ΠΗ to nothing new. | 


Therefore (s&)* has a double line only when one of the twenty-one lines is on 
(s£)*, and-its αν ΛΑ an A", expresses this condition. | 


. $5. The Discriminant of. mere Um Ud . 
The contravariant (t&)° is on the line ας if | 
-b=b,=f=0. 
(18) *= 2ESE, - 9b.ci + a powers in fis 


X, becomes a double line either if ὄρ--0, which says that the quartic has a 


| Then 


double point at (0, 1,0) with a 88 a tangent there, or if ¢,=0, which says | 
. "that the quartic has an undulation. | 


QE i is also on 2, der 
b,—c, = re 0. 
Ἐπ 
| GE - 286, bon DEE — bem-+ lower powers in a E. 


For x, to be a double line requires either that b=0 or c= 0, which renouia i 


the undulation condition, or that m=n=0, which is the condition on the 
quartic under which the Hessian had two double. points and for which the 
invariant of unknown degree ον, Then one of the eu Que lines is a 
Ime of (1£)*. | 

.(1£)? also has 2 as a line when b=f=c= 0, but this leads to nothing 1 new. 


Therefore the discriminant of (ἐξ), an A™, must be made up of the discrimi- 
nant of the quartie, an Α΄ the undulation condition, a an A”, and the unknown | 
' Invariant. 


errs a Ph ἃ 
TIMOR 
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§6. The Twenty-One Lines. 


The twenty-one lines * are given by an A'2?', where 1 is as yet unknown. 
That it can be determined is due to the fact that these lines are part of the 
common lines of two curves, all of whose common lines are known. ‘These 
curves are the Cayleyan, an A"£?, and an Ας which is the locus of lines 
cutting the quartic so that three of the tangents at the intersections are on a 
point.t The common lines of these curves are are:t (1) the twenty-one lines 
counted sixteen times, since they are quadruple lines of both curves; (2) the 
twenty-four stationary lines, given by an A*™a”, counted twice because they are 
double lines of APE”; (8) the forty-eight lines of (s£)* at its intersections 
with the quartic. Since the polar points of these lines are on (ax)‘*, they are 
lines of the curve (sE)?(sa) (s'E)*(s'a) (s"E)*(s"a) (sE) (sa), an A'*£", and 
are obtained by the elimination of E from AE”, (sE)!z 435, and (Ex) as an 
A975. The eliminant of APES, 4154 and (£z) is an "927, which must be 
made up of the common lines together with such invariants as express the fact 
that they become indeterminate. The only such invariant is the discriminant 
of the quartic, for if the quartic has a double point it divides out at least once 
from each of these curves. 

VLL (41231) 19 ἢ (43242 . 46048. (4711, 

ες ο δ-- 161-108 -- 211, 1614-275 —450. 
This equation shows that i must be a multiple of 9, and it can be satisfied only 
by 1—18. Therefore the twenty-one lines are given by an 4a", 


” 


$7. The Invariant of Unknown Degree. 


The degree of the form giving the twenty-one lines being known, we can 
force one of them to lie on either (së)! or (££)*. The condition so obtained 
will contain the undulation condition, however, for the tangent at an undulation 
is a special case of one of the twenty-one lines, and is a line of both s and 4. 
Suppose the 470" factored into its component lines, the coordinates of each of 


 * A curve on these lines is 


AE = 2 (st)? (8a) (8/8) (s'a) (5"0)* (s"a) (87E)? (8 a) — 3 (58) "(9/8)" (s'a) (87E) (s"a) (s"D* (s"a)* 
H4 (9*G'0* E ea) 

+ AMERICAN JOURRAL OF MATHEMATICS, Vol. XXXIX (1917), p. 227. 

ILet b,— m-—]—0, so that ας is a line of the Cayleyan. Let n==0, so that œ, is the tangent to 
the Hessian at (0, 1, 0). The tangent to the Steinerian can not be chosen as the other reference line 
because the stationary lines are known to be among the common lines of the two curves and the Steinerian 
is tangent to them. Instead, let (1, 0, 0) be determined by the intersection of a, with the polar line of 
(0,0, 1). Then οὐ-- 0. The coefficient of £,** in A" t?! becomes — 4° b?ob,'c,. If b — 0, œ, is a stationary 
line of the quartic. If o0— 0, the quartic and Z meet at (0, 0, 1) and ay is a line of (st)*. If 5,—0, ἄς is 
one of the twenty-one lines. If οι--θ, an invariant condition is imposed on the quartic. 

95 ` ; 


— 
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these substituted in (s&)*, the twenty-one resulting terms multiplied together, 
and the coefficients of the Ax" substituted for symmetric functions of these 
codrdinates. The result is an 


418: 49. 231—446 — A”. 459 


This leads to nothing new. But the same process applied to (££)? gives the 


degree of the required invariant. For we obtain 479:949::3— 47" from which 
the undulation condition must divide out at least once. Therefore the invariant 


in question may be either of degree 111 or 51. The first of these will not fit 


into the discriminant of the Hessian, but the second would give 
ABS — Απ. (A9)? : (4503. 


- while for the discriminant of (1ξ}} we should have 


A” (An (45)”. A9. 


Therefore we have an invariant of degree 51, the vanishing of which expresses 


/ 


the fact that the Hessian has two double points, that (t£)? has a double line, 
and that one of the twenty-one lines is a line of (i£)*. It also has another 
meaning, 88 will appear later. 


$8. Certain other Invartants. 


The degree of the form giving the twenty-one lines being known, that for 
the twenty-one corresponding points can be calculated from the fact that each 
point is the polar point of the corresponding line as to both (s£)* and (1£)9. ` 
Suppose, as before, the Az” factored into its component lines, the coordinates 
substituted for η in (sé) (sy)8, and the symmetric functions of these coórdinates 
in the product of the resulting terms replaced by the coefficients of 413}! The 
result gives the twenty-one points together with such invariants as express 
that the polar point becomes indeterminate (4. e., that one of the lines be a 
double line of s). Then | 

A: | 8--2- "E ---- — A”. APE, 


emery from (të)? we obtain - E 


415" 53: mp I. 490. 45. qp m uo 
: : 


Therefore the twenty-one points are given by an 45.3 Suppose one of th... 
to-be on (ax)‘, and therefore on its own polar cubic. Then, as before, con- 
sidering AC” broken up into its component points, the coordinates substituted 


* This oe fits in with the form 439905 for the line equation of £. For the cusps are obtained 
from the eliminant of B, T, and (£v) as an Ase. Then from the Plücker formula 
Ai? POE 1 --- T4 41H — (41031). (Αρ AMES. 
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in (az), and their symmetric functions replaced in the product of the result- 
ing terms, we obtain an 4:53? — 479 Out of this the condition for an 
undulation, when the point is on the line part of its polar cubie, must divide 
out at least once. If it is no more than once, we have left an A™ to express 
that the point is on the conic part of its polar cubic. To substantiate this 
degree we must find some case into which the undulation condition does not 
enter. We had before that the point is (1,0,0) and its corresponding line 
20 if by—m-—m-06,—0. To put the point on the quartic requires that a—0. 
The undulation case is excluded because our choice of codrdinates for the 
point and line implies that they are not incident. We can still choose (0, 1, 0) 
and (0,0, 1) ona. Let us take them as the double points of the polar cubic 
of (1, 0,0), so that g=h=0. Then in (s£)* the coefficients of £t, E, ERE,, EET 
vanish, showing that 7, and ὦ, are lines of s with contact (1, 0,0), so that 
(1, 0, 0) is a double point of (s&)*.* It is known that the double lines of 
(axv)* are given by an Αδαδ; therefore the double points of (s&)‘ are given by 
an A™E*, One of them can lie on (a#)* only in our present case or when 
(a2): has a double point, for them (s£)* has that same double point with the 
same tangents, Then by the method of considering the 4303 factored into 
its component parts we have as the condition that one of these points be 


4 
on (az)* an 4853-4138... 4188... 4139, 17 


This establishes the degree of the A™. 

The totality of polar cubics of the twenty-one points given by the APE” is 
given by an 4949. Suppose this factored into its components cubics (,z)?, 
and then each of these factored into its component line and conic (y;x) - (6,2)?. 
Then the condition that the line touch the conic is of second degree in both y, 
‘and ὃς, therefore of second degree in 8, Therefore the invariant expressing the 
condition that there be a polar cubic made up of a conic and a line touching it 
is an 4®'?°=A™. This result can be substantiated in other ways. If, as 
usual, we take the line as a and the corresponding point as (1, 0, 0) so that 


b,—m—mn-0,—0, 
then the conie will touch x at (0, 1, 0) if 
hei. 
Then S goes through (1, 0, 0) while T has a double point there, so that X has 


two cusps and a double point coming together and acquires a triple point, 
since. % is the highest power of zy appearing in its equation. Since two of the 


* An examination of the coefficients of (st)* shows that an undulation is not a double point of it. 


- «4 


x - 
d $ 
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intersections of S and T have come together, the 4155 must be a factor of the 


tact-invariant of these two eurves. We have seen ($3) that in case of the 


vanishing of either the 4? or the A* that S and T touch at two distinct 
points, and these three cases seem to be the only ones in which two intersec- 


tions of these curves come together. Their tact-invariant is found from the 


formula given by Salmon to be of vue 4.6 (6-+8—3) 6-4 (4+ 12— 3) =576. 
Then 


| | | - AS (45. (A™)?. (4399). i 


Also, inspection of their coefficients shows that both A and S touch 2 at 
(0, 1, 0). -Asg will be seen later, two intersections of S and H'^ean come 


together only when two of S and. T do. When the A™ vanishes H has two: 


double points on S; when the A“ vanishes, Æ has a double point which is also 
‘a double point of S. The tact-invariant d S and Hi is of degre’) :6(6 TUN 
M prae 3) --490. Ἢ 

G , A™ -üam. amy. . 4136 


The twenty-one polar cubics being given -by an A93, while the ‘twenty: 
one line parts are given by an 41831. the twenty-one conie parts are given by 
an Ag, Since the discriminant of a conic is of third degree in its coefficients, 


=- the condition that one of these conics, break up isan 45, But then the polar 
cubic consists of three lines, any two of which may be considered as the conic 


part, so that this degree is probably divided by three. Therefore the condi- 


tion that there be a polar cubic made up of three lines is an Α΄, Then three ` 
of the double points of the Steinerian have come together, giving it à triple 


P4 


_ point.*- 
| ο, The Ες cof 8. 7, H. 
Under the reference scheme where 

πο. b,—f—m-0, 


- the iiio of the «best term in oe in both S and T isa power of (c,l-++n?). | 
Then both coefficients vanish if c,.—=n=0, but this, as we have seen, means the 


^ 


^ 


- ^ 


* Profesgor Morley has pointed out to me that the degrees of these last two invariants can be aubstan- 


tiated by the work of Caporali (Memorie di Geometria, p. 171) on a web of plane curves. Tf + curves of 
the web are of & particular kind, then the invariant expressing thet there be a curve of that kind in a 


net is of degree 4 in the coefficients of the three curves upon which the net is built up. From his results * 


the invariants expressing that in a net of cubics there be e cubic with three double points or a cubic with 


_two coincident double points are of degree-15 and 42, respectively, in the codrdinates of the three cubics. - 
But in the polar net each cubie is linear in the coefficients of the quartic: Therefore the invariants are | 


are e of £ degree 45 and 128 in the coefficients of the quartic... _ s 


- 
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vanishing of an ΑἸ, Therefore for the general quartic we obtain da 0,1) as 
one of the common points of S and T if we make 

l=n=—0. 
But then the coefficient of xi vanishes in S. Therefore to the twenty-four 
cusps of the Steinerian correspond those twenty-four points of the Hessian 
which make up its intersection with δ. 

It is known that the polar cubic of a point on S can be reduced to the sum 
of the cubes of three linear factors; its Hessian is the product of these factors 
and is one of those four triangles whose sides pass through all the flexes of 
the cubic. If the cubic. has a double point, there is only one such proper 
triangle, made up of the tangents at the double point and a line through the 
three remaining flexes (flex line); in case of a cusp even this degenerates to 
' the cusp tangent counted twice and the line joining the cusp to the sole 
remaining flex. Here the polar enbie of (0, 0, 1) is | 


Q1, -|- ὃ g 45s + 8 Ct +3 00,05 + C955 , 


and its Hessian is 
pO 
— CLs (awot 009). 


But a, is the tangent to H at (0, 1, 0) and a42, 4- σά» is the tangent to S at the 
same point. Therefore the polar cubic of a cusp of the Steinerian has as its 
cusp tangent and its flex line the tangents to H and S, respectively, at the 
corresponding point. The cubic can be thrown into the form 


1 
ai [60ο 3- g2) + 95 | ὃ σε (arco — g^ ) s 4- 3 aseo, -]- (ca?—9 ^) a} ] 


- which also shows up the tangent at the flex as the linear form in brackets. 
The polar cubic of (0, 1, 0) is 


ἀγα + 3 haze, + 3 boxmi + bar + οιαἣ : 
and its Hessian is 


C905 [45 (0,09 — W^) + yr, (ba, — boh) +275 (bh — bi) ] 


Then the tangent to H at (0, 1, 0) passes through three flexes of the cubic, the 
three flex tangents pass through the corresponding Steinerian point and the 
binary Hessian of these three tangents picks up the six remaining flexes. 

The coefficient of αὖ in H is —c?g. Since we cannot have c,—0 without 
bringing on the vanishing of the 45 and worse, let us make g—0. Then we 
have made S, T, H have a common point at (0,0, 1). The polar eubie of- 
(0, 0, 1) becomes 
αφου 1-8 (3 60s + 9042, + Cg). 
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If we let the intersection of stationary tangent and cusp tangent be (1, 0, 0), 
then 6220; 
But since we now have g=n=c, the Stemerian point eorresponding to 
(0,0, 1) as a Hessian point is (1, 0, 0), which also becomes & cusp on the 
, Steinerian. So to sum up, we have: (1) the cusp e; on the Steinerian corre- 


sponds to e, on the Hessian; (2) the cusp e, on the Steinerian corresponds to. 
e, on the Hessian; (3) the tangent to the Hessian at e, goes through e; and at - 
e, goes through e,; (4) the polar cubic of e, has the tangent to the Hessian at - 


e, as cusp tangent, the line %(=e,e,) as flex line, and a stationary tangent 
going through e,; (5) the polar cubic of e; has an analogous set of lines; (6) 
S is tangent to x at e, and to 2, at Ες. l | B 

The. real underlying significance of this state of affairs is not known; 
neither is the degree of the invariant representing it, but it can be guessed at. 
For the eliminant of S, T, H is απ 47, The only other condition under which 
these three curves have a common point is when the A™ vanishes, but then 
they have four commion points, for H has two double points on the other 
curves, Then presumably the 4" divides four times out of the eliminant, leav- 
ig an. 4, The essential difference between the two cases seems to be this: 
To every ST point (intersection of S and T ) there is attached an SH point with 
which it cannot coincide without more than one condition on the quartie. 


In order for S, H, T to have a common point an ST point must coincide with _ 


.an SH point. If then the corresponding SH and ST points also coincide, the 
A" vanishes. When there is no further coincidence, we have the other case." 


$10. The Eliminant of the Polar Cubic, Conic, and Line. 


l Suppose we ask that the polar cubic, conic, and line of (0, 1, 0), which is 
not on the quartic, have a common point (0, 0, 1). Then 


bue asc ED. 


The symmetry of this condition shows that the relation between (0, 1, 0) and 


(0,0, 1) is a mutual one. Also 2 is a line of (t&)° Therefore we might | 
.. define (4£)* as the locus of the joins of pairs of points so related that the ` 


polar eurves of each. pass through the other, the pair of points being the 
‘common harmonie pair of the two harmonic pairs of pous in -which their 
join cuts the quartic. | | 

In general the eliminant of the polar curves of x, which are an Αα, an 
Axy’, and an Ay’, is an ΑΠαθ, Ont of this (az)* divides twice, leaving an 


5 
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Αα", Before asking the meaning of this latter curve, let us examine the 
eliminant of a cubic Ay’, its polar conic Avy’, and its polar line Aa*y. It is 
an A™g'5, from which the cubic divides out twice. The remainder, an Αδαδ, 
gives the nine stationary lines. Therefore the A*z'? is for the quartic the 
locus of points lying on the stationary lines of their polar cubies, also the 
locus of flexes of polar cubics the tangent at which lies on the pole. 

Salmon gives as the equation of the nine stationary lines of the cubic. 


oSU*H —H* —Uo, 


where 5 18 the invariant of degree 4, U is the cubic itself, H is its Hessian 
and 0 is a certain Α΄», Fora polar cubic of the quartic the first three pass 
-over readily enough into the covariant Ñ, the quartic itself, and its Sea. 
but ϐ is not so easily transferred. So we will substitute for it another A4*z 

expressible in terms of S, U, H, and 0, which gives the locus of a point ho 
polar conic as to the cubic is on its polar line as to the ο. ο itis . 
-- shown that κ 


᾽ Α»ο --Α55.Η- Η:. 900, l 
where S is the covariant S:of the quartic, U the quartic itself, H its Hessian, 
and 0' the locus of those points whose polar conies as to the quartic are on ` 
their polar lines as to the Hessian. | ο 

The form of the 4575 shows that all of its intersections with (a#)‘ are 
used up at the flexes of the quartic. The twenty-four points are also part of. 
its intersection with H, but there are eighty-four more, lying on 0’. Now we 
saw that (0, 1, 0) isa point of the 4*4? if 


b=f= c= 0. 
To make it a point of H also requires that | 


m=0.* 


— = ~ -- 


But there are only forty-two such points, for they are the points where H, 
' (t£)* and the Cayleyan all touch.t Then the intersections of H and 6’ must 
. come together by twos, and, indeed, “it is readily shown that the two curves 
touch at their common points. | s 
It is also easily shown that the forty- two inflexions of the Steinerian are 
at the’ points corresponding to. these Hessian ΓΞ 


*Or symmetrically, (0, 0, 1) is a point of H ifn—0. ` 
T Proc. Nat. Ac. Sci, Vol. III (1817), p.449." ' 
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. $11 The Polar- Conic of Two Points. 


The dinani of the polar curves of the quartic connects up with the 


polar conic of two points in the following way. The polar conic of z and y AB. 


to the quartic is (az) (αφ) (a2)*. Any point on the line zy may be represented 
parametrically as z--Ay. This line meets the conie in two pons whose param- 
eters A are given by 
(aa) (ay) (a&--Ay)*— (au)? (ay) +2 (ax)*(ay)? Halan) (ay)*=0. 

If we ask that these points become indeterminate, we ask that the coefficients of 
A all vanish. Then g and y are a pair of points such that the polar curves of 
each are on the other, so that we can define the 4°x” of the last section as the 
locus. of pairs of points whose polar conic is not only degenerate but.contains 
their join, and (tE)? as the locus of this join. If 2 and y be taken a as (0, 1, 0) 
and (0, 0, 1), then, as we have seen, 


i δε--[Ξ-οι--θ.. 
The polar conic of the two points is 
. τν 8 |. 2a, + INL, = Lo (lay-+- 2ma,+ 22). 
To make the double point at one of the points requires that 
m=0 (or n--0). 
But this makes (0,1,0) one of the forty-two points on H where it touches ; GDY 


In general for a given y we have a whole locus of points w, the polo- | 


Hessian of y to be exact, such that the polar conie of α and y is a pair of lines. 
We have seen that for one of these lines to be. ay, © and y must lie on an A*z". 
. If we ask instead that the double point be at a, then x is a point of the Hessian 
and y a point of the Steinerian. For the polar conie of (0,1,0) and (0,0, 1) is 


la + 2mayt, + 2a + b i Of yy + C405 , 
and this becomes two lines on (0, 1, 0) if 
m —b, f —0, 


being, in ‘fact, the tangents at the double point of the pulus cubic of the | 


Steinerian point. To ask both that ay be one of the lines and that the double 
point be at 7 pieks out, as we have seen, the forty-two inflexions of the 
Steinerian, and. the forty- two points where the Hessian touches the Cayleyan 
and (i£)*. 


Making a fresh start, let us ask that the polar conic of (0,1,0) and (0,0,1) . 


be tig square of the line.. If we take (1, 0, 0) asa point of this line, then 
| l—m-—mn-0, b.—f*—0. | 
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But then we find that the coefficients of zj and αἳ in S vanish. Therefore the 
pair of points whose polar conic.is a repeated line lié on S. But we already 
have a correspondence of the points of S, for the polo-Hessian of a point of 5 
is made up of three lines, the intersections of which are on S. With the above 
reference scheme 


p δίω-- (abi — M) (—a,%+9"). 


.(1, 0, 0) was any point of ihe repeated line. Let us take it as one of the 

interseetions with S by making. 
' tbo —h= 0. 

Then the polo-Hessian of (0, J, 0) benorios 


22, [ 97, (ba,f —ajbi—bf h) + Woy (θαιοι---αιδε] — boch) - 
a (bf h—bof —bih) + aya (beh — δῦ CL 
The double points are (1, 0, 0), (0, 0, 1),and Ἢ 
y= (beh —by—b,fh, —ba,c, + a,bef+ boc h, ba,f—a,bj—b fh). — 
Then the polar eonié of (0,1,0) and (1, 0, 0) becomes- a,2§+ 3Καραι-}- bor, 
that of (0, 1, 0) and (0, 0, 1) is b,x!--2fz,7,-- 0,22; and that of (0, 1, 0) and 4 
isa, Therefore the polar conie of a point on S and any vertex of Hn polo- 
Hessian triangle is the square of the opposite side. | 
If, now, we also ask that the repeated line be on (0, 1, 0) we have 
b= 7=0, 
Then (0, 1, 0) 18 one of the twenty-four intersections of S and H. Therefore 
the polar conic of an SH point and its corresponding ST' dida is the square ΄ 
of a line on the SH point. (the tangent to H there). 


If, finally, we ask that the polar conic of (0,1,0) and (0,0, 1) be αὖ, 


. we have 
m=n=b,=f=q=0. 


But then the A™ vanishes. . Therefore. we have a new definition for the 45; it 
- is the invariant expressing the condition that there be a pair of points such 
that their polar conic as to the quartic is the square of the line joining them. 


'$ 12. Salmon’s Connea: 


Salmon has shown that with any plane curve (ax)* there is associated an 
A353 ys? which when w is a point on the curve picks out the remaining 





. * We might expect this sort of (3, 1) correspondence from the following considerations: The line 
equation of (am) (ay) (az) is an A'a'y*P. If the conic is the square of a line, the line equation vanishen 
identically. Equating each coefficient to zero, we have six equations from which we can eliminate the six 
quantities yj, Yor» YoYs» Yir VY Ys", giving an SM This must be δ 

26 


- 


` 206 Ὃν Comex: Investigations on the Plane Quartic. E 

. intersections of the tangent at ϱ with the curve. This connex is expressible . 
in terms of polars of the Hessian of the eurve itself and the Hessians cf the 
polar curves of z as to (ay)*. . In case of the quartic the connex is. an 

--4 giyt==15 (hz)*(hy)*—9 (hix) (hy), where (hy)* is the Hessian of the ον 
and (hy)? is the Hessian of the polar cubic of 2. Explicitly : 


αγ = ott: 6 (agh —aB— aig -ᾱἳ h-+2a,a,!) me 
Hla 4 (abog +ahn—2alm — azb, — ain + 2aam— mgh- aP) 


+ By{(abg—bal + abn —2abd + afh—am' +2aa,b,—a} f—abg - 
—dhn+2alm). » 
-+ y1ys (boc + 2a559 + 2acsh—4afl—amn—2dte,—2a%b, 
| —4a,4,f— aC h — a,bog — a,gm—ahir-4-2a;In--2asm)] . 


+ Sater, [yz - 8(ab,g + ahn—2alm—a%b,—ain 4-2a,a,m—a,gh-+ al) 
+y: 2(abg—bai+Tabyn—2ab,]+afh—Tam*+2a,a,b,—aif - - 
--5a,b,g —12a,b,1—Ta,hn+12a,hm-+ 2a,lm—6gh+6hP) ᾿ 
-F Vos * (Tabaco + 2ab,9 + 2ac,h—4afl—7 amn—2aic,—2azb, - 
-F4a,a4f —Ta,¢h—Ta,bog +17 agm+17 ne 


. . —10a4m—12gHhl 4-127). a 
á Ty: S(abn-kabif- bag  2abyn— 2bad--2a ha fh — hg 
— 00 —hn*+2hlm) 


| μμ μμ 
—5a,¢,h—4a,bon—104,b,) + 1lafh—3 ch? —2a,fl—3b,gl 
. —2a,mn-+ £&ajm* —3ghm -8hln -- 6m) | 
+ yi (2acb,-- ab,c,—2ca,h —3ac,m —2as,b,6,— a,0,g + Bd. 
T-4a,em —2a,01 4- 4a,fg—4a,fl— Schi —4am --2a,mn 
- —3glm+6l’n)] 


LX TTE 3 (ab τς τα ον ου dde afh—3 am? + 2a,a,b, —aif κ 
+ a4b,g —4.0qb)l—3a,hn-+4a,hm-+ 2alm—2gh?+2hF) | 


Ayo, + 6 (abn+ abof + bayg—2abym—2bal+-2agbgh+4abon. -~ 
—ayfh—bgh—4a,m?—4b 0 —5h'n+10him) -. :..--.  - 


3 - 
+ Lys 73 (abey+ab.c,—ba,g —ab.n—ajfm+2a,bo)+3a,b.9 κ 
—ac,h 4- 4aybyn —2a;b,l + 3a,fh—3 egh*—2a,fl—7b gl . ee 
—2a,mn—4agm" +5ghm—hin+6?m) ua κιν Mi 
+y (abe—absc; bases 2cmbi—3ch’+ 4mb t 4b — 6a c.m. τ. a Sr : 
—6b,o1—3a, fm—3b,gl--3ojm Soyhl+ 6fgh—3fP?—3gm* Fog ue 
"ιν, “ὦ . 
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Xatey Li - 8 (3ab,0,--2ab,g --2ac;h —4afl—8amn-—2atc, — 2 ab, 
| -F4a,a;f —8a,ch —3a&b,g +5a,gm 4-5ag]n —2a,ln—2a4lm 
us .  —4ghi+4l) | 
η. 8 (aba,--3ab,c,—ba,g 4- ab,n—5afm 4-6a4b,0, 4- 5a, 5,9 
—3 ameh + 4abyn —6a,b,l + 7 a, fh. —'1 cR  —2a,fl —18b,9l 
—68,mn —4a,m* +9ghm+ hin+10Pm) 
εν. 3 (abc, --2ba,6,—ab,f —3bgi +-4a,b,f —29bycyh — &a,bym 
+5b.gh—eh?—2a,fm—2b,gm—fhl+4lm’) 
+ yry2(abe+8abqc, + 2bag¢)+ 200,5, — 9af —3bg* —3ch? + 16θαιθεοι 
+16a,b 9 —124,0;m—12a,b,n— 6a,fn—6a,fm-——18b,9n 
—12b;,g0— 18chm— 12e hl 4-30 f gh-- 6gm* -- 6h? + 24mn)]. 


- 


This connex may be considered either as a conic or a quartic, depending 
on whether 2 or y is the given point. If the curve has a double point the 
conic vanishes, but the quartic does not. Let . 


ςξ-αιξ-αις-θ, 
so that (1, 9, 0):is a double point, and let Hans be taken as the point 4. . Then 


PS Patai 3 (—2gh?+ 2Al*) -+ oirm + ἃ (—4ghl-+40") 
+ δορὶ: 3 (—bygh—h'n-+2him) 
Hinata 3 (—coh?—2b,gl—ghm +-4P'm) 
+ at (bgh— bP—beg—bohn+2b lm) 
Palo, ( — bye h + 4b,g h— 4b,gm 4- 2b ln —4b,7 —8hmn 4- 61m’) 
ada (—3b,gn—3ohm+6fgh— —6fP? —8gm'—8hw --12Imn). 
Obviously this curve has a double pore at (1, 0, 0) with the same tangents as 
the quartic. ‘Therefore six of the sixteen intersections of the two curves are 


used up here. Το find the others let us take (0, 1, 0) on (axz)*, so that b —0- 
Then in order that (0, 1, 0) may also be on zy we must have 


4 


If b,—0, the intersection is the contact of a tangent from the double point; 
there are six such. If b,-£0, let us take another intersection which is not one - 
of these contacts as (0, 0, 1). Then | 


(0-0, bg+hn—2lm=0; oh+gm—2ln=0. 
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‘These last two equations say that the tangents at the double point, given by. 
hai +-2la0,+923=0, are apolar to the three points in which z, cuts the ἭΝ 
‘cubic of the double point, these three points being given by 


bi —3mEE--3nETE.— o £10. 


But this is true when æ% is the flex line of the polar cubic. This result can be ~ 
verified by starting out merely with a— αι ται and throwing the polar cubic 
of. (1, 0, 0), | 

Sharpay + 61v m, -|- 39x 0+ bit 38maia, + nac od - coat , 


into the canonical form by M 


Then 2 is the flex line. It meets A®xy? in points given by 
—P (bait 4b aa, + 6 faring + 4049,25 -- cag) =0, 


evidently the same points as those in which “a, meets ‘the quartic. Therefore 
the four remaining intersections of 4?z'y* and (αα)' are on the flex line of the 


polar cubic of the double point. 
This result can be verified ey For 


Axy = [oes i?) μα obo d grati Abma k 19mayiia, 
-- 12παφσιαᾷ-}- 46995 + bat -- ἁδιαῖας + 6 fates + 40,0498 4- C95) 
— [3 hari ἠ- 6122,92, +8 gL + box ἠ- ϑπιαῖα»-|- 302,23 4- CoG | 
[4(gh—FP) a+ (bog +hn—2lm) 2+ (eh+ gm—2ln) a] 
= (gh—I*) (az)*— (ax)? (ay) + flex line. 
_ The polar cubic picks up the six intersections at the double point and those at 
the six contacts of ee from ane double point; the flex line gives ue 


remainder. | 
The flex line can be obtained by a sort of Lui process from the polar 


lines of (az)* and (hz)*. Instead of at once taking (1,0, 0) as a double point, 
let us make a, the polar line of (1,0,0) so that a,=a,=—0. Then if y is 


(1, 0, 0), 
- ϑ(αν)'. (ha) (hy)®+ (hy) - (ασ) (αγ): ; 
-=a[4(gh—l) a+ πώ αλ (eh 3- gm —21n) 23]. 


If we divide this by (appen and then let a—0 so as to ζω 8 ἄοπρ]θ point, we 
have the flex line. 
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Asty? is not the only curve which picks up the six points of contact from 


y when y is a double point. So does (ha)*(hy), for when the double point is 
taken as (1, 0, 0), 


2 . 
(hæ) (hy) =La: 2(—gh? +h?) 4o amm, > 4 (—gh P) 
9 
J- Xam: (—b,gh—2b,f*—3h?n+6hlm) 
: | 
+ Xu, ( —3o,h8—65,904-3glwun 4- 67m) 
2 
Té 4(bgh—4b?-—big—4b,hn + 6b, hl + 2bplm—3fh'-+ 3hm’) 
ο A $ (—3bgl—2b,c,h +5b,gh—3qh?—2b με... 
.—26,P+3fhl+-6lin’) 
“-αγαῖαξ. 3(—3bg! nempe ΜΝ 
—6¢,hl+18fgh+18lmn) 
FX "ἆ (bhn—2blm — b? ?n -- 2b,b, l—b,fh+b,m’*) 
4 Sata, - 4 (beh—2bgm—2bin— bie, + 2b5b,g —2b,¢,h+4bofl 
+ A4bshn—2b,mn—2b,lm—3fhm+3m'*) 
g 
4-232; : $ ( —cb,h —3bgn +4b,c,h—4b,ce.m + 20ροι] +55, f9 
—2b,9m-—6c,hm—2b,n* —2b,ln4-3f hn 4- 6m?n), 


and the coefficient of zë vanishes for b—b5,—0. That it passes through the 
intersections of (av)* and (az)*(ay) is shown by 


3 (5 (hy) = = [6hagay+12laja,o,+ griat 4692471 -- 12 mavis 4- κά, 
4 ουσ yet bx} + & boo + 6 fara, + 401,25 4- co] 
[4 (gh—I) x+ (bag +hn—2lm) 2, 4- (eh-+gm— ohie 
+ [3 Καραῖ + 61a), 2 2 - 8 grat boi H- 9 maion, H Sa, - CoM} ] 
2 
[2$ * —10(gh—P) + Lagu, (—5b.g—5hin+10lm) 
2 
+ La (—bg—byn+ 2b,1—fh +m") 
+ 2423 (—D 0— 2beg—2¢,h+4fl+mn)] 


= (ax)*- flex line — (az)? (ag) | + Aya flex line |, 


where by = at is meant the result of forming A'z'y* for 1, 0, 0) 


when only a,—2a,—0, dividing by a, and then letting a—0. Any further 
pursuit of this relation, however, when the quartie has no double point, seems 
. merely to lead to Cayley’s indentity 
3 (az)! * (ha) (hy) — (az) (ay) - Awy -- (ax) (ey) Axy” 

—38 (ay)* (hæ) (hy) 20. 


ὶ 
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Note 1. | 
The developments of H and S are given by Salmon only for a special 
quartic. Those for the general quartic may be calculated by means of 
a differential operator from the leading coefficients, which in ‘case of S is - 
obtained directly from the invariant S of the cubic as given in the Higher 
Plane Curves. The general expression for the Hessian is | 


Bah (agh—al*—aty—ath+2a,a,1) 
+ Eat,’ et Tm 
"ate? (abg — bal --4abyn—2ab4l --afh.— 4am? ]-2a;a,b, — aif + 2a;byg —6a,b, l 
| πη Ga,hm-+ 2a,lm —3gh? J- SAP?) i 

Eror 2(2ab,0,4- ab,g + ac,h —2afl — —2amn-— atc — ajb,4- 2f — 20,6.) 
Barbe + 4a,gm + &a,hn —2adn— 2a hm —3ghL +37) 

--Σαϑαῦ. 2(αζη-- αδο[ +ba,g —2ab,m —2ba,l + 2a,b,h + 2a4b4n — a, f h — bagh 
— 2am —2b4? —3 kn +6hlm) 

8 

ἠ-Σαϑαῖαι - 2 (abe, + 2ab .c,—ba,g —3 afm + 2a,b 6) + 4abeg —2a,¢,h+ 2a,bon 
—4a,b,1-+5a.fh—3c,h?—2a,fl—6b,gl—2a,mn—2a,m*-+-3ghm+6Pm) 

-+ 2125 (abc 4-2ab,0,2- 2bas0, 4- 2ca,b, —3af* —8b g^ —8 ch? + 10a,b,¢)+ 10a,bc,. 
— 6a,c,m—6a,b4n —6b,c,l —6a,fn—6a,fm——6b,9n —65,91—6ce wn —6e, hl 
+18fgh+18lmn). | 

The full development for S is 


Tai (ab ¢d—ab.gn—ae,m-+-agm'-+ ahn®*—almn—a,a,b Cy) + πο | 
+- abg + a.c? — a ehe — agb.gl—ajn® + a.a4mn — asm? + aghn-+aghm 
--ϑαιφίπν-- —Ba,hin+2a,Pn+ 2a^m— g'W + 2ghP—') | 

4- Σαϑα, (abel —ab gn—ba,a40—ab,c,h + abye,l + ba3u—abfg T-ba,g* --2ab,gm 
—acy hm —ba,gl—ab;ln--2afhn-—aflm ἠ|- a$0,c, — tag bc, + a2bof + a buch 
+ ajcym 4-a1a5b,n — 2ab 1n — a4b,esl + asb,g h + ac ^ — 2a3fn + aas fm 
-- 2ajb,gn—3a,b,gl— a.c, hl -+ 2a4b,l — 2asbuln 4- a f gh — δις h—8a,f hl 
--2a,f—2a,gm* —a,hmn -- bog? + aimn- 2am — gh?n -- 2g hlm 
S hn—2Um) 

Ιον iain abni—ab E PE Ην ehib 
—ba,eh+ab,fn—ab,fl+-bagn—bagm-+abmn- baln+afth+bg*h 
—afm?— bgl + ajb,c, — a$b; + as boe, - Gy Agbef + αιδροο]ι-|- Agbobeg + as buc; f 
— aj4bycym — a4b,0,1 — af — b39? — a4b9 m —asbofl + 28b, hn 4- 2a, bn? —3 a, baln . 
—3asbymn——a,f hn—2a;f hm—bghn-——2b,g hl --4a,f lm 4- 4byglm — a mn 
--2aym3— bn 4- 2b, + fg h3 —fhf— glam? — Kn? +4himn—3 m?) - - 
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+ Bale (abcl— bca,a,—abc,g —acb,h -- bate, + caib,—2ab,¢,f + ba cg 
+ casbyh 4- 2abyc,n + 2ab.cym—ba,c,l—ca,b,l+ αὖρα + ac,fh—2ab,n? 
—2acm? —af*l + 2af mn — aic, f — alb,f —a,b,c,g —a_b,¢h + 2a,b ¢9n—a,be6ol 
+ 2a4byeym — a, bsc, + a4asf? + 2a 0f h+ 2a4 bof g —bye gh — a, b,gn—2a,c hn 

ο —2a4b,9gm—a,c m —4a,em^ +-5a,¢,lm—4agbon* 4- 5a b,In — bc, 4- 2b,g*h 

--2egh? J- a. fgm-- a. f hn—2b,g*m —2c hn —8 a, fln —3asflm 4- 4b,gln 
—2begl’ -- 4cyhlm —2c, h? + 2a mm? + 2a,m'n—4fghl—3ghmn+4fP 
J-Aglm? -- A4 hin? —T mn). | 


The leading coefficient of T may be obtained from Salmon’s expression 
for the invariant T' of the cubie, but the coefficients are too tedious to compute 
in general. For the coefficients of s and t see American JOURNAL or MATHE- 
MATIOS, Vol. XXXIX (1917), p. 232. 


Note 2. 


Certain invariants of the quartic have a well-defined geometrical meaning. 
The two simplest invariants, the .4* and Α΄, have apolarity meanings and may - 
be included in the list by courtesy. Then comes the 40 of Professor Coble,* 
which is the condition that the quartic be reducible to the sum of the fourth 
powers of the six lines of a complete quadrilateral, also that the covariant S 
become two conics; the discriminant, α΄: the 4* of Dr. Thomsen, expressing 
that there bé a polar conic which is the square of a line; an A™ of Professor 
Morley’s expressing the condition that the quartic pass through the vertices of 
a pentagon; the undulation condition, 4*9. In this list certain gaps are filled 
in by the 4”, the condition that a polar cubic be made up of three lines, and 
the A™, the condition that the polar conic of two points be the square of 
their join. | 

There should also be an 43 under which the Steinerian has the stationary 
lines of the quartic as double lines. For the Steinerian in lines, an A9£P, and 
the Cayleyan, an 4"£'*, touch on the stationary lines. Then the terms of the 
Steinerian containing only the first power of (s&)* or (1£)? should be the same 
as those of the Cayleyan, multiplied by an A* to bring them up to the proper 
degree. If this A* vanishes, then 2 has the stationary lines as double lines. 


* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1909), p. 357. 
1 Proc. Nat. Ac. Sci., Vol. III (1917), p. 449. 
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- η Contamine Two Pencils of Cubic Curves. 
| By C. H. Sisian: 


1. Ina recent article in the AMERICAN JOURNAL or MATHEMATICS, Vol . 
XLI, p. 49, the author has discussed the surfaces generated by an algebraic 


system of cubic curves that do not constitute a pencil. In this article he . 


Studies the surfaces which contain two or more pencils of cubic curves. 
2. Let m be the order of a given surface F which is generated by two. 
pencils Σι and 2; of eubies which intersect in k variable points. We shall 


show that — 
mk «18. 


& 


ζω of order ka such that ka>m contains all the curves of 24, and 


hence has F as a component, if it contains 3z--1 generic curves of Σι. Hence .- 


it contains F if it contains 3ka+1 generic points on each of 37+1 generie 
curves of Σι, that is, if it satisfies at most, (34--1) (3ka+1) independent 
linear conditions. Then this number can not be less than the actual number 
of conditions that a surface of order kz must satisfy 1 in order to contain F as 


8 component, that is 


(kx 4-3)! Eem | 
p o παρ Mead bos n pP po Dic s 
mem tua Bikol —— 3i(kz—m)! ' 


or ) 
Sk (18—mk)a*4- (3km? —12km-+-18k+18) ¢— (αἱ —6m* +11m—6)> 0. 1 


Since this inequality holds for all integer values of £ such that sk>m, we o must 

. have 18—mk = 0. $ 
^". We have supposed, in the above proof, that F lies in three dimensions. 
But the theorem still holds if F belongs to r>3 dimensions, since such a sur- 
face can-be projected, without changing m or k, into one belonging to three 
| dimensions. 


. Case I. Tue Custos or Borg Given Systems ane BATIONAL. 


3. In this ease the surface F is rational since it contains two pencils of 
rational curves. The entities Σι and 25, whose elements are the curves of the 


4 
ud τ 
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two systems, are also rational since each defines a rational, involution of order 
k on a generic curve of the other pencil. 


kl 

4. Let the pencils ΣΙ and 25 be put in (1, 1) correspondence with pencils 
of lines in a plane II having vertices at P, and P, respectively. Then the sur- 
face F and the plane II are in (1, 1) correspondence in such a way that corre- 
sponding points are at the intersections of corresponding curves. Let μ be 
the order of the curves in II that correspond to the hyperplane sections of F. 
Since these curves have points of multiplicity u—3 at P and P; we have 
2(u—3)€u or un E 6. | 

9. The system of sextic curves in II which have triple points at P and P’ 
define parametrieally a surface F which is of the given type. Any other such 
surface is a projection of this one, since any linear system of curves of order 
u having (u—3)-fold points at P and P’ is contained in the linear system of . 
sexties. We conclude that if the curves of 24 and X, are rational and k— 1, 
the surface is of order 18, belongs to an δις and 15 defined parametrically by 
the seatics in a plane which have two basis triple points or it 1s a projection - 
(not necessarily from external points) of such a surface. 

6. If F belongs to διε, the genus of a generic hyperplane section is equal 
to 4, that is, to the genus of a generic sextic with two triple points. It con- 
tains no cubic curves other than those of the two given systems. 


k—2. 

7. Let F be birationally transformed into the plane II in such a way that 
the cubics of Σι correspond to the lines through P’. Then the cubics of Σι 
correspond to rational eurves of order v which have a (v—2)-fold point at P’. 
By a suitable birational transformation the order of the curves of this pencil 
can be reduced to 2. Let, then, v—2 and let Pi, Pa, Ρε, P, be the basis 
points of this pencil of conics. To the hyperplane sections of F' correspond 
curves of order u which have a (u—3)-fold point at P' and multiplicities ρι at 
δι (i=1, 2, 8, 4) such that 2u—(p,tpet+pstp.) =3. By a suitable birational 
transformation, such a system of curves can be reduced to one of the following 
three types: | 
(1) u-4 ρι--2 ρ;-ρι-ρι--]. 
(2) μμ. ρι-0 p=p=p=l. 
(3) μ-5 p=2 p=l, ρε-ρι--0. 


* The symbol 8, denotes a space of r dimensions. 


2T 
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- 8. The gurfaces defined parametrically by systems of types (2). and (3) 
are projections of special cases of surfaces of type (1) such that the latter | 


. surface has one or more double points. Hence, if the cubies of 2; and 2, are - 


. rational and k—2, the surface is of order 8, belongs to an S, and. is defined 
parametrically by the quartics in a plane which have a double and four smpe: 
basis points, or it is a projection of such a surface. - i 

9.. If F belongs {ο 9», 118 generic hyperplane sectinas are of genus 2. 
It contains four pairs of pencils of cubics such that cubics of opposite systems ` 


“intersect in two points. One pencil of such a pair is defined by the pencil of -` 


 eonies through the double and three simple basis points. The other pencil is 


defined by the lines through the remaining basis points. It contains no other - 


‘cubic curves. | T oo 
ᾱ--8. l ; 

10. ‘As in the “preceding 0886, this surface can be transformed into & 
plane II in such a way that the cubics of X, correspond to the lines through P^ κ 
and the cubics of X, to the cubics which have a basis double point P, and “five ~ 


basis simple points P}, Pa, ...., Pe. To the hyperplane sections of F corre- ` 


spond curves of order u which have a.(u—3)-fold point at P’ and multi- 


plicities p, at P,, (t=1, 2, 3, ...., 6) such that 3u—(2p +p +ps +p tps tp) =3. 


If the order m of F exceeds three, these curves can be transformed into quartics 
- which have a double.point at P, and pass simply through P,, P,, ...., Ρο and P. 
If m <3 the surface is a projection of one with one or more singular points 
defined by a system of the above type. Hence, if the cubics of Σι and 2, are. 
rational and if k—3, the surface is of order 6, it belongs to an 8, and ts defined | 
parametrically by the quartics in a plane which have a double and six simple 
basis points, or tt is a projection of such a surface.. : 

11. ‘There are thirty-two pencils of cubic-curves on such ‘a surface P, 
defined by the pencils of curves of order i <3 in II which have an (i—1) -fold_ 
point at P, and pass through 2i—1 simple basis points. The curves of each 
pencil intersect those of one other pencil in three points. The S, defined by 
. the curves of such a pair of pencils constitute the two systems of S, on an 
hyperquadric in S; which has a double line and contains F. 

There are twelve other cubic curves on F. Six are defined by the conics 
through five simple basis points and the rest by the cubics which have a node 
at one ee basis point and pass through all the other basis points. 


k> 4. = 
-If k=4 and if m=4, the surface F can be transformed into Iii in 


| ian way that the curves 25 πο to the lines through P’, the curves 


-- 


- 
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20 to quarties with & basis double point P, and seven basis simple points 
P,, P,, ...., Ps, and that the plane sections of F correspond to quarties which 
have a double point at P, and pass through P}, P,,...., P, and P’. Such a - 
linear system defines a quartic F with a double line. 

We have seen (Art. 2) that if k>4; then m<3. Hence, if k>4, the sur- 
face F is a quartic with a double line, .or a cubic, a.quadric or a plane. 


Casg IL Ture Cosics or Σι anm RATIONAL; Tuose or 34, Exuipric. 

kl. 

13. The pencil X, is rational since it is in (1, 1) correspondence with a 
generic curve of 24. Similarly, Σι is elliptic. Let the pencil Σ be put in 
(1,1) correspondence with the pencil of rectilinear generators of a ruled 
quintic surface $ belonging to S, and let the pencil X, be put in (1, 1) corre- 
. spondence with a pencil δ’ of quarties on $ having three basis points P,, Pa, Ρε. 
Then F and ð are in (1, 1) correspondence in such a way that corresponding 
points are at the intersections of corresponding curves, | 

14. Denote by pı, pe, pa the multiplicities at P,, Pa, P, of the curves on $ 
which correspond to the hyperplane sections of F. The curves of this linear 
system intersect the rectilinear generators in three points and the quartics of 
XM in 8+pitpetps points. Their order 6+p,+p.+ps is found by counting 
their intersections with an hyperplane containing a quartic of Σ’ and a 
generator. ‘These curves are cut from ᾧ by a linear system of quintic hyper- . 
surfaces H’ which have contact of second order with $ at P,, P, and P;, and 
contain as basis curves (a), the generators through Pi, P,, P, counted 
respectively 3—p,, 3—-p,, 3—p, times, (b) a quintie curve C® which intersects 
the generators twice and (c), five generators of $. For, since C? is elliptic, in 
a linear system of seventy-four dimensions *- of H* that do not contain $, there 
exists a linear system of thirty-one dimensions of H? which contain C? and 
- have contact of second order at P,, P, and Ρε. The curves corresponding to 
the hyperplane sections of F intersect these H* in ϑί(ρι--ρε!-ρε) points at 
P,, Pa, Ps; in 2(gpy4d-,-- 4) —9 points on C^ and in thirty-three other points. 


. These curves are of genus 3 (at least) since # is neither ruled nor rational, 


hence each curve of the system lies on such an H’. The residual intersection 
does not intersect 8 generie generator. Hence it degenerates into the 
generators through P,, Pe, Ρα counted 3—p,,3—p, and 3—p, times and five 
generators. l i 


* Cf. the Author, AMERIOAN JOURNAL OY MATIIEMATICS, Vol. XLI, p, δ]. Ἢ 
t Cf. Castelnuovo-Enriques, Mathematische Annalen, Vol. XLVIII, p. 308. 
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^ id 


-The linear system of curves on ᾧ which corresponds to the hyperplane J 


sections of F is thus contained in (or coincides with) a linear system L of 
curves of order 15 and genus 7, having triple points at P,, P,, P, which is eut 
from $ by a linear system of H* which contain C5 and five fixed generators, 


- and. have contact.of second order with $ at P,, Pa, P,. It follows that: the > 


surface F is of order 18, it belongs to a space of eleven dimensions and its 
generic hyperplane sections are of genus 7, or it is a projection id such a 
surface. | | 

15. Let the correspondence ών ι Σι and. the generators of $ be set up 
in such a way that the g? defined on a given generic cubic. of. X, corresponds 
to the gi defined on the quartie corresponding to C by the hypercubics .having 


second order contact with ᾧ at Pı, P;,.Ps;. Then the linear system L is cut : 
from $ by this system of hypercubics, that is: the. surface F can be birationally | 


represented on a ruled quintic belonging to S, in such a way that the curves 
corresponding to the hyperplane sections of F are cut from the quintic by 


cubic hypersurfaces which have second order contact with the- quinttc at the 


. basis points of a pencil of quartic curves on tt. 5 3 


16. Let F belong to Sn. Its parametric equations can be reduced. to | 


the form J 
m -ς--ἱ £,—7 gu συ" fg τς υἳ. 
q,—P(u) m—vP(u) T =v'p(u). m =v*p(u) 
Tg=P'(U) ay—vp'(u) ami yy = sid (u), - 


kad 


wherein P(u) is the Weierstrassian p-function. 
The residual section of F by an hyperplane which contains the planes of 


three cubies of Σ, degenerates into three curves of X, since it intersects a . 


‘generic curve of Σι in three points and has no points in common with a generic 
curve of 34. Three such cubics of X, lie in the S, defined by the S, of two of 
them, since every hypersurface that contains two of them contains the third. 

17. The order of any curve on F that. intersects the curves of Σι In & 
points, ‘and those of a in y points is | 


C n=3(s+y),, 


as may be seen by counting its intersections with a generic μι which 


‘intersects F in three cubics of each system. It follows that the order of every. 

curve on F is a multiple of three, Moreover, since there are no rational — 
curves on F except those of Σι, and since every curve C on F for which y=1 ` 
is in (1, 1) correspondence with 24 and hence is rational, we conclude. that. . 
‘there are no. curves of order less than nine on the surface F belonging to Sy : 


^ 
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| except. που of X and X, | ‘Curves of andes ‘9 on p actually exist. Such a 
curve is defined by a generic cubic on $, or by a νο quartic through 
P,, P, or Pg. 

k—2. 

. 18. The involution yl of order 2 defined by Σι ona generic cubic C of dig 
is rational. For, if y} is elliptic, it bas no double points, 80 that no curve of 
Σι has its. two intersections with C coincident. But ihe involution defined by 
Σι ona generic curve of ΣΙ has two double points. Hence each of two fixed 
curves of 24 would degenerate into a curve counted twice. These degenerate 
curves are of genus 1 since they are ‘in (1, 1) ‘correspondence with 234. But 
this is impossible, since the curves of Σ are cubics.. Then y; i8 rational, 24 is 
rational, and F is rational since it contains a rational pencil of rational curves. 

19. The surface F can be transformed into a plane II in such a way that 
to 24 corresponds a pencil of lines through P' and to Xe, ἃ pencil of cubics 
through P’-and eight other points P,, P,,...., Pa. The linear: system of 
curves of order u corresponding to the ἠγρετρίοπο sections of F can be reduced 
to a system which coincides with, or is contained in the complete linear system 
of quartics which paos through P'.and have multiplicities p, at P; such that 
either, | 

/ (1) pimp... ἘΝ 
or . = (2) p=2, ρι--.... pel, pe—0. | 
' Hence, if a generic cubic of 2; is rational, and of X, elliptic, and if k=2, then 
either 

(1) The surface ts of geles 7, it pitong: to an δ and is defined para- 
metrically by the quartics in a plane through the nine basis points of a pencil 
of cubics, or it 15 a projection of such a surface, or (2) The surface is of 
. order 5, tt belongs to an δι and is defined parametrically by the quartics in a 
plane with a double and seven simple basis points, or tt is a & projection of such 
@ surface. 

-On the surface (1), Πο are in general eight other pencils of rational 
_eubics which intersect the cubics of 2, in two points and 126 cubics which 
intersect the cubics of 24, once. On the surface (2) there are in general, sixty- 
three other pencils of rational eubies which intersect the cubies of 2 twice, 
and eighty-six cubics which intersect those of Σα once. 


k=3; 
20. Asin the preceding ο case, the involution y; defined by the curves of 
. È on a generic curve of Σὲ is rational. For, if not, it has no double points, 


Pel 


- 
-— 
-— 
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while the involution-defined by X4 on a generic curve of ΣΙ T six doubls 
‘points. Then six curves of XM, have as double component a curve of genus 1, 
_ which is impossible. ` " 

^. It follows that F is rational. It can be represented on a plane II in such | 
a way that Σι corresponds to a pencil of lines through P’, 1, to a pencil of 
 eubies through P,, P,,...., P, and the hyperplane sections to a system of 
curves which coincide with, or are contained in the complete.system of quarties 
. which pass through P’ and have multiplicities p; at P; such that either 


(1) ρι--ρ.--.... =po=l, 
or | |. (2) op, = 2, pps... =pe=l, ροΞΞ 0. 
. Hence, if a generic cubic of Σι is rational and of 21 elliptic, and if k=3, then 
either | 

~(1) The "€ 18 of order 6, belongs to an B, and is defined pine: 
metrically by the quartics through ten points of which niné are the basis points | 
of a pencil of cubics, or it is a projection of such a surface, or (2) The surface. 
isa quartic with a nodal line. It belongs to δα. 

21. Each of these surfaces is the projection of one of the surfaces of 
Art. 19 from a point P on the surface. Each has a double line / which is the 
| projection of the elliptic cubic through P. The cubics of 2, are the projections 
of a pencil of quartics through P. On the surface (1), the cubics of X, have 
l as a locus of double points. The planes of the cubics of Y, and X, on this 
surface in S, generate a singular hyperquadrie which has P as a complete 
intersection with an hypercubioc. 


CASE IL Tur Cusics or Borm Systems ARB ELLIPTIO. 
| k—1. οὔ, α ! 
22. . We can write at once the parametric equations of a surface which 
clearly belongs to the required type. Let £(u) and P(v) be two Weierstrassian 
p-functions (having in general different moduli). Then the surface^: 


=l a =p (u) ο Sac p (u) B 
ma-P(v). αι ρ(μ) (ο) myPQueQ) p , (1) 
a= P'(V) ax-—P(u)P'(v) -=p (u) θ' (v) ΠΤ 


is generated by two pencils of elliptic eubies u=const. and v= const. such that. 
cubics of opposite systems intersect in one point. | 

23, Any two cubics of one system on (1) lie in an. Sj which η. a 
third cubic of the same system. The residual section of the surface by an 
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hyperplane that contains such an S; is composed of three cubics of the opposite 
system. Hence, the order of this surface is 18 and, since cubies of the same 
system do not intersect, the genus of a generic hyperplane section is equal 
to 10." It follows further that a curve on the surface which intersects the 
curves wu--oonst. in z-poinís and the curves v=const. in y-points is of order 
n==3(2-+y)as may be seen by counting the intersections of the curve with an 
hyperplane which intersects (1) in six cubics. If either x=1, y>0 or-y=1, 
$70 there is a (1, y) or (1,2) correspondence between the two systems of 
eubies, and hence a particular relation between the moduli. Hence, i» general 
there are no curves of order less than 12 on the surface (1) except the cubics 
u=const. and v=const. l 
24. Let F be a given surface generated by two pencils Σι and P4 of 

elliptic cubic curves that intersect in one point. Let the moduli of the pencils 
on (1) be respectively equal to those of Σι and 2 and let the pencils u=const. 
and X, and v=const. and 24 be put in (T, 1) correspondence. Then the sur- 
faces (1) and F are in (1, 1) correspondence in such a way that corresponding 
points are at the intersection of corresponding curves. To an hyperplane 
section of F corresponds on (1) a curve C™ which is of order 18 since it inter- 
sects the curves u=const. and v=const. in three points. 

. 25. In the δ, defined by the surface (1), there exists a linear Selen of 
9n?—1 dimensions of hypersurfaces H” of order n which do not contain the 
surface (1) since such an H” can be made to contain 3n—1 generic curves 
u=const, and 3n—1 generic points of an additional curve u=const. without 
containing (1). If n is sufficiently large, there are, in such a linear system, at 
least 3n—12 linearly independent H* which contain a given Ο and 3n—4 
given generic cubics-u=const. The residual intersection of all these H” with 
any given generic cubic v=const. is a fixed point P. Hence they all contain a 
fixed curve C on (1) which intersects the cubies v=const. in one point and the 
cubics w=const, in a certain number y 2.0 of points. Their residual intersec- 
tions with (1) have no points in common with a generic curve v=const. and 
break up into 3n—3—y curves of that pencil, The curve C is of order 
3(1+y). Its genus is unity since it intersects the curves v=const. once. In 
general, y=0 (Art. 23). 

` 96, If y=0, the curve C is a cubit of u—const. and the curves C” corre- 
sponding to the hyperplane sections of F are defined on (1) by a linear system 
of H” through 3n—3 fixed. cubics of each system. The complete linear system 
to which they belong is of dimension 9n?—1— [3n (3n—3) +3 (8n—3)]=8. 


* Cf. Castelnuovo-Enriques, Annale de Matematica, Ser. 3, Vol. VI, p. 171. 
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Let l 
δι, us, ος ; «348 and Vi; Ve, * s » Vs, 8 


be the parameters of the 6n—6 basis cubics of the given system of B The 
" parameters u, u', u” of the three intersections with any cubic v=const. of a 
(15 corresponding to an hyperplane section of F satisfy the congruence 


uty’ 4-u'ss-—(u-rud-.... VETTER mod (00). 


Similarly, the parameters v, v’, v" of its intersections with a cubic u=const. 


. satisfy l ` | | 
vv’ + v" = (Upp Us E... .-cbUs s) mod (0,02). 


Let the correspondence between F and (1) be set up in such a way that 
the g? defined by the lines in the plane of one given cubic of each system on F 
i8 transformed into the g? defined by the lines in the plane of the corresponding 
. eubie on (1). Then each member of the above congruences is congruent to 
zero, and the complete linear system of eight dimensions, to which the curves 
C! belong is cut from (1) by a linear system of H^ which degenerate into a 
fixed H* containing the 6n—6 cubics, together with the system of hyper- - 
planes of S,. We conclude that in general, y —0 and the surface F coincides 
with a surface (1) or with a projection of such a sur face. | 
. 27. Ify>0, the curves corresponding to the hyperplane sections of F 
are cut from (1) by a linear system of H^ which contain 3n—4 fixed cubics 
u=const., 3n—3—y fixed eubies v=const., and a fixed curve C of order 
3(1+y) and genus 1. The complete linear system L of curves cut from (1) 
by the H* which contain the above curves is of dimension | | 


9n?—1— [3 (1+-y)n-+ (3n—4) (8n—y) + (3n—3—y)3] 58—y. 
Since the dimension of this system can not be less than ὃ, we have y <5. 


The curve C intersects the curves of the system L in 3+5y points.. In | l 


fact, by varying the basis curves u=const. we can obtain a pencil of curves C 
(no two of which intersect) each of which, with fixed curves u=const. and 
‘v=const., forms the system of basis curves of a linear system of H" that 
define L. Each curve C intersects an H” of a system which does not contain 
it in 8n(1+y) points of which 3n(1-+y)—5y--3 lie on the basis cubics and 
5y+3,on a curve of L. It follows that the order of the system L and hence 
of the surface F', is 


m=18n—(5y+3) —8 (6n—7—y) =18—2y. 


Let p be the genus of a generic curve of L. The virtual genus of the 
residual section of (1) by an H* of a linear system which. defines L is 
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`~ 


9(n—1)*§—y+1, and of the complete daton of (1) i» H” is 9n?-+-1. Then. 
P910 ig ten (18— —2y)- —1-9v -r1 
ΟΥ, : SE — 10--ν. 
Hence, if 5 -— the surface F is of order 18—2y, its κάν sections 
are of genus 10—y and it belongs to a iix of 8—y τν or i$ is a — 
projection of such a surface. | 
s =. k2. 

28. HF ἜΗΝ to an S,(r»3) let it be projected from an 9, , which 
' does not intersect it onto a surface F” belonging to δε. Denote the projections 
of Σι and X, by Xi and Mj. If the involution 5; defined on a generic curve C’ 
of ΣΙ by the curves of X; is elliptic, the lines. joining corresponding points 
envelope a curve of class 3, if it is rational, they constitute a pencil with 
vertex on C’.. Since at most one cubic of 2, can. be coplanar with C'—octher- 
wise a generic cubic of Σ’ would have four points in common with this plane— 
the surface P" belongs to one.of the following types: 

a: The curves of X| and Xj lie in pairs in the tangent planes of & 
developable of class 4 and genus.1. This a can not reduce to a cone 
since it can not have a double plane. - | 

B. The planes of each system envelope. 8 cone of class 3 and genus 1. 

y. The planes of Σι generate an axial pencil; jose of 25 envelope.a cone 
of class 3 and genus 1. | 

6. The planes of each system generate a an axial pencil. 

ε. The curves of Xj and Xs lie in pairs in the tangent Dien to à quadrie- 
cone, 

29.. Cases α, β ii y do not ub In ease a, the ο μα section of F" 
by a plane of the developable i is elliptic since it is intersected by the curves of 
 YX,and X, in one variable point. Itis a cubic since the order of Ρ' does not 
exceed 9 (Art. 2). Denote this system of cubics by X;. - Two generic cubies 
of 25, intersect in one variable point since, of the three intersections of each 
with the plane of the other, only two lie on the curves of Σι and M. Hence 
F’ contains a pencil of rational curves* on-which the pencil Σι (or Σὰ) 
defines an elliptic involution. This is impossible. 

In ease β, let P, and P, be the vertices of the cones. The planes of three 
curves of 24 pass through P,. The system of lines joining corresponding 
points of the involution on each of these cubics degenerates into a pencil | 
-counted three times. Then these curves degenerate ‘and intersect 8 generic 


~ 





* Cf. the Author, AMERICAN JOURNAL OF MATHEMATTOS, Vol. XLI. 
28 : 
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curve of Σι in eóincident points. But this is impossible since the involution 
on a generic curve of δι has no double points. 

| In ease y, let u be the multiplicity on F’ of the axis l of the pencil of. 
. planes of 2j. Then the order of F'isu--3. A generic curve C” of Σὲ inter- 
sects 1. The residual section in its plane is of order u and has a (u—1)-fold 
point onl. Hence itis rational. The curves of 25 define an elliptic involution 
on this rational curve, which is impossible. We now conclude that | en 25 
are both rational. 

.80. In ease ὃ, we denote the axes of the pencils by l and l and suppose, Ἢ 
first, that they do not intersect. Then /, (or A) is a simple line on the surface 
since a generic point of it is a simple point on just one curve of Σ (or 24). 
Hence F” is a quartic with two skew simple lines. Since J, and /, do not inter- 
sect, and the cubics of Σι and Σι are elliptic, the quartic F is not the projection 
of a surface of the same order belonging to more than three dimensions; for, 
the genus of a generic plane section is less than 2 only if the surface is a ruled 
quartic of genus 1. 

, 91. ΠΤ and i, intersect, all the curves of both systems pass Saves 
their intersection. Let u be the multiplicity of 1, and J, on F'. Then one 
curve of each system degenerates into the axis of the other system counted u . 


^. times, together with a residual curve of order ὃ--μ. Thus p<3 and m=3 


+u<6. The intersection of |, and l, is a (w+1)-fold point on the Bürface: 
The linear system of quadries which contain l and l, defines a birational 
transformation of F” into a sextic surface F, belonging to δ, and of 2; and ` 
into pencils of cubics on F,, all of which pass through a fixed point P which is 
a double point on F,. The planes of these two pencils of cubics constitute the 
two systems of planes on an hyperquadrie H’ with a double point at P. The 
surface F, lies on (at least) six linearly independent hypercubics of -which at 
| most five have Η as a component. Hence, it forms the complete intersection 
of H? with an bypercubic. The surface P" is the projection of F, from’ a 
point on H*. 

32. In case e, all the cubics of both systems pass through the vertex of . 
. the cone which is a double point on F”. The order of F” is 6 since a residual 
curve in the plane of two coplanar cubics would have to be a component of a 
curve of each system. Three of the intersections of coplanar cubies lie on a 
generator of the quadrie cone. The other six lie on a nodal sextic which forms’ 
the intersection of a cubic and a quadric surface. The linear system of cubic 
surfaces which contain this nodal sextic define a birational transformation of 


Sisam: On Surfaces Containing Two Pencils of Cubic Curves. 223 


F" into a surface of the type of F, of Art.31. The surface P" is the pro- 
jection of the surface P, from a point not lying on the hyperquadrio. 


33. Every surface F belonging to S, is of the type F, since it lies on, at 
most, one hyperquadrie, and its projection from a point not on this hyper- 
quadrie is a sextic F” of the type of Art. 32. Since no surface F, is a projec- 
tion of a surface of the same order belonging to S;, we conclude that, if 
generic cubics of Σι and 25 are elliptic and if k=2, then 


(1) If the cubics of both systems do not all pass through a fixed point P, 
the surface is a quartic, belongs to Sy and has two skew simple lines. 

(2) If the cubics of both systems pass through a fixed point P, the sur- 
face is the complete intersection of a cubic hypersurface in δ. with a quadric 
hypersurface which has a double point at P, or it is a projection of such a 
surface. | | 

34. Neither of these surfaces contains, in general, any other pencils of 
cubics. In fact, their geometric genus is in general unity so that they do not 
contain a pencil of rational eubies. If the surface (1) contains an additional 
pencil of elliptic eubies, it contains an additional simple line, if the surface (2) 
belonging to S, contained such a pencil, the planes of the cubies would lie on 
the hyperquadric. | 

k=3. 

35. If F belongs to an S, (r>3) let it be projected from an S, that 
does not intersect it into a surface F” belonging to $,. The lines of section of 
the plane of a cubic C’ of ÈX; by the the planes of Σὲ constitute a pencil since 
through a generic point of C’ there passes just one such line. Hence, either 
the planes of 25 (and, similarly, of 27) constitute an axial pencil or the curves 
of the two systems lie in pairs in the tangent planes to a quadrie cone. 


l 36. Let the two systems of planes constitute two pencils whose axes 1, 

and /, do not intersect. Then neither J, nor l lies on F’ so that F” is a cubic. 
Since a generic curve of 24 (or Σὲ) is elliptic, this cubic ean not have a nodal 
line and is not the projection of a surface of the same order belonging to ὃς. 


37. If the axes of the pencils intersect, or if the curves lie in pairs in the 
tangent planes to a quadric cone, we see as in Arts. 31 and 32, that F” is the 
projection of a surface F, belonging {ο S, which forms the complete intersec- 
tion of a cubic hypersurface with a quadric hypersurface having a double point 
which does not lie on the cubic. 


38. It follows as in Art. 33, that if generic cubics of 24 and P, are 
elliptic and if k—3, then ~ | l 


.- 


values of those. numbers. 


ο 
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(1). If the planes of the niles of both systems do not all pass through 
the same fixed point, the surface is a cubic which can not have a double line. 
(2) - If the planes of the cubics of both systems. pass through the same 


fixed point, the surface is the complete intersection of a cubic hypersurface in 


S, with a quadric hypersurface which has. a double point not lying on the cubic, 
or it is a projection of such a surface. | | 
As in Art, 34, it is seen that the surface (2) does not in general penta , 
any other pencils of cubic curves. 
39. The results of the foregoing discussion are summarized in the 
following table. In this table p, and p, denote respectively. the gents of a - 


generic curve of 24 and 25, k is the number of variable intersections of curves 


of opposite systems ; m is the maximum order of a surface F containing ὃν 
and 24; ϱ 18 119 maximum genus of an hyperplane section of F; r is the maxi- ᾿ 
mum number of dimensions to which F. belongs, and s is the number-of distinct 
or consecutive pencils of cubic curves necessarily existing on the surface F of 
maximum order. The numbers p, and p, are respectively the geometric and. 
arithmetic genus of F except in the last two cases, where they are the maximum 
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Modular Invariants of a Quadratic Form for a Prime 
| Power Modulus. 


By J. E. McAzzz.* 


| . — IAwTRODUCTION. 


We consider a quadratic form ᾳ in » variables whose coefficients are 
integers taken modulo P^, where P is an odd prime. Two such forms are said 
to be equivalent modulo P^ if they become identically congruent under a linear 
homogeneous transformation whose coefficients are congruent to integers 
modulo P^ and their determinant is congruent to unity. Al the forms equiva- 
lent to g are said to form a class. A single-valued function $ of the coefficients 
of g is an invariant of q if it has the same value for all-forms of the same 
class. In ease the values taken by 4 are integers which may be reduced 
modulo P^, the invariant is called modular. We obtain a complete invariantive 
classification of n-ary quadratic forms modulo P^ and construct modular 
invariants which completely characterize the classes. Professor Dickson ł had 
‘treated the problem for the case A==1, when the fundamental invariants are 
the determinant D of g, the rank r modulo P of D, and A,, to which the in- 
variant Ag (D) of $4 reduces for A=1. 

In his investigation of the number of sets of solutions of the congruence 
gz=ac (mod P^), C. Jordan t obtained from q by a seriatim process of reduction 
the canonical form 


PHAR tere ΓΑ) +P8 (Awa Giat.... FAO) EPPO +... νο 
but gave no explicit method to deduce à priori from q the number of terms in 
each parenthesis or the values of €,,6, ..... This is accomplished by the 
present invariants. 
The second part of the paper is devoted to the polynomial modular 
invariants of a binary quadratic form modulo P^,in particular to the deter- 
mination of a fundamental system of such invariants modulo 4. 


* Dr. MeAtee died at Urbana, Ill, Dec. 2, 1018. The proof-sheets were compared with both the 
final and an initial draft of the thesis. In $7, an inadequate proof of Theorem 1 has been replaced by 
the present shorter proof, while the easy proofs of some other facts have been omitted. The proof of 
formula (3) of §1 has been suppressed, as it was entirely similar to that cited. - L. E. DIOKSON. 

t Madison Colloquium Lectures, 1913, Ch. 1; Trans. Amer. Math. Soc, Vol. X (1908), p. 123. 

t Jour. de Math., (2), Vol. XVII al Pp. da Cf. Bachmann, “ Die Arith. der Quadratischen 
Formen" (1898), p. 434. l 
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I. IwvaniaNTS OF THE n-ARY QuapRaTio Form Mopuro P". 


1. Canonical Forms and Classes.—Considér the form 
| g= oye) (ama) .. ΄.. Q0) 


: where the a, are integers taken nodulo. P^, where P ‘is an odd prime. If 
every αμ is divisible by P^, the form (1) is said to constitute the: class C,. ‘In 
the contrary case, let 6ι be the exponent of the highest power of P that divides 


every ἄμ, and write | | 
=P ὃ aaa, D=|Ag |. |j. 95 X9) 


First, let the determinant D be prime to P. Since there existe 8 primitive 
root of P^, it follows as in the Madison Colloquium Lectures, pp. 6, 7, that q, 


, ean be transformed ms P^ ad-E.. ο AD a Fa ΜΙ (3). 
by a linear transformation with viste coefficients of determinant ‘unity 
modulo P>., i 


Second, -let D be divisible by P, and r its rank modulo i As on p. 9 of 
the Lectures cited, we may assume that 
M,,=|AP|#0 (mod P) (i, j=1, ΝΗ 
. and show " that g, can be ΕΠΕ into | E 
PL b “δ αρ rz | b Bag, BS 223], 
where NE. 
| Ag....A AR | 
Bp quu 4e χω Gantt ym) 
000 [49....Α9 am | SESS 
is congruent to an integer modulo P^ and i$ divisible by P. Repetitions of 
‘this process give NP E 
T PY ajaa È Buh c (4) 
where | | 
E AR... AR AP 
Pug ag ag i 
Αφ... 4 AP | 
is congruent to an integer modulo P^ and is ‘divisible by P. If now all the 
P^Bp are zero modulo P^, we have q, replaced by 


: 
ph x Ag am, 


& 


κ Using PeiB yy, 20 (mod PÀ) in place of Bj. 20 (mod P). 


«απ 
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In the contrary case let e, denote the highest power of P that divides all the 
PBP (e«e,«2). Then we have (4) expressed in the form 
Pa Ages P" À Agua, (5) 
ἐν j=l j, j=r +1 
where at least one of the Af? is prime to P. The question now arises as to 
whether a different choice of M, might not lead to a set of BẸ that would give 
a different e,. To answer this we note that, since M, is prime to P and hence 
is congruent to a power p" of a primitive root p of P^, we can transform (5) 
into | | : 
Polat... Rab atp] P^ Y Aaa. 
By applying a transformation of the type 
Ὁ, =p "m, , Ba =p En ’ 
we obtain one of the forms 
P%[ai+....4+a%]+P%q (q free of y,....,%,), | (6) 
EIS uses Ta ads] +P"q, (d, free of m, ...., Ὅν). 
If we had chosen M, instead of M, , we would have obtained from (2) one of 


P^[yi--....-F yi] TPhg' (q' free of y,,...., Yn), | (7) 

P*[yi-....Fytadgynld P^q; (q; free of yi, ...., Yn) 
Since * BH... Ha and yit+....+y%_ +py?, | 
are not equivalent modulo P, it is evident that if we obtain (61) by the use of 
M, we must obtain (Τι) by the use of M;. Similarly, if we obtain (69) by the 
use M, we must obtain (79) by the use of M;,. For definiteness, suppose that 
we obtain (6,) and (Τι) and that e,<e,. Then the forms i 

Po(at+....+208)+P%q and Palit... Εφ) 
are transformable into each other modulo P“, whenever the forms 
+... HHP and yit... Hai 
are transformable into each other modulo P' where l=e,—e, and k=e,—e,. 
Let the second of these be transformed into the first by 
e y= È cia (mod P’). 


Employing partial derivatives with respect to z;, we have 


V, E5391 T VEL T avs 


9, Emu, TOT + Orn Us; 


* L. E. Dickson, The Madison Colloquium Lectures, 1913, p. 8. 
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The inverse of S gives y, (1i—1, ...., τι) congruent to linear homogeneous 


functions of 2, ...., t, modulo P' Hence, if (6,) and (Τι) are equivalent 
. modulo P^ P*g=0 (mod P!) for all integral values of 2,,,, ...., 4. Since 


at least one of the coefficients in g is prime to P, this implies that k2l, 4. e. 
that eZ ἐν. Similarly, e; can not be less than e,. ‘Therefore, the choice of 
the principal minor of |.A{| that is prime to P is immaterial so far as the 
value of e, is concerned. Consider now the two forms Pu 


e 3 Q-—zorr oe E. 4-22, + Pig, Q'—y.. APR. 
Let Q and Q' be equivalent modulo P^-^ and let - 


T: y=. Σ car, (mod pes (i=1, ...., πὴ 

transform ϱ’ into Q "ms P^-*, where |c,| 3E 0. (mod P). Then we have. 

'"[9Q ο ο, | o pê | 

f s = 2% = 2Y d... EEA EP, ΠΗ ° Μπ 

ee o ο a το ds ο ο το... E" '(mod κ 
` oQ — | 1 Og | 
TA ων ζωη ον + 26, tH Pl à Tp 

‘which shows that [651 (54 581, s ^n) is prime to P. The inverse o S gives 
Yi, c, f 9Xpressed as linca? homogeneous functions © OR Di, ο με Bys 
Ynits -+-+ Yn» Moreover, the coefficients of μ.μ»... y, in these functions ι 


are divisible by P'. Hence T is expressible in the form 
ymo +P x cy; (mod P^7*)- (isl pee iy fi); 
ymo, (mod P^)  (i=r+1, <... n). 


_ Kubjecting Q’ to this transformation, we have 


T φίαι,....,α.γἠ-Ρθ(αι»Ἔ.... P". 
. Since, by. hypothesis, T transforms Q' into Q Me ps, the. terms in 9 


involving Diy s+ τν ὥς must vanish modulo pres, and we have | 
| prit... Haa (mod Ρ) 3). | | 
From this we see that the equivalence of (6,) and (7,) modulo P* i me the 
equivalence of P^q and P*q’. Similarly, for the equivalence of - (61) and (Τα). 
This shows that in the.method of reduction of a quadratic form to the canonical 
` form (8) or (9) modulo P^, it is immaterial whether we effect it by employing 
principal minors or by a seriatim process as was done by Jordan in a similar- - 
| cage." This seriatim process is given in the argument leading up to. (3). 


* Journal de Mathématiques, Ser. 9, Vol. XVII (1872), pp. 368-978. 
£ \ ü 


— 
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Repetitions of the arguments leading to (5) and (6) show that there exists a 
linear homogeneous transformation of determinant unity modulo P^ under 
which, when |P~*a,,| is divisible by P, the form (1) becomes 


Platt... ο ΙΕ HP tee. a po, µε 
++ * oeo T Pho μμ naut ELA E E85 ε.α E Pret an] (8) 
ifrntrt....trni<n, or | 
P*[ai+.. +a at pa APPEL sepas E tinci E fne 


ae; Titi Ti 
αμα [δέν πε ΝΘ, P = ρα] (9) 


if ruderu d... Ern, where m=0 or 1 [1—1, ...., kin (8; 1=1,....,h—1 
in, (9) ], D=|a,| and r, is the rank modulo P of the determinant 


| 43 | (4, zr trat... trait], ...., 7). 


Af —P-^"Bg^, where the ΒΘ) are found from the Af” in the same way 
that the Bf? were found from Af? in (4). Therefore, when not all the a, are 
zero modulo P^, we have the canonical forms (3), (8), (9), and from the work 
above it is evident that two forms are equivalent modulo P^, if and only if 
they have the same canonical form. Since (3) is a special case of (9) with 
k= 1, 1. €., r =n, we need consider only the canonical forms (8), (9) and the 
vanishing form where a,==0 (mod P>) (i, ;4—1,...., n). Moreover, since two 
forms are equivalent modulo P^ if and only if they have the same canonical 
form, we have the classes C, and Ce;m;R,, defined by a canonical form of type 
(8) with n» R,—r-....4 7; Ce,mmD, defined by a canonical form of type 


(9) with n—R,,for$ic-l,....,k; gl, ...., k—1; ο«λ. 
2. Elementary Exponents and Ranks.—Consider the symmetric deter- 
minant D=|a,| (?,2—1, ...., »), where the elements are integers. If P% is 


the highest power of P that divides all the i-rowed minors of D, then αι is 
unchanged when D is pre-multiplied or post-multiplied by an n-th order deter- 
minant whose elements are integers and whose value is unity.* Frobenius 
called the P“ (6---αι--αι 4, €4—a,) the elementary invariants of D with respect 
to P. We shall call the e, the elementary exponents of D with respect to P, 
or simply the elementary exponents of D. Note for later use thatt e, is a 
monotonically increasing function of i. Let P^ be the highest power of P that 
divides all the a, and consider the case when e; A. Let the rank modulo P of 


* Stephen Smith, Phil. Trans., Vol. OLI, 812, p. 311. Bachmann’s Zahlentheorie, Vol. IV. Frobenius, 
Berlin Stteungsberiohte (1894), Pt. I, p. 31. These. properties hold if D is not symmetrie, but our interest 
lies in the theorem as given. 

T Frobenius, loc. cit. Also seen from {118 section. 
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the determinant |A,,|=|P-*a,| be ri, 0cr,«n. Then there exists * a prin-. 
' cipal minor M, of | A4| of order r, that is prime to P. By multiplying D by 
properly chosen unit determinants we may assume that : 
|A44| —M,sÉO (mod P) — ($ g=1,...., 1). | 
Consider the unit n-rowed determinant d= ap | in which fnok element 
is zero except | 


| A ad 
d -—1 when s=t, dQ, Ξ------π---- 


M = (nd dii (£—1, ...., Τι); 


"— A; denotes the cofactor of zb in Μ,. If we pre- ια D by qo we 
have, upon denoting the resulting elements by bf, 





DO ias Ki" p Σ 41Α A,,==0 (mod Ρ D 
(c1 l 


fi 


-- 


Easy, sao HeH X Ady, (mod P) — (6561). 





Hence : 
| 5$, mma, (mod P) (1<kS1), 

: pt - 
νι m M. [4 tl ,— Αι, nt 9) (k > rı) ) 
where Mí? denotes the determinant formed from M, by replacing its first row 
or column by the corresponding elements of the k-th row or column of. 
\A,| (t,7=1,....,2). All other elements of D are unchanged. If we now 
pre-multiply this resulting determinant by d® = |d®@|, where $,t=1,...., n, 
and every element is zero except nos 


As aA (£—1 ds fi) 


.d -1 when s—í; dQ,,2— M 


δ fi 
we have 

9 x = E 
be, erben (mod P^), DP, μπα, μα (πϑνά,....ηὸ, 





k, nMn Ai μμ — s, LM (mod P) | (k > γι) 7 


bf ni a 


5 


All other elements are again unchanged. Continuing this process, we ulti- ` 
mately obtain from D a determinant having its first r, elements in the (r;+-1)- n 
row Zero modulo Ρ) and the k-th element of this row (011) is 

[Au stn ἀν 


s. 5 9 55ο eee 
V κο. E. ΗΠ 4 


Á, 41, iter Αγ, fio Αμ 


P*M= (mod P^). 


* L. E. Dickson, Annals of Mathematics, Ger. 2, Vol. XV (1913), pp. 27, 28. 
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Βα is divisible by P(r, k En), since r, is the rank modulo P of the deter- 
minant | 44| (43—1,....,»). All the elements of D in any other row are 
unchanged. Operating similarly upon the (7,;+2)-th, ...., n-th row of this 
determinant and then post-multiplying by a propérly chosen unit determinant, 
we ultimately obtain from D 


1 
A Ω 031 * € + + Ors, 1Η end 22s PBE? ian 
Dou O $ | (mod PS A= * *? s 8 * 5 $ & © $3 B= *o*- R05 9 e+ 8s * o? © €^ tok c£ o£ c 3 
: 1 1 
Qu * o» » & Gyr, P^BQ 1 $ s 5$ 5 3 PBO 





where O is a matrix all of whose elements are zero. 

Here BY (ἡ 1--τι!-1,...., τ) is divisible by P. To determine the 
highest power of P that divides all the P^Bf?, let P“ denote the highest power 
of P that divides all the (r,+1)-rowed minors of D. Then Ρ΄: is the highest 
power of P that divides all the (r,-+1)-rowed minors of D®. Then evidently 
| pera ig the highest power of P that divides all the 7559 of D?. Let 
6/Ξ-θι--τιδι. Then e, is the (r,+1)-th elementary exponent of D. We shall 
call r, the first elementary rank of D with respect to P. Consider the case 
when e4«2A. Let r, be the rank modulo P of the determinant 

πα μοι (i, j=ri+1, ..... n): 
Since there is a principal minor of this determinant of order r, that is prime 
to P, we may operate on this determinant as we did on D above. Moreover, 
considering this determinant as it stands in 77, we see that this operation 


would leave the first r, rows and columns of D” unaltered. Hence we would 
have a 


| AO ο 
D®=|0 B Ο| (mod P^, 
loo οἱ ` 


mennene 
y > 54 ò 4 b». p k 4 o & k vA 9€ αὶ 4 Al "A * o 


so *# t > à èe 5 a 9 υ 9? 5 8 & 89 @ 9 5 @& 9 45 *9 5 5 


ε 2 
po G Brn, i saa ΡΒ, fitra ) s MAR Pe Biri, ) 
pasen 3 . 


Pun owed cub POD NE ee NR P^BO, 
Let P"* be the highest power of P that divides all the (r,4-,--1)-rowed 
minors of D. Then ej—7,6,—7,65— €; is the highest power of P that divides 
all the P^Bf? of D'?. Evidently we may continue this process until all the 
new elements are zero modulo P^, or until Xr,—m.. At any stage, say the t-th, 
e, and r, are determined by the preceding. In fact 
i31 t 
epe e. 2 T 

— where 6, is the highest power of P that divides all the (rira + .... +r 44-1)- 
. rowed minors of D, and r,is an integer such that H=rje+....+1,e, is the 


232 = ΜσΑτες: “Modular Invariants of a Quadratic 


exponent of the highest power. of P that divides all the (rin... dips 
rowed minors of D while all the (r,+....+7,+1)-rowed minors are divisible 
l by a higher power. of P than P**", _ We shall refer to these r, as the - 
elementary ranks of D with respect to ES . 

Definition. The determinant D shall be said to be of rank R modulo P* 
if the R-th elementary exponent of D with respect to P is less than A, while 
the (R+1)-th elementary exponent of D is >A. | 

From this definition it follows that the rank of D modulo p is an 
invariant under multiplieation of D by unit determinants ΜΙ that under such 
multiplication D becomes 


DW = ο οσο 4 o9 9o» à» » e» ο ου (mod Py; 


9 SEE 4 9$ à à 4 à H à » ὁ 9» ὁ 4 à ο κ 9" » He 9» 9 5 


a k k 
po m βρη, Rytls + a aB Eo =) 


, P^B$) pee PBED Ran 
where R,=1,-+....+97;, and R, is the rank of D modulo P^, The e1, 62, ...., €p 
are the distinct elementary exponents of D that are less than A arranged in the 
order of increasing magnitude. From these considerations it follows that if 
the rank modulo P* of a symmetric determinant D is R0, there exists a 
principal minor M, of D of order E whose rank modulo P> is E, and such that 
the highest power of P that divides all the R-rowed minors of D.is exactly the: 
power of P that is contained in Mp, or, more precisely, whose elementary 
exponents are those of D that are less than à and whose elementary ranks are 
. precisely those of D. In fact, the Mp, formed by taking the first R, rows and ` 
columns of D® is congruent modulo P^ to such a principal minor of D of 
order R,. From the form of D® also follows the fact that the elementary 
exponent is a monotonically increasing function of the order of the minors. 

3. Criteria for the Classes Cem,R, and CemmD.—It follows from $$1 
and 2 tliat the determinant D of a quadratic form, the e,, r, of D and the rank 
R,=r,+....+9r, of D modulo P^ are invariants. However, these invariants. 
do not completely characterize the classes. We seek criteria for the deter- 
mination of the m, of (8) and (9) $1. Consider the modular form q, given 
by (1) and let not all the a, be zero modulo P^. Under transformations of - 
the type used in $1, q, becomes Ἢ EPI | 
ΣΡ. Y ΑΦ Pags, Rr, | |. (40) 


tml £, QE 
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where 6ι«θις.... <e, are the distinct elementary exponents of D wit 
respect to P that are less than A, and the r, are the elementary ranks of | 
with respect to P. The determinants | 4f? | are prime to P, and R, is the ran 
modulo P^ of D. | 

Consider first the case R,<n. Let E,—r,0&4-....--r,e, and denote th 
minor |P^A$?| of the determinant of (10) by Mj. Then q, belongs to th 
class Ce;m,H, with m,=0 or 1, according as (P-^:M NS or —1 (mod P^) 
where u—$9(P^) —P*?(P—1). By $$1,2, Mp, is congruent modulo P^ to a 
R,-rowed principal minor of D such that P-^M, is prime to P. Let now M; 
denote any such principal minor of D. Then, since η, has one and but one o 
the canonical forms, we conclude that q, belongs to the class Ce,m,R, wit] 


m,=0 or 1 according as (ΡΜ μ)ξ--1 or —1 (mod P"). Consider next th 


minor: . 
τ Ρ549 ....PPAMe 0............. 0. 
Mo = P^ARD, ΕΕ «ΣΑ, πι ο. 0 
i, ; - 9 . 
0 es 92 9*52595* 5*5 0 o> eee P* AS. :. Ry+1° es ΣΑ, 
| 3 
ο ο ο. P^5AB parce PA Pe, 


M, is an R,rowed principal minor of the determinant of (10) and is con 
gruent modulo P^ to an R,-rowed principal minor of D. Moreover, by $$1, 2 
q, belongs to the class Ce,m,R, with m,=0 or 1 according as 


Βα} E 
(api (orsi) em IL aD (rat, tst or —1 (mod P). 
ij 
Let now Mp, denote any #&,-rowed principal minor of D having an R,-rowe 
principal minor Mp, such that ΡΜ}, and P^^M, are prime to P. Then, ii 
view of §§1, 2, and the fact that q, has one and but one of the canonical forms 


q, belongs to the class Ce,m,R, with m,=0 or 1 according as 
g 

(P-=Mp,)? (P-=Mp)?=1 or —1 (mod P^). 
In general let Mp, be any R, rowed principal minor of D having an E, ,-rowe 
principal minor Mp,,, which in turn has an E, ,rowed principal minor Mp, 
and so on to Mp, which has an Z,rowed principal minor Mp, such tha 
Ρ ΣΗΜ (t=1,....,8) is prime to P. Then by a transformation of deter 
minant unity which merely permutes the c, of (1) we have the principal minor: 
Mp, occupying the first R, rows and columns of D, ete. .Then from the foru 
of D'? of $2 we have that q, belongs to the class Ce,m,R, with m,—0O or 1 


according as r od | 
IL (P~*)M;,)?=1 or —1 (mod P"). | (11) 
j=1 | | | 
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For the ease R,=n, D together with (11) for s=1,....,4—1 furnish, 
criteria. At the first consideration one would probably be surprised that. D . 
may be zero modulo P* and still q, belong to class CesmmD. Infact D may be 
divisible by α much higher power of P than P^ and still q, belong to class 
Ce,mmD, since it is not the power of P that divides the minors of D that deter- 
"mine the number of terms in the canonieal form, but the elementary exponents 
of D. This phenomenon is what gave rise to the definition of the rank of .D 
modulo P^ of ὁ 2. The rank of D modulo P^ shall be called the rank of the 
form η, modulo P^. Two forms η, and η, of rank n are equivaleht if and © 


if ' 
only 6,—6,, T=, m,—m, ((—1, ... É k; j= 1, - ο... 


and Ρ δι Ρ- ΣΤΟΝ)’ (mod P*) as is geen by 991, 2 
| 4.  Invariantive Criteria for the Classes. ον. the modular quad- 
ratie form (1), and let ee; «.... «e, be the distinct elementary exponents 


of D-with respect to P. Let D, &,, r, and m, be 8 consistent set of values that : 


define a class Ce. em, R, or Ce, e munD according as the raük ms modulo P^ of Di is 
less than or équal to n. . For abbreviation set = 


R= Lyte, C= Dre res ο ο E) 
- R = . i . . . e . 
R= ÈT; , E,— Erg, (11, ene .0 k), 


- 4-1 a i l , a 
ud - E,— i M i + Q= 1, ore Ὃ h) . 


Thus R, and A, are the ranks ee p* of D and D, respectively 
Consider the funetion* - "d 


Ax (D)=( λα + qnas [1— (PMR 
+.. + (PME) TI (PHL HILL (PMR) (mod P"), (12) 


» where u$ ranges over the principal minors of D of order 9t — δι, and M £p 
ranges over the principal minors of D of order RSR. ‘Since P+ divides all 
- the a4 of D, it is eyident that there is no term of Ag (D) that has as factor P 
‘with a negative exponent. Ax, (D) is zero modulo P^, unless e,— 2, and unless - 
at least one of the P-9M, is prime to P (since P>3). This implies that 
: Ag(D)==0 (mod P^) unless the rank modulo P of the determinant |P-*a,| is 74. 
In faot, if n« 7,, none of the P-*M, are prime to P, while if r7, at least one 


* [n case k —1 and à 1, Ag, (D) is to have also the final num of (15). 


^ 
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of the P^ M, is prime to P and the final factor is zero by Fermat’s theorem. 
Thus the value of Az(D)is zero modulo P^, unless η, belongs to a class 
Ce,m,H, or CejmjnD with e,—e, and r,—7,, and by (11), $3, its value modulo 
P* is 1 or —1 according as m,—0 or 1. 

Consider next the function 


Ax, (D) e (P*7y | Ag, (MẸ) (P-9M9)1 + ἀπ (MẸ) (P-9M8)* [1— (P- MOY] 
essc (Mi PMY)? EL (P-9Mgy] LLL P722] (nod P), (13) 


where MẸ ranges over the principal minors of D of order R, and Mf) ranges 
over the principal minors of D of orders R>R,. That the principal minors 
are divisible by the power of P indicated in (13) follows from the fact that - 
the elementary exponents of D increase monotonically with ihe order of the: 
minors to which they correspond. In fact, by hypothesis, every minor of 
order R of D is divisible by P^*^ while every minor of order R,-+1 is divisible 
by Prat, Let ebe the (R,+2)-th elementary exponent of D. Then every: 
minor of D of order R,+2 is divisible by P^^****, From the fact that €Z θε 
we see that every minor of D of order H,--2 is divisible by P^****, Continu- 
ing this we have that every minor of D of order R,+7,=%, is divisible by 
pne5- PS, Ti none of the P-=My, are prime to P, 4g, (D) &0 (mod P^). Its 
value is also zero modulo P^ unless r,—7,, e, —€, and e4— 6€, from the fact that 
each term carries an 4g, function as factor and from the first factor. Thus 
Az (D) is zero modulo P^ unless at least one of the My is such that Ρε, is 
prime to P and at the same time contains a principal minor Mg, such that 
P-“M, 14 prime to P. Let all these conditions be satisfied and take this 
P-“Mf 4 =P- 5 My as the M, of 651 and 2. Then we have that η, is equiva- 
lent modulo P^ to a form whose determinant is D of $2. ΤΠ r,«7,,all the 
R,-rowed minors of D® are divisible by a higher power of P than P*,and 
hence none of the P^ 9M, of D are prime to P. Therefore, ,27,. If ήτα, 
at least one of the Ry-rowed principal minors of D'? that contains My, as.its 
leading R,-rowed principal minor is such that P-^:M,, is prime to P, and 
Az (D) is zero modulo P^ from its final factor by Fermat’s Theorem. Hence 
Απ(9)Ξ0 (mod P^) unless g, belongs to a class Ce;m,H, or Ce,mmD with 
θιτ-ι, e=; =F, r,—T,, and by (11) its value is 1 or —1 modulo P^ 
according as m4—0 orl. Similarly, we have that the function (1—1,...., k—1) 


í—1 
Ag, (D) = (PeT Ag, (MẸ) (P-Mg))$ 
j=l 
ας l | | 
+ Ag, (MP) (PMP) (1— (P794) Y] - | 
j=l i i E 
i—i t—1 
+... +H Ag, (MQ) (PEMS y n [1— (P-UR [EL — (Py) 
zT gm] t | 
(mod P^), (14) 
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where M® ranges over the principal minors of D of order ,, and Mf ranges 
over the principal minors of D of order R; δι, has the value zero unless q, 
belongs to a class: Ce,m,R, or to a class Ce;mjnD with e,—e;, T;—T,, and that 
for sueh forms its value is 1 or- ol modulo p according ε as m,—O,or 1. 
When Κὶ, «πι, we have 


4g, (D) es (P YI As, (MQ) (peg 
+ TI As, (MẸ) (PMR (1— (PMR 
i-i 
k—1 i—1 i 
oo Hg, (MQ) (POM)? TL EL— (POM LY) 
H[1— (PMR (Pe ae] (mod py), (15) 


where Mf? ranges over the principal minors of D of md Ju, US ranges 
over those of order Ri >R,, d(2,, ranges over the minors of D of order R,4-1, 
and 6,4; 18 the (R,+1)-th elementary exponent of D. In ease 6,,,2.2, define 

PE dg, to be zero modulo P^, Then Az,(D) has the value zero unless 


eE, {τι (i—1,...., κ) and e122, whence R,=R,=R,. Hence 
Ax,(D)==0 (mod P>) ΠΠ qa belongs to a class Ce,m,R, with e,=@, and 
r—rT, (t=1,...., k), and for such forms its value is 1 or —1 according 88 


m,—0 or 1. When R,=n we have 
TES ki . 
4 (D) = (P*-*)4 i —[(p- ο ^1 TT Ag (D) 
B . 4-1 
| (mod P^), (16) 


where P! is the highest power of P that divides P-5**D——P-P***D. In case 
q2 à, define P-1(P-**"D—P-*""D) to be zero modulo P. ‘Then the value 
of A,(D) is zero modulo P^ unless 6/Ξ-6ι, r,i—f, (i—1, ...., k) and - 
| p pas p-EeS]p) (mod P^). The function is also zero unless P~**D is: prime 
to P, 1. e., unless the rank modulo P^ of D is R,. Hence A,(D) is zero modulo 
P^ unless q, belongs to a class Ce;mjnD with e,=6,, r;=7; (i—1, ...., k) and 
its value is 1 modulo P? for all such forms. T 
Finally, define P^*a, to be zero modulo PS when az A. Then 


I—H[1— (P-5a4)"] (mod. P^) (i, j—1,... ο n; ij) (17) 


has the value zero modulo P^ unless g, belongs to the class C, and the value 1 
for such a form. The functions Ag (D), A,(D) and I aré modular invariants 
that completely characterize the classes of modular quadratic forms modulo P>. 
. B. Characteristic Modular Invariants.—An invariant $ that has the 
value 1 for all forms of one class, and the value zero for forms of any other 
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class is called a characteristic invariant. In case.such a $ is a modular 
invariant it is called a characteristic modular invariant, For example, I is a 
characteristic invariant for the class. Co. 

Let 6,, τι, m; (1--1,...., k) be a set of consistent values that define the 
class Ce;m,R,. Among the integers 1, ...., ka certain number s, of them will 
correspond to m’s that are zero. The remaining s, of them will correspond to 
m’s that are unity. Call the first set σι; and the second, σ,, and consider the 
function 


Azma = gem IL (4r, (D) 1-43 (D) JL (4z, (D) J*— 4g, (D)] (mod P^), (18) 


where 1 ranges over σι, and j ranges over c,. This function has the value 17 
for all forms of class Cé,m,&, and the value zero for all other forms. Hence 
Ao, 18 a characteristic modular invariant of q,. 

Next let @,, r; (t=1, .....,%), 7u (j—1, ...., k—1) and D be a consistent 
set of values of these quantities that define the class Cé,m,nD; thus R,=n. 
Separate the integers 1,...., k—1 into sets σι and c, composed of s, and s, 
elements, respectively, such that those of σι correspond to the m’s that are zero, 
while those of c; correspond to the m’s that are unity. Then the function- 


Ano, = TIL GG (D) A8 (DEG, (D) — 42(D)] 4 AD) (mod P), (19) 


gata 
where 1 ranges over c, and { ranges over σε, has the value 1 for all forms of 
class C&;m;nD and the value zero for all other forms. | 
‘Hence the characteristic invariants Amea» Anoo and I completely 
characterize the classes of modular quadratic forms modulo P^. 
For the case A=1, Ag (D) and ἆτις, become, respectively, the invariants 
A, and I, νι given by Professor Dickson in his Madison Colloquium lectures, 
pp. 11, 13. The function A,,,, is for this case a characteristic invariant of 
his class Cap, while Z in this case is replaced by the simple form I—1I(1—2a,/), 
as given loc. cit., p. 11. These are the only ones that enter in this case, since 
the only set of integers e,,m,,7; are 0,7,,m,. Thus, for this case the 
invariants given above are all polynomial modular invariants. This may also 
happen for the case A>1, but would obviously bea very special case. | 
6. Number of Linearly Independent Modular Invariants of q,.—For 
convenience denote the classes of modular quadratic forms modulo P*. by 
Cy, Οι, Οι, .... and the corresponding characteristic invariants by 


*In case either σι oro, is an empty set, the corresponding produce factors of (18) is defined to be 
unity. Similarly in (19). 


30 
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Ίο, L, Ig, --.:. Since any modular invariant I of ᾳ, takes certain values 
Vy, V1, Va -... for the respéctive classes Co, Οι, Οι, .... we have | 
I2o,I,4- vL -v,l4-.... (mod P>). | 

Hence, any modular invariant is congruent to a linear homogeneous 
= function of the characteristic Invariants. Moreover, the number of.linearly | 
independent modular invariants of the quadratic form g, modulo p oe the 
ΠΕ of classes. 


IL Pouynommn MODULAR ImvARIANTS or A BINARY Quapratio Form. 
7. Invariants for a Prime Power Modulus P^— Consider the form - 
| f agp + acy + ay’, E πα 
where the a, are integers taken modulo P^. The transformations * | 
R: ον -ἷν, y=y', | 
ο: w=’, y-ky, (k prime to P) 
Q:a—y, ν--α, c 
generate the group of all linear homogeneous transformations whose deter-.: 


minant is prime to P and coefficients are integers modulo P^. Transformations 
R, S, Q give the respective replacements 


αρ, ajzà 2a T, a=a,+a7 HaT. PE- 


=, aka, a= kag 70 = ὦ) 
dj70,, αι---ᾱι, a= Gp. | f gc mr 


TusonEM l. The form f has the absolute invariant modulo P> 


H=0 (4—1) u=ọ(P =P (P—1). 
‘Evidently replacements (3) and (4) leave H unaltered. It remains to 
show that H is unaltered by replacement (2). This is evident if a, is prime 
to P, since then αἲ---1Ξ50 (mod P^). Hence let a, be divisible by P. Then αι. 
is of the form.a,-+-Pq and, by induction on 2,. | 

(a--Pg)" τας (mod P), 
whence a;“s=at. Hence H’=A(a,*—1), where 
A= (a$—1) (a$—1). 

Thua-H '=H if either a, or αι is prime to P. In the contrary case, Aca Pg 
. and αφ ΞΈξαξ as before, whence H'—Hi in all cases. | 


* Cf. C. Jordan, “ Traité des Substitutions,” p. 93. 


~ 


Form for a Prime Power Modulus. 239 


The same method leads to 
Tuorem 2. The form f has the absolute invariants modulo 2 
I=at=a}", Qcafatat. 
8. Fundamental System of Invariants Modulo 4. 
TuEorem 3. Necessary and sufficient conditions that 
at BT 4- y T?--3T*290 (mod 4) 
for all integral values of T are | 
αΞθ, ϑβ--θγ--β--γ--δ--0 (mod 4). 
The general invariants of $7 become 
Ἡ--Π(α]--1), I=ai, Ω--αλαξαξ. 
A useful combination of these invariants is 
S — P—Q-—I--1-:aj-4- aj—ajai— ajai— ata. 
TuronEM 4. The form f has the absolute invariants * 
K za, + aj 4-284, , | 
εἶ ---24ρ-ἠ-2α; + ἄοᾶι + AA} + 013 + 0,03  ἄρᾶιαν F Gods , 
E =a, + 4003 + doaa (a, Hai +A) 
== 150, + A003 + αδαξ--- αδαξ + A0103 + αὐαἴας + αθα]αξ (mod 4). 


The following identical congruences are of use in simplifying the dis- 
cussion given below for the general invariant. 


U= (a, +0) (aa +a) =0, V= (ata) (atai) &0, L= (aot a) (a+ a5) =0, 
Q,—3Qaja124-aia02 4-390133, Θε-- 8ῷ5-αταιαι + αδαῖας + 400103, 
ΜΞξαιαιας + αδαιαξ + 090105 + ajaia,=4Q=20, 
N zua4,0,05 + aaa aaa + a$a3a4 74 Q 2x0. 
In view of the identical congruence zzz? (mod 4), we may assume that 


the exponent of each a; in an invariant of f does not exceed 3. Hence, we may 
denote any invariant $ by 


8 
φ g A ,A«aial , A; = Gy B ido γμαῦ + 0,06 , (5) 
where αμ, ete., are constants. The difference 


$— (dnt Aist + Ant, + Ast) U 
has Ay A= Ag = Agl, 


* K, J and E were discovered by carrying through for special cases the discussion made below for 
finding the general-invariant; they were verified to be invariant with respect to the generators E, 8, Q. 


‘+r 
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Hence, we- may assume that in the initial ĝ sese quantities are zero modulo 4, 
. Similarly, by considering in turn | 


g= [Bat (¥a— Bo) a,] L— (δοι--γα-Εβα) E, $o— — Og — ns (γιο--(βιο) Ag | y, 
$— [Bs (γω”-βεο) ἄο] αι]”, $— Pet (o) 40] aL, 


we may assume that 
ἄωξααι, Αι1οξξδιᾶῦ , A go 85 0p + 8506 , Aga + wa. | 
Then by employing in turn | l 
—BuM—ynQs, $—085N —ysQ, P— td — 7/1292, φ--αρἷ--γο(ὸ tH aN, 
we may take l ` | | l 
An=an tna, A s= lg + Òa , Ag 0s +5205, αρ = 015 =Y =D. \ 
At no step have any of the quantities previously taken to be zero ne dis- 
turbed. 
Subjecting the iau dst φ to replacement (2) we get 
τ φ΄--ϕ--β11-γ1"'ἠ-δ1», 
where | | 
B 952 4,90, H 2.4555 - 2A epg + 2A 450905 + (Aot 2.4905 + 2.4 54, -- 2A gg 
F2 Aga, + 2A eds + 2A 0504 + 2A 192+ 2.455005 H- 2A ope + 2A 5,505 
+2 4550405 H 2.45 H- 9.4053) 81 (An t3 μας) αἵ, 
» = A dy + A pets + A αν -|- 3.4 9090; +3 Agaa J--4,50504 + (2135 τη HAt 
+3 A oo - Ass + Ana +3 Angas H- 9. 303 H- 9. A 5090s TS “+ App) αἲ 


+ (dit Age + Ages) ai, 
ὃ 773 Add + (Ao + dag tH 8.45505) αἲ. 


By Theorem 3, necessary and sufficient conditions that Q'—4-—0 for all. 
" integral values of T are 2e-2ye-B ry 0220. Fróm the form of es Ars” 
and 44 we see that 


2 (As HAt) =0, 2 (As d- Aus) eO, 2 (dot Ana) 0. . . (6) 
From 28==2(Agq+Ag)4@,+2 (Ag+ Ag), we have | ` 
2(datdn)=0, 2 (Aot An) 5-0. | (0) 


Next, 
ya dur Ans An dat a ua da A Aat A aos 


‘Hence, in view of (7), and (6), 


2 (Aoc Ant Αα) an (Al Ass) {1“-α)-59. 5 (8). ` 
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Making use of the above relations, B+y+d=0 gives 


2 A190, t 24100 + Aot +H A205 t- Ag) + ἄν (2A 8 - 2A soll +3A 9) -- 5.4 ραιας 
+ [Ag t 2At- 2A got + 2A 5909+ 2A sa, + Arao 3- 9.40505 H- ας (2.400 -|- 2A se) 
+3 4μας]αι-|- [Aut ops A orto +3 A pgp + Anat 9 Aso + Aga 
7 -Fa (3A gg +3 ἄν +3 Anga) +3A 9003] 1 
+ LAn- Au At Aot Ang +3 Agg§+ Att 3.45405] 0150. 
Denote this congruence by p+ qa,--rai--saies0. Hence p=2q=2r=q4+r+s=0. 
From p==0 we have ; 


2 4,90, + 24 98)-+ Ag 09-80 tHAga=0, 9 40,730, 9 
2A png + 2.45509 - Aga t Agal. ( ) 
. From 2920 we have ] 
| 2{4ρ---.4-αο)ΞΞ0, 24-50, (10) 


By (7) we have 24,420. Hence 4,,ajaj==A,,aja,. Hence we may take o4,—0 
by replacing @ by @-+ag8, and y,--0 by subtracting γω. Aaja; is now in a 
form that ean be combined with Aaaa. Hence we may assume .4,-0. 
Similarly, by combining Aya, with 44a; we may take A,=0. It is readily - 
verified that the above reductions do not disturb the quantities that we have 
previously taken to be zero. A like remark applies to the reductions that 
follow. 

Since Ap) ==%,, we have, from (10), that 24,420. Take ἄμ--θ by com- 
bining 48,224,408; with Ayaz. From (7) we now have that 24,,20. Hence 
Ag @a,==A, aa and we may take a,,==0 by considering $--a4,9. We now have 
A,,010,2:0,050:0; and may combine it with Aaja} and take 4,,—0. From (10) 
and (6) we have 94ά:.:-0. Hence, combining 4 αιαξξ 4,4010; with 4,,8la;, we 
may take 4,2-0. "The above conditions now become | 

24m 1-243 (14-09) 0, 2.4340, + 499060, | 
Ay 22 4 A p= Ay = 4μςςθ, 2 (Ag+ Ana) =l. |. 
From 2r=30 we have 2 (Ag--.A55-1-.45,0,) ==0, whence 24,,=0. From g+r+s=0 
we have | | 
2A y+ 2A soho + 2A se) t Ao tH Ave + Anat Ag. + Anat Ana. (12) 
Hence 2A,==0. We may take o4,2:0 by considering $-Fa4S. By combining 
Αφαΐαξ--ὀδῳαῤααξ With Agata? we have Ase=0. By the final condition (11), 
(12) now becomes l | 


(11) 


Αμ 4ωι--Αμαξ--9 Αα. Ἢ (13). 
From (11) we have 


29g 7:2 (By do == 2Y 9222819 + Aog F Boa tH Yo + óg =Q. (14) 


- 
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From (13) wé obtain the additional conditions 


Qs 2 (Bot Bes) 52 (an Γὰκ) + Bat Eden, (15), 
From (14) and (15) we have | 


may oar 26s Boat Hoot Ôp = 2 (Bat Bas) =2 (t aso- Oso) =0. (16) 
We now have 
| Q= dut botot y ου 01-0090 + βαᾶοᾶὰ nr Yo00 2 F 0.0005 + 01,890 l 
+ βοοθοαῖ -HY w000 4- 8,9000; + 953090103 + 043050105 -I-G.590 + 0590001, - 
where the Greek letter constants satisfy relations, (16). Let @ become ¢’ ° 
under the replacement (4). Then $—4'—p--ga,Troid- sai, where — 
p= βωᾶο-!-γωθδ + Boot $1905; + 8 αρυαὶ + sai + Bootes + 290501 + 0340561 , 
ᾷ----βιο--βιαῖ--βῳαῖ--βιιαδαξ, | l 
r= Batts T oedi — oo ΞΕ βκαηαὶ + 635000 — 2901 ’ 
S = — do — fodh + 91504 — 0590; — 0350001 + 0591 . 
Then p=0 gives βωξΞγωξξδωξΞ0 and 


20,92 (Baot y δω) = 20y =0, 2 tso + Bao + Y 200+ (915-09 3-0) a0, 
whence: 2 2p = 2 Ban = 23 n= 27/2 =0. | 
Hence 4,--2N,442. Take 4,-:0 by combining 2N,,0101—:2N,,03a, with 
Spata. Also take a,==0 by considering $—asM. The remaining condition 
from 20 is 6,==d,,. Hence > has the term διο(αδαι + asai) =), Thus $ is con- 
gruent to an expression with 6,,==8,,=30. From Ογ---0 we have 2 (Beat ὃν) 0. 
From g+r-+s==0 we have 
Borto — (θα -Γ δω) 43+ δοιαῦ + [Ba — (Bee + à) aot buai] ai=0, 
whence 99, 20, 2520, 25,0. 
.From the first two of these, together with. ὀγως-θ and ETAT EN 
from (16), (since 20,720), we have 400. From 2, = Dg we have 


Da 0o0103 + 055050105 — (But 054) G501037— (Pr -- 0:4) Q, 
and hence $zxaq-- (Ba 4-05) Q. From this we have | 
Tuonem 5. Any modular invariant of a binary quadratic form whose 


‘coefficients are integers modulo 4 is a linear function of the invariants | 
I, Β, Q, J, K, E. ; 


The binary form is congruent to 8 multiple of a square of a linear form 
if and only if Je==K=H=0 (mod 4). 


- 
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The Ten Nodes of the Rational Sextic and of the Cayley 
Symmetroid." 


By AnrHvE B. Cosuz.t 


— “ 


Introduction. 


The general rational plane sextic with ten nodes oceupies a unique posi- 
tion among all rational plane curves in that it is the rational curve of lowest 
order which can not be transformed by ternary Cremona transformation into 
a straight line, that is-to say its order can not be reduced by such transforma- 
tion. It may, however, be transformed into other rational sexties, and this 
can be accomplished by Cremona transformations of infinitely many distinct 
types. One of the principal results of this paper is that the sextic and all of 
its sextic transforms are um under precisely 27.31.51 projectively 
distinct types. 

. "The intimate relation between the ten nodes of a rational plane sextio 
and the ten nodes of that quartic surface known as the Cayley symmetroid has 
been pointed out by J. R. Conner.t It is not surprising therefore to find that 
a similar fact is true of the symmetroid under regular Cremona transforma- 
tion in space. 

The methods of investigation here employed have been set forth in an 
earlier series of papers by the writer.$ Some of the points of view may be 
recapitulated briefly as follows. We shall be interested in a Cremona trans- 
formation C only in so far as it disturbs projective relations so that for our 
purposes CzemCz where a, 7’ are arbitrary projectivities. If C has the 
singular points, or F-points, pi, ...., Pa, and C^? the F-points gi, ....,g, 
then C transforms curves of order z, and multiplicities x, at p, into curves of 


order 2, and multiplicities c; at d; (i, 7=1,....,p) where a’ is determined in 
terms of ὦ by the linear transformation, L(C), | 
(4) - L(C): zx—ma,—XLirg, α)--6εζο--ΣΙ! 042; 


* Read by title at the meeting of the Chicago Section of the American Mathematical Society, 
April, 1919. , 

f This investigation has been earried on under the auspices of the Carnegie Inatitution of Wash- 
ington, D. C. 

t“ The Rational Sextic durs and the Cayley Symmetroid,” this Journal, Vol. XXXVII (1915), p. 29. 

:$* Point Sets and Cremona Groups," Part II, Trans. Amer. Math. Soo., Vol. XVII (1916), p. 345; 
referred to hereafter as P. B. II. 
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In (1) the coefficients are m, the order of C; r; the order of F-point p;; 3,; 
the order of the F-point q; and ày, the number of times the fundamental . 
curve, or F-curve, of.p, passes through αι. | .. . 

The product Ct’ of. two Cremona transformations. ean be unique m 
when the position of the F-points p; of. C' with respect-to the P-points q; of 
Ο- is definitely specified. In order to limit the possibilities which- arise in 
this connection we require that the points p, shall be in a set of n points Pi 
and the points g; in a set of n points Qi such that the further pairs Pout; 


dotis +++ -s Pas ds are pairs of ordinary .corresponding points of a This - 
amplifies the linear transformation L(C) by the equations ^ 
(2) - m= (l)a, (l= pt. pd. 


and the two sets P?, Q* are called congruent under C. In forming the cur" 


points of Q?. This possibility of reordering the points of a set—a non-pro- 
jective operation for n>4—is accounted for by adjoining to the linear trans- 
formations L(C) those additional ones constituting a g,, which permute the 
^. variables ση, ΠΩ͂ Thus the operations | involved in passing ‘from a set 
- P? to all sets Q? congruent in some order to P3——operations which constitute a 
group G, ,—are reflected by simple isomorphism in the transformations L(C ) 
of the group g,. , generated by g,, and the transformation L(€) determined by 
a single quadratic transformation C, since the general Cremona transforma- 
tion is 8 product . of ‘properly ordered quadratic transformations. Obviously ` 


. when a set P? is in question this general transformation i 18 restricted to have 


pan F-points,* 


We are concerned here with the set P3, of the nodes of a rational plane 


sextic and ean state at once the theorem | | ms 


ω 


b 


:. OC’ we require that the points of ΡΣ shall coincide in some order with the . 


(8) A sextic S with nodes P3, can be transformed into a seatic § ΠῚ nodes — 


Qi; by ternary Cremona transformation if and — if the sets Pio and: 

Q% are congruent. 
For if S is transformed by C into S iie p F-points of C must be all within 
'P^, else the order of the-transform is greater than 6. Hence p<10. 1f p<10 


the nodes of S in P5 which are ordinary points. of C pass into nodes. of S in | 


the congruent set Q3. .. : ο... 
| The. arithmetic..group 9g, α simply η with G,, has integer 
coefficients. We shall prove in $1 that there is only: a finite. number of pro- 


', jectively distinct sets Q% congruent. to the set Pi, when P3, is the set of nodes - | 


of S, and that, for all the operations of ινα whose isomorphic. elements in - 


* These remarks are amplified | in P. S.1I, §1. . 
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1,3 have coefficients TM modulo 2 to those of the identity, the set Q3 is 
projective to Pi, and therefore may be made to coincide with P?, by a subse- 
quent projectivity. These elements form an invariant subgroup gi. of 10,1 
whose factor group g{,* is finite and of order 10127*.31.51. 

An important problem is now apparent. Since gy, is infinite and discon- 
tinuous (P. S. II, $4 (18)) and gs, is of finite index under δι)» there follows 
that an infinite discontinuous Cremona group Gos exists which transforms 
the sextic into itself. (ιο; also will contain an invariant subgroup Gros 
which consists of those elements of Gry for which every point of S is fixed. 


It may be and probably is true that Cig is merely the identical transforma- 
tion, but in any case the factor group of Gy. under Gs will be represented 
by a discontinuous group of elements of the form i 
at+b 

ο ct+d’ 

where ¢ is the πο μίας on the rational curve ὅδ. From certain geometrical 
considerations it seems reasonable to think that this discontinuous group is of 
genus 4, and that the ten nodes of S can be expressed by meaus of Riemannian 
modular functions of genus 4. 

The ten nodes P$, of the Cayley symmetroid X, discussed in Part II, 
behave under regular t Cremona transformations in space much like the ten 
nodes of S under ternary transformation. One novelty introduced in $4 is 
the dilation of the regular group in a space S, into a subgroup of the regular 
group in a higher space Spr: 


‘_ 





PART IL 


4 


Tus Ten Nopzs P5 or tHE SEXTIO $. 
$1. The Equivalence of the f-curves of P, under (ιο ε- 
The first theorem which we shall use 18 


(4) The group Gros which leaves the sextic S unaltered 1s generated by the 
involulions conjugate under Gy. to the Bertini involution, 


We recall that the Bertini involution is defined as follows. Given eight 
points p,,....,, in the plane, the a? sextics with nodes at these points have 
the property that the oo* sextics of the system on a point v pass also through 
another point y, the copoint of ὦ in the involution B. Obviously every sextic 

* The factor groups 9 for the group ση have been identified with known groups in the author’s 
paper entitled “ Theta Modular Groups Determined by Point Sets,” this Journal, Vol. XL (1918), p. 317; 

. cited hereafter as T. M. Groups. This paper emphasizes the geometrie possibilities of the particular 


68868 gop,o, p. Tt is of interest to find that other cascs also have geometric applications. 
1 Cf. P. S. IT, § 4, or 84 of this paper for the definition. 
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| of the vet is a fixed ‘curve, and every: additional node of such & sextic is a 
"fied point of the involution whence it leaves the sextic S with nodes” at . 
Bay's +++) Par Pos Pro unaltered. By..permutation: of the points of P! io all. the' 
(2) Bertini involutions. attached to the set Pi are obtained, Moreover, if C 


| "js any.Cremona. transformation with F-points at Pt , then. CBO" also. leaves 


S unaltered. - "For C transforms S into a sextie S' with nodes. at Q5, B leaves 
S’ unaltered, ‘and C~ transforms S back into S. Hence the conjugate set of - 


involutions described in (4) all belong to. Gao, 2. 119: proof that they generate: . τ 
Go, , Will appear later. Meanwhile two-objects conjugate under (ιο a Will be’ - 


called equivalent, and this relation of equivalence will be“denoted ` ‘by. the 
symbol =, = 


^' The ο στον of the set Ph are the oer TAN by Qnam Lranelormation ' 
^ .-of the sets of directions about the. points. Instead of the general Cremona - 
‘transformation we may make repeated .use of the ‘quadratic transformation Ἢ 


Aug, With F-points at Pi, Pas Pa: Beginning then with the set of directions 
about Pı, it becomes under the g,, of permutations of the points, a get of 


directions about any i one of the ten points. Applying As to the set of direc- . 


"tions at p, it becomes the line on. d.d, , and under ,, this becomes any Tine. σαι. 
Applying Ax to the line p,p; it becomes & conic on φις ιεβιας”. Proceeding in 


.. this way the totality of ML of the set. P?, is obtained. We shall denote 


_ by its signature, Fe? SE weeny PR), an f: curve of òrder r with multiple points 
; of orders. A, 2o, Kal the polite Diy -++++; Py, respectively. A Men 
derivation of the types: of f-curyes 18 carried out in the folowing table (5): 


-- 


πω 


operated 


- fosive κ by τα. eh δὲ : which is s 
2 iva : ἃ nl Ξ = 
[κω Us 2 de f (23)* MEE 21 
ut | Am | fo(t) Tr "E 


ROBY ^ |; 4m | f) 


Ta eaa elede IROD 5 A eet 
| fa (12845) . | Aus | R2) EC : p 
d te L Ae [4]02345) ^ 

C" δη ον X Aa jA (12345/67)* | 

. (81 





f(12349567) | Aw |f02345) — |. 

LIS ο μι | (12345561) - : 

| Ass | (198345967)  ᾿ E. 
Asso f (19345*6789)* 


| ` Aso | fe(12345°678°9°10°) | ——/,(1234678'910). ' . (3°) 
f,(12345°6789) | Au | fa(12345°89). ~ 


“Aseo | f,(12345°6789) eb 
Asno | f4(12345^67*8910*) | &/,(12345*6789) (39) 





us (129458). -|ef4(2345) . :-. 7.02) 


Ags: 5 ο 12345678): - f. (12948) | (19) 
Au | fs(12345°67°8"92Y =f, (12345267) - (09). 


Aeg | [s(12345°6°7°879) =f, (1234569) E" (2°) 


- 


“~ - 


Pal 
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New types of f-curves. as they are obtained are starred, and these new 
types are in turn subjected to transformation. However, as the process goes 
on, the new types obtained are equivalent under Gros to earlier types and 
these need not be transformed afresh. 

- In order to prove the equivalences (1°), (2°), (3?) listed in the table (5), 
and at the same time to verify that the two further equivalences 


(ey ο. fii ο fa (tainted ih), 
(5°) f (Ga iste gh?) em f (λα) 9 
are valid we begin with the equivalence, 

(6) ! fo (9) =m fe (119/8251 61) 


whieh is derived at once from a Bertini involution. If the two members of 
this equivalence be transformed by C then the two transforms are themselves 
equivalent under the transform of the Bertini involution by C, whence aecord- 
ing to (4) they are equivalent under Gros ;. Transforming (6) by Auns ἄν 
Ajj, and Αμ successively we get 


(7) | fa (1119) f (UL). 
(1°) fa ($2193834) eR fa (ajajaj Jed a7) » 
(4^) fs (Puls 63 00) fs (3533151 ὑϑο’τ), 
(5°) 200 KG Iedodrda) fa (053332120316) - 
If now we transform (4°) by do and 4,,, we get 
. ὦ) : fs (P dada dedi) fa (hdd de), 
(305) |. f. ERIS SF GIARRNARMK - 


whence all the equivalences used in limiting the table (5) have been established. 
A glance at the list of equivalences established shows that the signatures 
of equivalent f-eurves are congruent: modulo 2, and further that no two of 
the non-equivalent f-curves in the first column of table (5) have signatures 
. which are congruent modulo 2. This is to be expected since the signatures, 
fa (pie, pi^, ...., piv), of the f-ourves of Pi, arise from the columns other 
than the first of thie matrices of the linear transformations L of (1) and (2), 
and the transformation L which correspond to the Bertini involutions (and 
- therefore also to the conjugates of the Bertini involutions) are congruent to 
the identity modulo 2. "Thus we have proved that 
(8) Under ihe group generated by the conjugate set of involutions which con- 


tains a Bertini involution, the infinite number of f-curves of Pi, divide 
into 527 = 2°-*(2°-+1)—1(p=5) sets such that the infinite number in 


- 
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-any one set are equivalent and that the f-curves from different sets are 
not equivalent. Equivalent f-curves have signatures congruent modulo 2. 
As types of these sets we may take the i : form fli), τς (9) of 


e èe s ο ο δ- — a[j3 y4fty A α ΑΔ. “959 é 4 y a uu 


«τν ο t © + è x z 


Since all f-curves with signatures congruent modulo 2 are equivalent 
under the conjugates of & Bertini involution, there follows that the subgroup 
g(2) of gi, which is congruent modulo 2 to the identity is generated by these 
conjugates. Now the index of g(2) under gy; is the order of the finite group 
of permutations, g(?,, of the above 527 sets. The order of this group has 
been determined in “T. M. Groups,” In fact the signatures of the f-curves 
reduce modulo 2 to the coefficients of the forms 5,, c, of the table there given 
(p.323 for » —x-2). They are permuted like the even charaeteristies of the 
theta functions for p=5 under the group (p. 337 loc. cit.) of order | 


= 2" (2°—1) (2°—1) (2°—1) (2°—1) (2—1), 


which leaves one even theta characteristic unaltered. Now g(2) is simply 
isomorphic either with (ιο , or with a subgroup of it. In the first case u ` 
divided by 10! (to account for the mere ordering of the set P?) will be the 
number of sextics projectively distinct from S and including S itself. In the 
second case this number will be a smaller factor of u/10! Now | assuming that 
u is the proper index of «ρε under G,), then the index w of G, 2 under Gys 
. (where these new groups are defined precisely as the groups Gus and 6G; 
except that all Cremona transformations employed are to have p,, as’ an 
ordinary point*) is 4/527, since py or f,(10) is to be unaltered. Then the 
number of projectively distinct sets P; which can be obtained by Cremona 
transformation from the nine nodes of a sextie is u/527 divided by 9! But 
according to P. S. II (47) 4/9 1527 = 2°. 960 is precisely this number of sets P?. 
Hence μ is the index of Gro α under G4,, and Gro, a is generated by the conju- 
gates of the Bertini involution. We have thus completed the proof of (4) and 
have also proved that 


. (9) A rational plane sextic with ten nodes can be transformed by Cremona 
transformation into precisely 27.81.51 projectively distinct sextics. 
Under such transformation these projectively distinct types (with 

*Itis proved in P. S. II, $6, that the generators of νε are conjugates of Bertini involutions 


whence all the Cremona transformations with F-points at P*, for which P?, is congruent to itself will 
leave unaltered the 10-th node of a sextic with nodes at P*,. 
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ordered nodes) are permuted according to the finite group of odd and 
even theta characteristics for p —95, which leaves an even characteristic 
unaltered. The infinite discontinuous group Gro» of Cremona trans- 
formations which leaves S unaltered 1s simply isomorphic with the sub- 
grOUD Gr,2 Of Gw.2, Which is congruent to the identity modulo 2. 


$2. The Discriminant Conditions for δις 


In P. S. II, $8, the-set P? was discussed in connection with the general 
plane quartic and the sixty-three factors of the discriminant of this quartic 
arose from the conditions that two points of P? should coincide, that three 
should be on 8 line, and that six should be on a conic, In all these cases an 
f-curve passes through one more point of the set than is true in general. The 
conditions might be indieated thus: 


ss * u ο 


Similarly for the set P$ (P. S. III (1917), $1), the same conditions give rise 
to the thirty-six faetors of the diseriminant of the cubie surface whieh is 
mapped from the plane by cubic curves on P2. We shall therefore continue 
to refer to such conditions as discriminant conditions for the set, even though 
for sets beyond P? the word discriminant does not have its usual meaning. 

For a general set P?, the number of these discriminant conditions. is 
. infinite, but they all arise from any one—say f,(12)-0—by Cremona trans- 
formation. On the other hand when P$, is the special set of ten nodes of a 
sextic S.and therefore subject to three conditions, the existence of one dis- 
eriminant condition—a fourth condition on Pij—taken together with the three 
conditions already implied by the existence of S entails the existence of 
infinitely many discriminant conditions. For example, reverting to the table 
(5) of $1, let us begin with the condition f,(1,9)=0 which indicates the 
existence of a tacnode due to the coincidence in some direction of the nodes 
Pı, D». Transforming this by Ans we get the condition f,(239)—0 which . 
expresses that the nodes Ρο, Pg, p, are on a line, Transforming this by Ai, 
we get the condition f,(123459) —0, and this, transformed by Asr gives rise to 
f,(123456*78?9) —0. But according to the equivalence (1°) there is a trans- 
formation of Gro.» which leaves the nodes of S unaltered and transforms . 
f,(138456?7:8*) into f,(12345). Therefore if f,(123456'78'9) —0 then also 
f,(123459) —0. Proceeding thus we find that the ‘equivalences of f-curves 
under (ο ο imply the identity of corresponding discriminant conditions and 
we can prove at once by the foregoing methods the theorem: - 


P 
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(10) The number of discriminant ον TTA UR for the general point δεί: 


9s Pics finite for the Pio of nodes of S, a set subject to three conditions . 


. . nd containing nine absolute constants. “Any two discriminant condi- 
^^. tons whose signatures are congruent modulo 2 impose the same FOURTH 
condition on thè ten nodes. The- (5) conditions of N- NM —0, 


s 4 # o u o 


> 9 ο & * 9 * X — ο ου. επι P» yD» a f He 5 k è a F e 


496= -2r (92. 1) (p=5) | in all, sivhavist the number of siii 
. discriminant conditions, The members of this finite set of condiiiòns 
_ are permuted under Cremona transformation like the odd theta char- ο. 
acteristics under the group of $1 (9). P 


In fact these conditions correspond to the forms be, δα of the table cited 
above from T. M. Groups. : 

From any. equivalence there will follow & theorem: concerning a special f 
sextio 8. Thus from (4°) and (5°), of $1 we have - 


. (41) If share exists a- cubic curve on geven nodes. of S with a double ‘point at a 
` one of the three remaining nodes (one condition on ἃ) ‘then ihere will 

exist a cubic curve onthe same seven nodes and with a double point at | 

ANY one of the three remaining nodes. - b ας 


(12) 1} there exists a-quartic curve with ιο point. TS one node i S and on . 
---. the other nodes, then there will exist a quartic with a triple —* αἱ 
^ any one node and on the other nodes, - | a 4 dic 


Part of the content of theorem (10) has been stated by Miss. Hilda | 


 Hudson,* and her method (Section 4, loc. cit.) of proving the equivalence of - 


discriminant conditions is istoc" Unfortunately much of this paper is 
colored by the false assumption that the rational sextic with which she begins, - 


. and which has six nodes on & conic is a general rational sextic with nine abso- . 
lute constants. Miss Hudson uses a space sextic of gents 4—the complete . | 


intersection of a quadric and a cubic surface-—and assigns to it four actual 


ME nodes by making the cubic touch the quadrie at four points, and projects it 


from an arbitrary point of space. Now if à, u are the binary parameters of 


the generators on the quadrie, the sextic of genus 4 has the equation 


(αλ) (by)*0 with fifteen constants. Of these six can be removed by ‘pro- 
Jectivities on A, u whence ihe curve has nine absolute constants. These are in 





*u The Cremona Transformations οἳ a Certain Plane. Bextle," Proceedings a the London Mathe- 
matical Society, Ser. 2, Vol. XV ο ), p. 385. = Ἢ 


- 
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fact its Riemannian moduli since the curve is normal. The four node require- E 
. ment reduces the number of constants to 5; and projection from an arbitrary 
point introduces three more, so that the resulting rational sextio has but eight 
&bsolute constants and is subject to the furthér condition that six nodes are 
on a conic—a well-known condition’ on the nodes of any projection of the 
general space sextic of genus 4. The genéral rational plane sextic should be. 
obtained as the projection of a general rational τος -- and the latter 
. gextie does not lié on a. quadrie, . : 

In the same volume of the  Próceedériga Mr. J. '. Hodgkinsoi * ‘shows that 
‘there can be at most thirty rational sextics with nine properly ασια nodes. 
Asa matter of fact this number i is exactly twelve. i , 

- In view of these misconceptions it may be worth while to develop in some 
detail the.conditions on the nodes of a rational sextic.t Let then i, rg, Do 
be eight general points of the plane with eight absolute constants. They are | 
the base points of a pencil of cubics C, 8044-40, which meet again in a 9-th 
point P. This is of course a general pencil of eubies, and all of its members 
are nondegenerate and all are elliptic except for the twelve nodal eubies of the 
pencil with oen E D,,...:, Dy. The net of sexties, t4 C1 -4- usC, σι μια 
has nodes at p,,...., p, and is λα, the aggregate of -pairs of the pencil à. 
Other sexties with these nodes exist. Such for example is the degenerate. 
sextic f,(12) - fs(123?. :. . 83) ‘whose. factors are known to exist and to be 
unique. Moreover, this sextic is not found in the above net. since it is not a 
pair of cubics of the pencil Ο.. -- Let then X be any sextic, not included in the 
net, which has double ppg at i,...., Ps. The web of sextics 


(18) A n MP 


— all sextics with nodes Ab Diy eves Dee For if another secs Σ’ not 
contained in the system (13) ‘should exist, the system of oo! sextics obtained 
by adjoining. Σ’ would eut the line f,(12) in æf variable pairs and a pencil 
would have the fixed factor f,(12) and the variable factor eer -— con- 
trary to the fact that this quintic is unique, | 

: All the sextics of the web (13) ön a-point z pass ισα. a second: point 
y; and 7, are’ ιών in the Porini involution B.t τ fact, if -C is the cubic 


* “The Nodal Points of a Plane Sextic,”. loo.-oit., p. 343. 
t Ct. E. C. Valentiner, την for Math., Ber. 4, Vol. V (iss1), ‚p Ba, της G. Hiaiphen, M. 8. F. 
Bull., Vol-X (1882), p. 102. 
© $6tf. V. Snyder, “ The Involutorial Birational Transformation of the: Plane of Order: F Baventean,” 
this Journal, Vol. XXXIII (1811), p. 327. 


. t 
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of the pencil C, on z, then C? and C,C, are two independent sextics on 2; let 
Σ be a third. These sextics all meet at the intersections of C, and X. Letthe . 
elliptic parameters on C, of p, ...., “ps be Uy) ony Ug (with u-F-w σοι 88 

the linear ΘΙ and let u,, u, be those of 2, y. Then E 


— 


ω 3 . ^ 2(u+.. Etta) EL 


Hence v, y are on a line with the. point mo Mis and this ig the 
tangential point of the four points. αμ... . <+ ug) + > Itl is the 


zero half-period, this 1 is the 9-th base point P if = isa proper half-period we. 


9 
we may call the points the three half:period points on Οι. ` Hence a construc- 
tion for B is as follows: At P, a base point of the pencil C,, draw a tangent 
to the cubie’C, to meet the cubic C, at P,, and from P, project the cubic into 
- itself to obtain the pairs z, y of B. One easily verifies that the locus of P, isa 


E rational quartic on p,, ...., ps with triple point at P whose tangents are those 


-of cubics with flexes at P: The construction for y is indeterminate only when 
z is at pi, OF P, OT ...., 0Y Pg. The sextie δ, with triple point at p, and 

~ nodes at p,,...., p, exists and is unique (as is proved at once by reducing its ᾿ 

order by a quadratic transformation), and, if z is at any point of Sps y is at p, 

Hence B has eight six-fold F-poinis p, with corresponding fanus S,, and 

is of order 17. Evidehtly every sextic (13) and every. cubic Cy. is & fixed 
curve of B. 

We are interested primarily i in the ‘fixed points of B. oe occur at the 
point P and at the three half-period points on C,. The latter run over a locus ^ 
N which has triple points at p, with the same tangents as 9,, since these three 
directions at p, are self corresponding. Also N is of order 9 since a cubic C, 
" meets it in three points outside- the eight points δι. The fixed point P and. 


, the fixed point p,—a general point on N—are of different kinds. P is a fixed .. 


' point with fixed directions, i. e., a curve K on P is transformed by B into a- 
. curve K’ on P which touches K. : This follows from the fact that P is a fixed . 
' point on every cubic of the pencil Οι: On the other hand p, is a fixed point 
on but one cubic Cy of the pencil C, and arises from the coincidence at p, in 
the direction of the tangent T, to C, at p, of a copair z, y of B. Hence this is . 
one fixed direction on p,, and another is the direction Typ, of N at pp, i. e., the 
direction to a neighboring fixed point. -Any curve K on p, is irunsformiód by 
. B into a curve K’ on p, such that the tangents to K and K’ at Py are Pa 
to Ts and T Np 
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Every point x of the plane is a double point of at least one sextic of the 
web, namely of the squared cubic, ΟἹ, on it. If α is a double point of a second 
sextic Σ, and therefore of a pencil, then the net determined by Οὐ, C,C,, and X 
on « have their remaining intersection y at x, which may be at P if È is 
C (àa £1), but otherwise is a point p, on N. Conversely the net of sextics on 
p, being fixed curves have as a common direction that of 7, which belongs to 
the coincident pair, and therefore a pencil of the net will have a node at p, 
with nodal tangents harmonie to T, and to Ty,,. The pencil contains one 
cuspidal sextic with tangent Ty, and one squared. cubic C} with tangent Το. 
Hence, disregarding nodes and cusps due to the sextics C?, and disregarding 
also the point P, we see that N is the locus of nodes of sextics of the web (13); 
or also the locus of cusps of sextics of the web; or.as an envelope is the locus 
of cusp tangents; or finally is that 9-ic with triple points at p,,...., pg, and 
on D,,...., Dy. For a double point of a eubic C, is projected into itself 
from a point of C,. An equation of N is the Jacobian, J (Ci, C,, 21) —0. 

The curve N is of genus 4 and its canonical] series οὗ is cut out by the web 
of adjoints (13). The series cut out by the pencil C,, a gi, has for residue 
with respect to gj the same g3. Thus N differs from the general curve of 
genus 4 in that the two series, g;, cut out on the norm curve by the two sets 
of generators of the quadric on the norm curve have coincided, i. e., its 
canonical adjoints (13) map Ν into a space sextic cut out on a quadrie cone 
by a cubic surface. Since the quadrie is a cone, N has but eight moduli, the 
absolute constants of p,,...., p,. A tangent plane of the quadric cone does 
not count as a tritangent plane of the sextic since it is rather a reunion of a 
set of gi and a set of gi. The 120 tritangent planes arise from the 120 
degenerate sexties, ($) of type f,(1)-S,, (ἃ) of type f,(12) }ε(128"... 8), 
($) of type f,(12845) f,(123456?7*8*), and (8) of type f,(1'234567)- f,(2345678"). 
Since a g; has (r--1)(n--rp—r) (r+1)-fold points, σὲ has twelve double points © 
which are at Di, .,.., Dy. If γε is a general point on N there is as we have 
seen, a pencil of sextics with a node at p,. This pencil cuts N in a gj with 
fourteen double points. Two of these double points arise from the two 
further intersections of the squared cubic Cj on p,. The remaining twelve 
are points pp cut out by sexties with a node at p since all sextics on fy with 
a simple point at p touch the cubic C, at p,, and not N. Hence in a pencil 
of sextics with nodes at p,, ...., py there are precisely twelve rational sexties. 
In part this conclusion could be drawn as follows: If p, is the 10-th node of a 
sextic with nodes at p,, ...., Po then Py lies both on N and on the 9-1e N’ 


- 
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. formed like N with triple points at Pi, ...., Pr, Po. Then Ν and N’ meet in . 
l 7x9 points at pı, ...., p; and in 2x3 oan: at Ps, Po, whence p,, is.one of 
the twelve remaining intersections. Thus thére are at most twelve positions 
Of ρω. It appears therefore that the three conditions that N be on Dy and Pio 
and that N' be on Py are necessary and sufficient conditions that Pio be the 
nodes of a rational sextio. ^ . ;. l e 
The relation between p, and Pı gives rise to a symmetrical (12,12) corre- 
| spondence, T, on Ν. The valence of T is 3. For if C, is a set of the `g}, and 
C, the residue of that set on p, , if K isa canonical set in gj, and G a-set of | 
the gi considered above, and if.8,,,is the set of twelve positions of Pry when {ο 
is given, then S,.+C, is the set of fourteen, double points of.the gl. Hence - 
K+ 2GS8,,+C,,* where now the equivalence refers to point groups on N: 
. But. G+2pŒ=K, and C,+,2=C,, and 2C,—K whence Eu +3p=2K 4-C,. i 


Hence if p; is any other point on N and 9% its set of twelve additional. nodes p 


‘S,+3p,=5i.+3p,, or T has the valence y= 3. Then according to-the well. 


known formula «4-8 4-2py, T has 12--19--24— 48 coincidences. These arise . - 
τον from those positions of p, Where a rational sextie of the web has a tacnode, 
but also from the twelve points D,, ...., Dy. For if Cy has a node at D` 


on N, then Ci meets N four times at-D. Of this 4D, the set 2D is eliminated S 
in forming gi, but 2D is left and D is a double point of gi: Thus D belongs 
to the set S, which corresponds t 2 D in T and is therefore 8 coincidence. 
Hence | l 


(44) There are thirty-sia sextics with eight gwen nodes which have. απ. addi- 
| tional tacnode. 


Thus a sextic with a tacnode has only. eight absolute ‘constants. Miss: 
"Hudson's theorem that any rational sextie S for whieh a diseriminant condi- 
tion vanishes can be transformed into a sextic. with a tacnode shows that S - 
could have only. eight absolute constants. For the - tacnodal sextic ean be 


n -transformed back into S by a series of quadratic involutions. each with F-points | 


and one fixed point at nodes of the sextic, and by a subsequent projectivity— | 
8 process which can introduce no new absolute constants. | 
The diseriminant conditions furnish irrational invariants of the — 


απο Den Symmetric combinations of those which lie within one of. the five, 


types of Theorem (10) furnish rational projective invariants of S. Symmetric : 
combinations of tbe whole set of 496 furnish invarianis of 8 under Cremona : 
transformation of S into D. 


* Severi, “ Lezioni di Geometria Algebrica,” p. 160. 
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$3. The run Gy o? δ. 


Since ΕΝ a is the group of all Cremona transformations which transform 
S into itself, thé elements of Gio, a will either leave every point on S unaltered 
or transform the points of S among themselves according ioa transformation 
on the parameter t of S of the form | | 


1 


ai-c-b 
cid 





jn mE BEL 


The group yia. „of ον. (15) thus 1 induced. by Gio, a upon S will be 
simply isomorphic with Gy, if the:group Go, , of Cremona transformations 
for which every point of S is fixed is merely the identity. Otherwise Yao, a 18 
the factor group of Guy , under Ga, i ZEN 

The Gy, ; 18 generated by the conjugates of the Bertini involution under 
Ay, s. Uf Bis the involution with F-points at the nodes p,,...., Pa of S, then 


we have just seen that B leaves the points p, and py unaltered and inter- P 


changes the two branches of S at each of these nodes. Hence if t, t, and 
tins tio are the pairs of nodal parameters, the transformation (15) induced 
by B interchanges the. parameters in each pair and is the. involution whose 
fixed points are the Jacobian of the nodal pairs. These fixed points are cut 
out on S by the curve N outside. of P4. 


_'Two f-curves may meet at an F-point . BAy- p, in P3, but ordinarily they 
pass through p; with different tangents, $. e., they have at Pi different points 
in common with the f- -eurve, fali), which is Medo up of directions at 9, We 
say then they lave no proper intersection at p;. Two f- curves may. be selected 
so that they have any number of: ‘proper intersections. For as the order of 
the transformations of ἄιοα increases, the multiplicity of the f-curves of the 
transformations at F-points also increases so that the number of proper inter- 
sections of these f-curves and fo(t). increases without limit. Any two f-curves 
without proper intersections ‘are conjugate under G4,,.- For the first can be 
transformed into f,(10) by an operation of Gs, which at the same time trans- 
forms the second into an f-curve on P2; and this finally by-an operation of 


Co 2 which fo(10) unaltered ean be transformed into f,(9). Also since every 6 


f-curve has precisely two proper intersections with 8 we have the theorem: 


(16) The. gr oup Y 0,2. of transformations (15) on 8 18 generated bya conjugate 


set of involutions.each determined by a pair of fixed points which 18 
the Jacobian of the pairs of proper intersections with S of any two 
. f-curves which have no proper intersections with each other. 


- 


/ 
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. One may show in the same way that if ten f-curves are such that πο two 
have proper intersections at P?, they define a Cremona transformation of Gy... 
In fact the, signatures of the f-curves furnish the columns of the matrix of L 
in (1). | T i 

If we transform iho involution B re L the -f-curves f,(9) and f,(10) 
become f,,(1%™....10%) and f, (195....10*«). It merely requires a multi- 
plication of (hse determinants to form the transform ΙΒ, and after 
evident reductions we find that the transformed form has coefficients 


000 — πμ : | | 


( 


(17) r= = 642 (ry rq) H-6 (ay 9) +2 (fota H rota), | : 
| (7 T 8) ay =2+2 (aat 6419 + Aat Ano) +2 (aaant 40); 


au =3 -Γ4 (awt dao) Hota. . τ 


| (18) yf f, n. .. 10%) and f, (1*9....10^9) are two f-curves without 
proper tereo dns the conjugate of the Bertini involution deter- ` 


mined as in (16) by the two when regarded as.an element L OF f: "Tn 


. has the coefficients (17). 


' The question as to whether Gs contains elements other than the identity 
is related to the question as to whether the two proper intersections of distinot 
f-curves with S can coincide. Forif C1 is an element of s and leaves 
. every point of.S unaltered, it leaves the two directions of S at p, unaltered, 

. whence the f-eurve which corresponds to p; under C must pass through p, with 
these two directions (and in general others). Thus this-f-eurve and f,(p,) 
have the same pair of proper intersections with S. 1 am inclined {ο think 
that distinct f-curves meet S in distinct pairs, but have. no proof that this is 
true. 


PART I. 


EE _ Tue Tew ΝΟΡΕΒ or THE SYMMETROID. 


πα 


6 4. The Dilation of a Regula; Cremona Group. 


A regular Cremona Ὃ ως in S, is. by doüniüon (P. S. 11, ς 4) 
- any product of involutions of the type yjy,=C, (1—1,2, ...., k4- 1) where the . | 
_ products are formed with the (k+1) F-points η πμ, point set as - 
described in the introduction. The regular-group G, attached to the point 
set P*, transforms spreads of order 2 and multiplicities 24, ...., v, at P; 
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according to the group: In, p of linear transformations L with coefficients 
(P. S. II, $5 (23)) p | 
[TP ees - ρε V 
E [ (τσι. —95—23 : --ᾱι, 
8) .- | (k—1)os .--ᾱι--αμ : --ᾱαι 


~ `~ 
A 4 4 à αὶ € 8 * à» $9 4 ϐὲ 65655», “ 54 ὁ 59 


"This group Ja, + is generated by the permutation g,, of the n variables and the 
involution ΑἹ»... κι whose coefficients are (P. S. II, $5) ΄ | 


(20) 





Suppose then that the general element of G, , has been obtained by forming & 


proper sequence II of the products from g,, and Αι. "m Consider a set of ^ 


5-1 points in an Spp, €. e., a set Ptt!, Τη this space.séparate a'set of 7 of 
the. points prt (call these for the moment the fixed F'-points) and order the 
remaining ^ points of P*t with ‘respect to the points of P}. Then in Shar form 
- a product Π’ of elements from (5, and’ Ay |. i μαρια in such a way 
that the last n points of Pt} are permuted like the n points of P* under g,,, 
the first | remaining fixed. This requires that always in using. an element A 
the first J of its F-points shall fall at the first 7 points of the set Pit]. We 
shall then say that the element. II’ of (ΑΝ s+ 18 the element TI of G, , dilated 
into δ... The element of 9,,, "T which Baa to the element II’ dilated 
from (19) has coefficients | 


(k-I=1)ut1 --μ oco τμ —B eee pa 
(k-Fi—1)w  —u+l —4 `. -μ -ρι.... Pp 
(k-FI—1)4u- —u uti: -μ. =p e Pe 

21 jd ae 89 es ου ροκ να : t». 12 » l Tie κ eee IP te 
-- | (“πμ =u τα o c: utl =p ee πρ 
| ) (k+1—1)o; —Oy | —01 LP ERREUR ----ᾱαη1 «:»» 0704s 


sete saso P4 à 5« € à 9€ 5 » 9 9$ 9» » 4». 4ου 7C — :4,  » v» 5 5 € B ὁ  » ὁ κ 9 κ. * » » 


(A+I—1)o, --ο 


. 258 δω, "The Ten Nodes τῳ the Rational | i 


In order-to prove this we have only. to show that the general element (19) 
i multiplied by 4, .... 
(21) is the same as the dilated element (21) multiplied by Ay bg, s bt bE 
We shall omit the verification which ΠΕΡ ο. on- determinant: multipli- . 
‘cation. Hence , 


(22) The regular NM group attached to a set pi in 8, when dilated into 

l S,,, furnishes a subgroup of the regular , Cremona group in Bua ` 
attached to the set Pkt! which is simply isomorphic witk the original 
group. The dilated group permutes the Sys in S,,, upon the 1 fined 
, just as the original group permutes the points of θὲ. 


"am Fact if the 87 8 be eut by an 8, ud does not eut their common PH 
the original group appears in this $,. | 


The following extension of P. S. I, $4 (17) 18 ΠΟΥ͂ evident. 


E (23) The: group G, , re subgroups simply isomorphic with ο ν ‘when. 
i ever n' zn and ώς, | | : 


We shall havé oceasion to use the dilations into S, of the Bertini srt 7 
tion, &nd of the Geiser involution in δα with triple F-points at ps, ....ν Ps. 
: The matrices of these dilated transformations are, respectively, | 


38 /—16-6 6... 6). 7107.3 —3 —3 

59 15 c Im MM. 

"I "A c DEEP. 
αὐ [2-5 8 a 6-3 - 

ο n ο αν ο NET 

12 —6 —2 —2 3/ 6 —8. —1-4 -9 


“$5. The Transforms of the Symmetroid by Regular Cremona 
Transformation. 


--- 


. The — Σ is the quartie surface obtained by TA to zero a 
symmetric. determinant of order 4 whose elements are linear forms. The ten 
‘points at which the first minors all vanish form the set Pi, of nodes of 2. 
The enveloping cone of X from one of the nodes breaks up "into two cones of : 
the third order which meet in the nine lines to. the other nodes. ` If this . 
property appears at one node of a | ten-nodal quartic surface, the surface is a- 


symmetroid, 


νι When dilated according to the rule-which is evident in - - 
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Let us call a set of eight points in space p,,...., Pa a half-period set if 
on the elliptic quartic through the eight, the parameters satisfy the condition 
W+....+Ug=0/2, where 0/218 not the zero half-period when vw+....+9,=0 
is the rere condition. Let us further call 84- k points a half- ο... set if 
every set of eight in the set of 8+ points is itself a half-period set. Then a - 
further property of X is that its set of nodes P3, is a half-period sget;* 


From the property of the enveloping cone there follows: 
"T" (25) If nine nodes of a symmetroid are given, the tenth is uniquely determined. 


(26 ) 2L-symmetroid as transformed by regular Cremona transformations with 
ρ 10 F-points at P3 into a pee Σ whose nodes Pio are con- 
gr ene io Ps 


For Bret if p, ...., p, are given, the line pip, is determined as the 9-th 
base line of a pencil of cubic cones on the eight lines fip, ...., ῬιΡιο- 
Similarly the line psp.) is determined and thereby also the node p. Secondly 
a cubic transformation As, of the type αἴά.--Ο, (i=1,....,4) with F-points 
at μι, ....,, transforms Σ into a quartic surface 2! with nodes at a con- 
gruent set Qt,. Now A, is the dilation of a ternary quadratic transforma- 
tion A, which sends nine base points of a pencil of cubics on p,psp, into a 
congruent set with a similar base point property whence 4,4, has the same 
effect on the nine base lines through p,, and 2 is also a symmetroid. More- 
over, any regular transformation of the sort described in (26) is a product of 
such cubic transformations. 


It is our primary purpose to show that 2j can be transformed by such 
regular transformation into only a finite number of projectively distinct sym- 
metroids, or since 


(27) There is but one symmetroid with given nodes, that from the set Pio of 
nodes of X only a finite number of projectively distinct Kongrue sets 
Q3, can be derived. - 


In general there is an infinite number of sets Q5, congruent to but pro- 
jectively distinct from P5, (P. S. II (14), (18)), and these arise from PÀ by 
the operations of the group Gios. If for the set P5, of nodes of Σ this number 
is finite, there must be & subgroup Gs of Gios, Which transforms Σ into 
itself, of finite index under Gios. We shall find that an important subgroup 


* Cayley, Coll. Math. Pap., Vol. VII, p. 304; Vol. VIII, p. 25. 
33 


t 
r 
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(2) of Bas β΄ 18 Paane by the conjugates E Gio, of two types of invo- 
Jutions, namely, the “ Kantor involution” * and the dilated Bertini involution. 
In σε there are the isomorphic subgroups g Gw,s and σ(2).. HCM 

The Kantor involution K is that eut out on elliptie quartic curves -on ` 
Pis +++ +5 Pr by quartic surfaces with nodes at Pı, ...., 7. It has for fixed - 
points the 8-th node of such. surfaces ; and these are the 8-th base point. P of 
the net of quadrics on. Pry vee) p,—an isolated fixed point with fixed direc- 
tions—and the locus of the point p, which forms with $,... PU a half- 
period set—the Cayley dianome sextic surface.' Hence. ps, fs, Pio, the further 
nodes of X, are fixed points of K, and È is unaltered by K. This involution | 
is the analog 1 in space of the Bertini involution in the plane. 

In order to show that the dilated Bertini involution, also leaves Y unal- 

‘tered, two lemmas are useful. - 


(28) The dilation from p, of the Geiser involution with Dis δε, τς. m2 | 


£i ee, Dy Gnd. qi, ....ν Qa are projective only when. they are half-. 
period seis. If the hie sets are thus restricted and coincide án hes 
identical order, the dilated transformation 4s involutory. Ro 


For the dilation of this involution. is found listed in P. 8. II, p: 376; ΒΒ i 

C (v) (ν-----1), It is shown there that C(— 1)C(0) =D, or C(—1) =D,0 (0) 
where C (0) is the Kantor involution determined by Pa, ----) Pov It is clear. 
from the parametric equations of D, (toe, ett.) that its wo sets of F-points 
" -ATG projective. if they are half-period sets. In this case fi is a fixed point of 
. C(0) and the two seta of F-points of C(— —1) are projective. If for G(— —1); 
Pi and Q? coincide then p, "EE ps are ordinary dcr of τοῖ- --1) and 
Ce 1) is involutory. 


(29) The.dilation from p, of the Bertini με with Padi P ey Po ` 
in 8, i9, in Ss, the transformation (24). whose two sets of F-points ^ 
£i) Poj dues Qo Gre projective only when ihese sets are half-. 

' period sets. If oy are thus restricted and coincide in the idêntical 
order, the dilated transformation is tnvolutory. '. 


For in P. S. IL p.353, the Bertini involution (Ej) is expressed | as td 2 
product of three Geiser involutions (Dz) and from the projectivity of the two | 


Ta 


X*The Kantor inveluiion appears first in two papers of 8. Kantor, “Theorie der periodischen l 
_eubischen Transformationen im Rẹ” this Journal, Vol. XIX (1897), p. 1; and “ Theorle . der Transforma- 
tionen im. R,” Aota Mathematica, Vol. XXI (1897), p.l, both of which deal with regular transformations - ` 
in 5,. A development of the properties of the involution is given by J. R. Conner, “ Oorrespondences - 
. Determined by the dec x of & κ κά this Journal, Vol. XX XVIII (1916), p. 165, 


Y 
i 


-in S, ts, in Sg, the transformation (24)-whose two sets of Pon. C 
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sets of seven F-points of the factors, the projectivity. of. any two. correspond- 
ing sets of six points, from the two sets of eight F- points of the. product was 
derived. Because of the isomorphism between elements in S, and their dila- 
tions in S, the dilated Bertini involution can be expressed as a similar product - 
- of three dilated Geiser involutions. Hence by virtue of (28) we can conclude 
that the pair p,q, and any six further pairs of F-points are projective when . 
` Piz»... P9188 half-period set. Hence the two sets of F-points of the dilated 
Bertini involution are projective when one is-a half-period set, and if the two 
sets coincide the. square of the transformation i is the identity. 


We can now proceed with Σ. very much 88 with the sextic 8 and will state 


' first the analog of Theorem (4), $1. 


(30) The group, G(2), of regular - — in Ss, gence oy the 
conjugates of the Kantor and dilated Bertini involutions under Qs, . 
is an invariant subgroup of Gro, α which leaves X unaltered. The 
isomorphic group, g (2), ts that subgroup Of Q1, s which ts congruent to 

the identity modulo 2. - | 


Indeed we have already remarked that K leaves X unaltered. There 
follows directly from (29), (25) and (27) that B has the same property. 
That the conjugates of K, B under Gy, have this property is proved as for 
the sextic. In order to prove that the involutions generate G(2) we indicate 
88 before by the symbol e equivalence under G(2). 


“Te P5, is the set of nodes of Σ it determines a sequence of f- uiis. the 
conjugates of the -œ directions: about Py, ....,f under the operations of 
| Gy, ο. We construct like the Table (5) for ilis sextic the Table (31), dis- 
carding as new types those f-surfaces which are equivalent under G(2) to 
types found earlier. Non-equivalent new types are starred as they occur. 


In order to prove the equivalences listed | in the table we shall prove first 
that the following list is valid. , 


(19). . _fa(125%678010) =f, (1275678910), , | 
(13°) © -° fy(1285*678910) =f (12°3*678910).. ᾽ 
(14°) fy (1288456) =f; (1345679). . 

aw) c | . f (192945618910) =f, (12/9945678910). 


` We EM with the equivalences obtained from K and B,.. 
- (8) Ed fie “Β τος; ρα, 


M 
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arid — them successively by 1... κ. Άγ, 8nd ἄμε. getting n 


l faljaJaje) ==f,(4 ο ντ) —f.(£:- ie. 
fa (491929 οὐ δν) =f, diii) "x f. Gt, AN 
fe (8585... j) fo (δι .. κ. fa (As ἐν IAD, cc 
ΤΡ. =f (Pija. ΡΕΚΟΡ ΠΟΙΟ 
























Type whieh: as: 
fo(1) f,(234)* 
f.{1) E 
f, (234) fo(1) τ 
RA(284) . | 
(1914456) LI P as 
2L {1328451013 . ο)  - — Q^ 
fa (1283456) l - i 
7 f, (19234252677) . =f,(187) ^ ^ (γ΄ 
ασ σα ERAT 
f,(199845*697*8*)  |=fa(128456)- . (2) .- 
"|f0243456789*)  |—f,(193456):  " (89): 
(81)4- | f (123456797) lef (9456089). — (4) 
| EN | fe (127345674891109) |=7,(12°3456) .. ^ (56) 
. | fOS845678) (1915678) . "E a 
2" fa (1,2845678) i nee! 
f,(19293°4°5%678)  |—f.(1289678) ^ ᾿ (89). 





f (122838455 56°78 ) 
fa (1225345678) . 
f,(1°23456778°9 ) 
1450158593) . 
fe (122°3456*7'849°) 
f, (1243... .10)* 
fs (12253. . 8193103): 
fe (15293. . .78'95105) 
f, (122°34567°9°94104) 
fa (122°5678910) 

fs (13253*425*678910) 
fe (1595354355678910) 
fa (1821354556878910) 


=f, (1234567 (69). 








=f,(1°34569) °° (39) 
=f, (1229345678) (49) 
=f, (123459) ^ . (T) 








—]/,(1:2:345678) ^ ^ (89) 
=f,(1°2...784910) (9°) 
=f, (12345678) ' ᾿ (10?) 









f, (1928... .10) A 






=f, (1299678910 ) (8) 
=f, (19243...10). . (9°) 
=f, (1°2'3.. oa (11°) - 






, In these transforms we find (12°), (135), (145), (159) 4 as well as 49), (2°) 
and (9°). Also (2°) is transformed by Apa, into (6°), whence (6°) is valid. 
‘Since (8°) is transformed by 45, into (13°), (8°) also is valid. -- p is 


t 


~~ 


€ 
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transformed by 4; and the use of (13°) into (4°), and (4°) by s into (14°). 
Also (3°) is transformed by 4,5, into one proved. above. The equivalence (11°) | 
is transformed by Aj: into (10°), and (10°) by 44 into (5°). Finally, by 
using (14°) we write (5°) as ᾿ι(19 8456181910) =/,(184567*) and this is. 
transformed by 4,44 and.the use of (13°) into (4°). „According to the equiva- 
lences derived above from the conjugates of K and B we find that all f-surfaces 
"whose signatures are ‘congruent modulo 2 are equivalent under G(2) which 
completes the proof of (80).. | 
The factor group of g(2) under £1, 3 18 the group gf’, of transformations 
L reduced modulo 2. According to the table (T.M. Groups, p. 337, 4—3, v=2) 
this group has the order jor 2°, 21 (28—1) (2°—1) (2—1) (2—1). -Also u is 
.the index of G(2) under Gy . There may be elements in Gy, other than. 
those in G(2) which leave Σ unaltered. Consider the u transforms of ἃ under: 
«ινε. -In these transforms we find that the f-surface f,(10) is transformed 


into 2° conjugates not equivalent under (2). These are of the five types” ` 


listed in the first column of ‘Table (31), there being (2), (3), (2), (7), (9) of 
the respective types. Hence, under the operations of Gy, for which p, is an 
ordinary point; we would find only u = --μ/95 transforms of X. Under the 
latter operations the f-surface f;(9) is transformed into 2°—1.conjugates not 
equivalent under G(2), namely the (2), (2); (2), (ϐ) of the first four types just - 
mentioned. Hence under the operations of Gio, for which both p, and py are 
ordinary points, we would get only u” =w / (25—1) = 238 (25 —1) (2΄---1) (2?—1) 
transforms of δι, and these recur in sets of 8! obtained by permutation of 
£i TM Pa. Thus we should get only w’/81=2.2°.36 projeetively distinet . 
sets of nodes Τι ο sss) Dg. On the other hand we have proved (P. S. II, p.377 
(46)) that when P3 is a half-period set, there are'only 2°.36 projectively dis- 
tinct sets congruent in some order- to P$. 
This indicates the existence of Cremona transformations not in G(2) ^ 


which have their F-points ρω. ο alone and which transform È into 
itself. Indeed 
| (32) The dilated pus involution with F- ainte αἱ the nodes p,; ...., pa of I 


X transforms X into itself and interchanges the nodes p, and py. 


.  - For let us first recall with Rohn * that when the first seven nodes of È are 
given, ως other three lie on Cayley’ 8 dianome sextic surface with triple points 
at p... o Drs Having.chosen p, on this surface, the other two nodes lie on 





* K. Rohn, “ Die Flächen vierter Ordnung," etc. Jablonowski'schen Preissehrift, Leipzig (1886), 
89, 10, 11. ^ 2 


κ 
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Cayley’s dianodal curve of order 18 with E triple points at the sight 
nodes. As Rohn remarks, the ninth being chosen, the tenth is uniquely deter- 
mined if the quartic is to be a symmetroid. This follows immediately from - 
.(25).. Thus there is on the dianodal curve an involution of pairs of nodes of 
symmetroids. Now this involution is effected by the Geiser involution ‘dilated 
from p, (and therefore also that the Geiser involution dilated from any other 
of the eight nodes). For since the eight nodes are ἃ half-period set, the © 
. dilated transformation i is involutory (28) when its two sets of eight F-points 
. eoineide. Moreover, the dilated transformation is regular and transforms 
symmetroids into symmetroids (26) and therefore leaves the dianodal curve 
. unaltered. If »,, p, are a copair of the dilated involution on the curve, then 
from (22) the lines p,p,, p,p, form with pip,, ...., Pips the base lines of a - 
pencil of cubic cones. But this property is shared by the lines p,p, and ΌιΏιι 
when Ps, p, are nodes of the same symmetroid. Hence Po 18 Pio and the 
theorem is proved. 


Consider now the reduced group j£), of gws. The dilated Geiser involu- 
tion reduced modulo 2 is | | 


]ι....6ἷοιο OF j= 0,-+ (x+ sawa Pa) (220, d, ...., 8), g= Lio; Vio ™= d 


in the notation of T. M. Groups." This is an element T (cf. p. 326, loc. cil.) 
which lies in the invariant g of 99,. If an element of Gio leaves X unal- 
tered, its conjugates have the same property whence those elements of gf, 
conjugate to T under g$2,, also correspond to elements of σιοε Which leave Σ 
unaltered. Now the factor group of gs under gi), is the simple group | 
Gro(p= 4) of the odd and even thetas for p= 4. Hence there are no further 
elements of Gios which leave ΣΙ unaltered since ed such element reduced . 
- modulo 2 would furnish an invariant subgroup of gi, larger than gs whose 
factor group under gf, would be the factor group under Gyo of an invariant 
‘subgroup of Gyo greater than the identity. But no such subgroup of Gy, exists. 
` Hence the number g of transforms of 2 under Gio is the order of Gyo, i. e., 
a= 915 (98 — 1) (2°—1) (2*—1) (2?—1) and allowing for the: permutations of inc 
nodes there are only ü/ 10 1—2*.51 projectively distinct X's. Hence 


(33) Under regular Chamois transformation a symmetroid L can be trans- 
formed into precisely 2°.51 projectively distinct Ds. The subgroup 
σπα Of G4, , which leaves Σ unaltered is generated by the conjugates 


* Of. particularly the table, p. 837, for κ--3, »—42, and algo (28) and E with deferens there 
given. ; 
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eos Gro, 9 of the dilated Geiser involution and the Kantor involution.* 

The corresponding elementa: of.g ἴδιοε are characterized arithmetically 
by the fact that when reduced modulo 2 they yield either the identity 
or elements which transform the forms b,, b, each into itself or into its 
paired form. t. The invariant subgroup G(2) of Gy, for which g(2) 
is congruent to the identity modulo 2 +s-generated by the conjugates 
of the Kantor and dilated Bertini involutions, and has. for factor group 
under Go. ; an abelian group of involutions of order 2°. Under Gus c 
the conjugates of à are permuted according to ihe group of odd and 
even thetas for p— -4, the ad types CORTES κακο to- the base 

" configurations. į. U 


We may note finally the behavior of the discriminant tun of the set 
P5, of nodes of X. Due tó the equivaleuces under G(2) listed above we find 
that all of the discriminant conditions are equivalent to the following sets: 
(3) of type folii), (2) of type fr (isiiais),, (8) of type fs Ga. .. ἐπ), and (9) of 
type f, (tists. .:.%4), or 2(2?—1) in all. But due to the equivalences under 
elements of ὯΝ ε not in G(2), these are paired into 2°—-1 pairs, (5) of type 
δά, te), feli... io) and ($) of. type fi (hissi), ftis. . +4). These two 
types of imd lead to the theorems. | 
: (84) If two nodes of a symmetroid coincide; the cubic cone with vertes at any 
| any one of the remaining nodes and on the ten nodes has G double 
generator ow thé double node. | 


(35) I f four. nodes of à symmetroid are $n a plane merë isa quadri $c cone with 
= vertex at any one of the four nodes and on the remaining six nodes. 


When none of the discriminant conditions are satisfied they become 
irrational invariants of the symmetroid" whose behavior under (με cań be 
described thus: 


(36) Under regular Cremona transformation the .2*— iniinda acne 
nant invariants of 2) are permuted like. the points of an ee 4) 
. under the group of a null- system in Sot: 


vee 


This striking analogy with the 2°—1 discriminant stia of Pi (or the 
ternary quartie for p=3; cf. P. S. I, ὃ "E i8 undoubtedly significant. 

URBANA, ILLINOIS, Af ay IB 1918. | 

* The dilated Bertini involutión can be- ae by dilated Geiser involutions. 

T The forms 55 are 04, + Sis, 4% NE ck Pics ‘the forms b, are oj --... . Ἔ eu and Mpt.. bois 
. paired forma taken together make up .. ἫΝ =L. io 10). 


; { For these configurations cf. a paper of the author on ** "The Finite μα of the. τν Funo- 
tions,” Trans. Amer. Math. eee Vol. XIV (1010); p. 271. 
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Functions of Matrices. — 


By H. B. Pumnurs. 


1. Itis the purpose of the present paper to study the functions repre- 
sented by polynomials or convergent series in a matrix or a finite number of 
matrices. As the work is concerned mainly with the roots of the matrices, the 
fundamental facts about the roots are first briefly developed. dl" 


By a matrix of the n-th order is meant a square iod of n elements a ; 
toos. ., Άν 


παρ]. 


E x Ont age «(πη & 


The matrices considered in this paper will all be of the same order. 
The determinant i 
(yy Aig.. Ain 


AF ee aa TP 


x oo l l . Any αμ... «Οκ 


is called the determinant of 4. When this determinant is zero, A is called 
` singular. 


The sum of two matrices ""— and B |bal 18 the made 


- 





Μοτο ὑμήν if à and μ are numbers, Aá uB- [as iba A matrix is 
zero when and only when all its elements are zero. 
The product AB of A=||a,|| and B=||6,|| is the matrix 


m E A 
jel C 


*The general theory of matrices is given in Bocher’s “Introduction to Higher Algebra.” A very 
complete bibliography of literature before 1907 is given in James Byrnie Shaw’s “Synopsis of Linear 
Associative Algebra,” published by the Carnegie Institution of Washington. 


~ 


be 


; 


— 
+ 
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The products AB and BA are not in general equal. Hf these products are 
equal, 4 and B are called commutative. ; 
The products of three or more matrices are associative, that 1 18, 


(4B) C— 4 (BC) - ABC. 


The determinant of a product of matrices is equal- to the aroud of their 
determinants, for example, TAAS |B|: [c]. 


“ 


The matrix a " f 
- | = 1 0 Cie ial = τ 
x ME I= Dui 0....0 ; " 
000....T 


| m which the elements ἄμ are all unity and the bon zero, is called the unit. 


matrix. Itis éasy to see that AI-—14-— A. 
1f the determinant of 4 is not zero, there is a matrix -A called the 
reciprocal ‘of A, such that AA —A7A4-—I.- In this case, if AB= or, 
B=A-CD, i. e., we can divide by a non-singular matrix. | 
It is to be noad that in both multiplication and division the etanan 
can be performed on the right or on the left. | B is multiplied on the left by 


A if the result iá AB, and on the right by A if the result is BA. - Similarly, B 


is divided on the left by 4 if the result i is AB ena) on the right if the ΠΕΡ 
is BAT 


2. Identical Equations. —The matrices A, D adus P satisfy the sinetio 
A+B+....$+P=0 2 
if their sum is a matrix lal with elements c, all zero. Cayley first observed 


that a matrix of the n-th order satisfies an algebraic equation of the n-th 


degree. . This may be considered 8 λα, of the following theorem: 


E TuzonEM I. Let A=|la,gll, B=|lbgll, :....ἜῬ--}να|} bea ip Buntes of 
matrices of the n-th order and let αν ee .« Ἔρθα, Ay fly s+ +95 f 
being numerical parameters. . If A’; Bi, ...., P' are Mo with each | 
other and satisfy the equation ` : - 

‘AA BB. +PP'= (A) 


they will also satisfy pha n- ih degree equation , | 


| anA’ OW esse pa! E err 4 . (2) 
obtained by replacing Xu, ...., p in loa] —0 by the matrices A’, B’,...., P’; 
respectively. LN { 
34 . 


-- 
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i i iu 

This theorem enables us to replace & homogeneous linear equation with D 

| matrix coefficients by one of the n-th degree with numerical coefficients. The p 

latter equation will usually have solutions, however, that do not satisfy the 1. 
former. ` i 

To prove the theorem, let E. A the matrix of the n-th order with all its |: 

elements zero except that in the i-th row and k-th cone which is unity. as | 

, 18 readily. seen that | 





PC IPS 
Σ s 
- - ha 7 - 
i nak e e πτπΆτη TDI vc 


| By by hy, | EaE.4—0, ETA | l , @ i 
' The matrix A can be written | | | 1 7 
Ax 2 Dua r M 
f ; , . i, ὃς: * * x i j T 
" and so (1) is equivalent to . ‘oi. | i. 
r ` . c elg 
E Es (au A7 b4B' + "n + pP’) =0. Ἡ 
| 
Multiplying this "muc on the left ss En, En; js +) Es, respectively, ana 
using (3), we get ! ur T 
Es (αι Α΄“... UE py P^) HE lan A +... Ep Bids. . ee FHE inl Ot, 4’ Ai Ep, P')S 0, 
. By (dy A’ T μηνα + Hig (dg Α΄ H.. ob Posh") ass ο Big dog A Hs ἐκ. TPP) = =0, 
Ey (GA! Te a- o +P aP’) + By (agd oo nen Dae) +. AB g( Oye A’ “fs pps P) i: 0. 
Since AS B! .,P' are commutative, we can eliminate Ej, Es, τα E 31 
by multiplying ines ΗΝ (on the right) by the cofactors of d: cotre- |; 
sponding elements in the first column of the determinant - 1 
|a A" +baB' H... pa]. | (4) vi 
| and adding. [ha -vesult is | | | e T 


Ealand'+baB' +... c+ paP'|=0. z v4. 


If we ή, (4) and combine terms, the result is:a matrix. Equation 
(5) shows that all the elements in the first row of that matrix are zero. For, 
the produet of E, and any matrix [αμ] has as first TOW απο ἄτα, .-.., Gigs 
If then Ejlea4|| is zero, the elements &,95,....,0,, must all as Zero. 
Similarly, we could eliminate Ej, E4,-...., E, and so get 


Ex | a4 A' +baB' +.. CEP |= = 


showing that all the elements in the second row of the matrix: represented by 1: 
(4) are zero. By continuation of this argument we conclude finally that. 


dad bhaB sss pP]. 0 r 





xis τ 
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ος, οι ως. — Let I be the. unit matrix. Applied to the 
ety AI— irs --0, Theorem I gives: . Lu | - | 


al zi αμ], Ql 
. | da, Onl —A, MN -ϱ 
Gu, üab μι... G, 1 — A 


NT - 


This is an equation of the n-th dumis in 4 ealled the σος, equation | 
. of A, Arranged in descending πες of " (with a uud of sign if nis, 
odd); it takes the form | 


| o4) a^ a dr p.. eca-0. . |^  - s (6) 
. Lefa, 0$, ...., a, be the roots of the equation - m , E 
| $(r)— ων epum 

| Then'$(r) can be factored in the form | 253 
$(r) = (r—aj) (a). ^ (r—a,). 
| Since A 18 an identity m.r, the- coefficients of. each power of f on the. two 
sides of the equation are: equal. . It. will then still hold when r is replaced by 


A,and @,, ....,4, by Gis ann: , Ωμ]. Hence | 
=F ew (4--αμ)....(4--ᾱ D. 
The numbers Gi, δα, o's sy δν are’ called foots of the matrix A, These 
roots satisfy the equation "m 2 des | 
UU (00 [anr αμ + Oy ες 
D(r) | ὅπ. «δε τι τὴ [ορ 
Ga Ano | Gan 1 


This expresses that the determinant; [Ar is zero. The roots of A are 
therefore the values of r for which the determinant | 4—r1| is zero. 


. A matrix of the n-th order may satisfy an equation of lower than the n-th’ ` 


degree. The equation of lowest degree satisfiéd: by a given matrix will, how- 
ever, be unique. For, if 4 satisfies two equations of the m-th degree, we can 
eliminate: A” from them and- so find. an equation of. lower degree Ἢ 
η 4. Let 

| v(4) ο... +e, I= 0 
be the equation: of lowest degree satisfted by 4. "This i 18 sometimes called the - 
reduced equation for 4. It is clear that. a . 4 


. Mo) ith rti " μοι 
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is a factor of (r). For, by division, we get i 

coo $(r) --Ω(τ)ψ(ν) 1-Β (τ), 
where Q(r) is-the quotient, and R(r), of degree less than m, is the remainder. 
Since this is an identity in τ, we can replace r by A and so get | 

P(A) —-QCA)V (A) -R(A). 

But @(A) and (A) are both zero. If then R(r) were not identically Zero, 
R(A)=0 would be an equation of lower than the m-th degree satisfied by 4. 
Hence R(r) —0 and o(r)=Q(r)V(r). 

This shows that all the roots of the reduced equation are roots of the 
characteristic equation. Conversely, all the roots of the characteristic equa- 
tion satisfy the reduced equation. For, since ψ(ο) is a polynomial, we can 
factor ψ(τ)--ψ(6) in the form 

V(r) — (s) = (r—s) P(r, s), 
where P(r,s) is a polynomial in r and s. Since this is an identity we can 
replace s by A and r by rl. Then, since 4(4)=0, — - | 
V(r)f-(ri—A)P(rl,A). ` x 
Equating determinants of the two sides, we get 
b(n) "= ους 
If now r is a root of 4, |rI— 4 --θ, and so ψ(; ^) 20 which was to be c 


4. Associated Roots.--Tumorem Il. If A, B, ~.. P are commutative 
matrices with roots Gy, do, ...., ἂχ} bi, Do, ...., Da, εἰο., those roots can be 
arranged in sets Qi, Di, ...., Pis i=], 2, ...., ^ such that, if f(a, b, ...., p) 
1s any polynomial in a, b, ...., p, the roots of the matrix f(A, B, ...., P) are 

ο ο ο. Det 

This theorem is due to Frobenius.* The ΚΕ aooi is ET 
more direct than the one given by.him. Let f(A, ορ), f(A, Bassar) 
ete., be polynomials and : 

f(A, B, oaa PY= Bee) 2000. (0) 


Ai. Ag, «++i, Àp being arbitrary numbers. . Since A, B,...., P have character- 
istic equations of the n-th degree, tbere are only a finite number of linearly 
independent polynomials in those matrices. We may consider f{4, B,...., P), 
i=], 2,....,% as those polynomials, and so by a proper choice of 24, λο, . . ag Àk 
make f (4, B, ...., P) equal to any given polynomial in A, B,...., P. 


* Sitzungsberichte Berliner Akademie (1898), p. 602: 
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By Taylor’s theorem, 
f(A, B, ο ο ον b;, b. -s Pa) 
| = (A—al)L+ (B—bI)M+....+(P—pl)R, (8) 
where L, M, . R are polynomials in 4, B, ., P, αι, b, ete. Form the 
product 
I[7(A, B, . Ac P)—f(a,, b,, NR Pr) d] 
of all the differences (8) obtained by letting 1,7, ...., k vary independently 
from 1 to «m. This produot is zero. For when the product is expanded in 
terms of the quantities (.4 —aj), Wh dicil ), etc., each term of the result not 
containing (B—54), ...., (P—p,I), jc ...., k being definitely assigned, will 
contain all the factors (4—a1), i—1, e .,^. Hence each term contains 
one or more of the products 
(4--αμ) (A—a,)....(A—a,D), ` 
: (B—b,I)(B—b,....(B—b A 
(Pp) (Ppl νο 5, I). 
These all vanish because the result of equating any one of them to zero is the 
characteristic equation of one of the matrices. Therefore 
I [f (A, B, os, P) —f (a 5, o, Pa) 1] =0 | (9) 
for all values of the parameters 24, λα, ...., λε. 
Equation (9) is a polynomial equation in f(A, B, ...., P). If. the equa- 
tion of least degree satisfied for all values of 44, 245, ...., λε by that matrix is 
$ (2) —0, (10) . 


H[z—7(a;, bjs ...., By) ]. 


The roots of (10), i.e., the roots of f(A, B, ...., P);are all therefore obtained . 
by assigning proper values to 4, j, ...., k in 


ο will be a divisor of 


f (ais 5, ...., De) . (11) 
We ean therefore find » sets of constants αι, Bi, ...., p; (namely, the sets of 
values αι, bj, ...., p, in (11)) such that the roots of f(4,B,...., P) are 
ο αι; βιν«...νρὸ, $—1,2,...., m. (12) 
In particular, if 244, 25, ...., A, are so chosen that f(A, B, ...., P) =A, we: 
shall have f(a,,8;,..-.,p;)=a,;. The roots of A are therefore αι, a,...., ας. 


Similarly, the roots of B are βι, βι, ....,8,, ete. By a "— of notation 
we can then make a,=—a,, 0,—b,, etc. The-roots of f (4, B, ., P) are then 
f(a,, b ΤΝ <., Pi), which was to be proved. 


- 
A 


- 


. Gg, Og, .. +) De will be considered different. unless 
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5. Canonical Form.—Two sets of associated roots αι, by, ...., p, and 


0,—85, δι δαν... pi— ps. 
Let ος | | Gi, b;, or Po ἐ-- 1, 2, re 


e 


"be the different sets of roots of the commutative m A, B, E Lei 


Ay d sss, Q be nümbers not satisfying any of the equations EM { 
(€. — Ad ub; EN Epp, Ad, ub, + Su iE κ. 
ET Theorein II, the distinet roots of AA ντα pP are ΙΙ 
λα, (T ub, 4, o+pp,, 7 i= 1, ων ιν πι. 


The factors of its characteristic equation are : 


AA+uB+.... Ἔρρ-- (Aa; Hubit. -< Fop) μμ: 
=A(A—ad) |-μ(β--δ{)--.. Hp Op, | 


and the equation of least degree satisfied for all values of A, u, ...., p i8 


T [A(4— al) dac iyd cod ρᾷ- ρα, τ 43) | 


the numbers ^s fas -- Tn being the. y of the roots. 


"The roots of the matrix 


Le; Af) HOD + RO ορ]. 


t 


and, ‘generally, let ψ, be the product of all the factors ἡ in (13) except 
[A (4—a;l) +u (B— δῷ) +. phe dy ΜΙ 


It ig clear that- i | uM 
dal =0, , tk, i (14) 


for the product contains all the factors in the left member. of (18)... Lat aj; be 
the fuünetion-obtained by replacing A, t, ...., P in J, by AX, w, ...., p. Con- 


sider the product . . | 2» 
[A (4 ταν!) +. oie (P—p) Ine (19) ` 


When this is multiplied by ψι the result is zero because ~ 


[X (A—a,1) +. +p (Ρ--ρι]) ]'ψι--0. . "OA 


᾽ Also. the product. of (15) and any one of the functions 4, Ve... V 18 zero > 


by (14). Hence 
[V (A—aI) +2... p (P—pD Y Gode ε.α) 0. ^ (16) 


Vi be te TY 
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are σι by. replacing 4, B, ,P by gib, ...:,p;. When they are | 
replaced by αι, ὃν, — the result is not zero because wv, 18 not zero, 
whereas 

EUM ] S =0. 


Τι a similar way it is seen that the other roots of (17) are not zero. We can 


therefore divide (16) by (17) and 80 get 


[X (4 a) TeeÉcbp (P—p,l) 4-0. |. Q8) 


Since A', u’,....,9" are arbitrary, if (18) is πρ ο in powers s of those 


parameters, each coefficient will vanish. Hence 


20055 v7 (Amal) (-BI*. (Pph 
for all positive integral values óf αι, Ba, 2, Such that 

"E: Oat Bite.” pns 
In ε a Similar way, it is shown that 


— 


Co (AX ad) (Bab). «. {Pph ~ (19) 
for all padive integral exponents such Pus | | | 
| ee ee ot c (20) 
Let S EP (21) 


Às in ċase of .(17) it is shown that none.of the roots of (21) are zero. We 


κα 


can then define a set of functions $; by the equations 


| | d= 1. i-L2,2,4,m. ---. 9). 
It is clear that i. E | | B 
m $$) eec $0. LH. | (23) 
Also, by ih). d ΜΠ 
$41—0, ἐπεὶ. . 200 (24) 
Multiplying (23) by @, we therefore get | x 
l P= ᾿ i=l,2, 7. 7 — . |. . (29) 
Let f(a, b, ... n p) þe- a polynomial i in a, b, ....,p and 
i gott. l 
fa, β, .... ο ἂν ὃν... D= apap. ap (s b, | 508). 


By Taylor's theorem : 


t 
η é 


f(a, b, ...., p) —f(a,b e... 9i) | | p 
E efus EU ln. b, s Dc e e UE UM 
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-Since this is an identity in the variables a, b, ...., P, we can replace them by 
d. d vcl “en | pu 
FUA cough dg eec pot. 


- PE P— d R 
e e E MEM e d 


LN Ip 
Let oo-c A,=$,(A—al), .....-Ῥιε-φι(Ῥ--ρι). V 
From (25) it follows that | | 
ASB... Pie (A—aD)* (B—b)9.... (P—p1)". 

Equations (19), (20), and (22) show that this is zero if a+@+....+p5%. 
Finally, if we multiply (26) by ĝ;, sum for 1--1, 2, ...., m, and use (23) we 
get | 

P 


ο τ; ρου Ops an 
ixi ; i=] a p |a [Ρ 


(26) 


23) 


the summation including powers A4....P? for which 
EUROS. = 2. (28) 


Haato (27) gives a oun in which any polynomial in the given com- 
mutative matrices A, B, ., P can be expressed.. We shall refer to it as the 
canonical form for a fanetin of the matrices.* Its most important property 
is expressed in the following theorem: | E 


Tueorem ΤΠ. If A, D, ...., P. are commutative matrices with corre- 
sponding roots a,,b;,....,p; and f(a, b, ...., p) is any polynomial, the 
matrix f(A, B, ...., P) can be expressed as a linear function of matrices 
depending only on A, B, -..., P, the coefficients in the linear functions being ; 
obtained by substituting each set of roots a, bi, ...., piin f(a,b,....,p) and - 
in its partial derivatives of order lower than the multiplicity of the root 
λα, +ub;+....+pp; m the equation of least degree satisfied for all values of 
EC η agit p AA+uB+.. .. ἜρΡ. 

- A čase of particular Ne is that of a polynomial such that all.the 
coefficients: f (di, <.. <, Ds), fa, o (00) œ. χι) in (27) vanish. Then, evidently, 
f(A, B,....,P)=0. We can consider the values αι, b;,...., p, 88 coordinates 
of a point in hyperspace. In the case considered, the function f(a, b,:..., p) 
has a zero of order r, at the point (G;,b;,...., χι). Therefore we have 
proved . | 

. * The formula for a function of a single matrix with distinct roots was given by Sylvester, Compie. 


Rendus,. Vol. XCIV (1882), p. 65. The case of a single matrix iel repeated roots was given by 
A. Buchheim, Phil; Mag., (6) 22 (1880), pp. 173-174. 


~ 


Pures: Functions of. Matrices. . 275 
.. Γπποπεμ IV. If the polynomial f (a, b, ....,p) has at each of the points 
(αι, b;, HE Dvd]. 2 acuit à zero of order equal to or greater than the. 
multiplicity of the corresponding root in the equation of least — satisfied 
for all values of A, μ,....νρ by AA+uUB+..,.+pP then f(A, B, aF =U: 
If the matrices ¢,, 4288. ...P? in (27) ἃ are linearly Pp 
LV expresses the necéssary and sufficient condition that f(A, B, ...., P) 
vanish. This is easily shown to be true for polynomials in a single matrix.* 
For polynomials in two or. more matrices such may not be the case. For . 
instance, A and B.could be equal. Then 4: and B; would be equal. 
, 6. Commutative, Matrices not Expressible as Polynomials in the same 
Mairiz.—The simplest illustration of commutative matrices is 3 furnished by | 
polynomials 1 in a single matrix, If 


Aca αφ e. «Γᾶ» I, B= =B.9'+ 974. 4 Bul, | 
obviously A and B are commutative. If it were true that any two commuta- | 
tive matrices could be so expressed,{ by a repetition of the process, any finite 
number could be expressed as polynomials 1 mn the same matrix. The results of 
the preceding sections. could: then be more. readily obtained by using these 
‘expressions. That such is not the case will now be shown by a simple 
example. Let r LN p $ ~ 


[ο το]. ο 0:1 
-α-]ο ο οἱ, Β-]ο ο oJ. 
0-0 οἱ [0ο 01. 
- By direct multiplication it is down that a _ 4 
A= B= AB=BA=0. — | | (29) 


Hence A and B are commutative. Suppose they are expressible as poly- 
nomials in $. Since the characteristic equation. Q is of third degree, -the ᾽ 
expressions can be reduced to the form 


-a 


Aag agp oL, 3 ΑΦ. Ba. (30) 
If αι and βι are both Zero, these polynomials are of first degree. If not, 

we form the expression | ^ E = 
(B,A—a,B)*= LB. (ap Haal) — 010+ Bal) T UE. (31) 


Equation (29) shows that this is zero. The expression : 


- [B1 (ast as) —a (b +b) Y "n "E 


- 





* See Metzler, AMERICAN JOURNAL, Vol. XIV (1892), p . 339. : 
+ Frobenius raised this question in the article to which we have previously referred, baie stated that 
he had not decided whether it eould.be done or not, 


35. 


- 


΄ 
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is not identically zero, however, because A and B do not satisfy an equation 


of the form BA—aB= 0. By the-use of (31) we can then reduce (30) to the . 


form ` 
4--αιφη-αιῖ, B= btb. c : ^  ,(832) 
The ο ον αι and b, can not be Zero because A and B are not fnultiples of 
the unit matrix. Hence, as before, we form the expression 
(b,4 —a,B)*— (b,a4—2a,5,)1—0. 

This ree that b,a;—a,b,—0, and so, from (32), 6,4—a,B=0. Since A is 
not a multiple of B this is impossible. Therefore 4 and B Min μα. 
as polynomials in Φ. ` 

7. Limits and Convergence. —A variable matrix >=IIrall is said to 
approach a: matrix —X as limit i | 


τι 


In this case it is ; clear that each root of $ will nm 8 root of A as 
limit. For the roots of φ and A satisfy the equations 


, |órn—4$|er4gr-r...cpmO, 0. T (88) 


|aI—A|=a"+a,a"+....+0,=0. Ὃν (84) 
. The coefficients 'ρι, ρε; <- +) f. are definite rational integral functions of the 
elements ra, of φ, and the coefficients.a,,a,, ...., a, are the same functions of 


the cents ο. A, When > approaches 4 as limit 


“Lim ρι-ας, 11. usu JR 


Also, if the coefficient of the highest power in this case unity) does not . 
approach zero, the roots of a polynomial equation are continuos functions of. 


its coeffielents." Hence as $ RPDOROROR 4 &s limit - roots of (33) approach 
those of (34) as limits. 

Since different matrices can. have the same ue the: roots, of $ can 
approach those of 4 when $ does not approaeh 4 as limit. 

The sum $$... $9, of m matrices is equal to a single matrix ia 
Ir Bn approaches a limit 5 when m increases indefinitely, the series f 


Pit p+ ος oe 
18 m to converge and have the sum 8. + Incase of a multiple series, auch as 
B X; μεν i, J, kl, 2, R. o, l A i 
* Weber's Algebra, Vol. I, § 44. | 


T Peano treated the convergence of a matrix series by means of a modulus, Math. Annalen (1888), 
Vol. XXXII, pp. 450-456. Bee also G. A. Bliss, Annals of Mathematics (2) 6, pp. 49-68.. 


~ 


by 


+ 


PHILLIPS ¢ Functions of Matrices. B c CL s 


an order of summation 18 ——Ó to be πρ. in. the definition of the 
series. It is ας equivalent to a simple:series. 


1f A, B, ...., P are commutative matrices, by Theorem III, any poly- 
nomial f(A, B, , P) is — as a linear function of matrices 
dépending only on e B, , P, the coefficients. being f(a;, bi, .-.., χι) and 


perhaps some of the derivato os fa, B, .. „e (89,0, ...., p). If these 
coefficients approach definite limits when the number of terms in the poly- 
nomial increases indefinitely, the matrix. TA, B, m P) will then approach 
a definite limit. TE ΄ | . 


Turorem V. If A, B,. P are commutative matrices and f (a,b,. ..., Ὁ) 
an infinite series, the series f (4, B, ., P) will converge and be represented ` 
by (2T) 1} the series f (a, TET Di, fa, 8, o (045 Dis ~- 00) im the right 
member of (27) converge.. i 


In this theorem it is understood that f, ρ 6.. ~ (ab ,-->. Ὁ) is obtained 
by differentiating f(a, b, ...., p) term by term and arranging the results in 
the same order 88 the corresponding terms in f (a, b, (sw i) s 

If f(a,5, ...., p) is an analytic function of the variables a, b, ea Ὁ 

and 4, B,...., P an equal number of commutative matrices, we “define 

f(A, B,....,P) as the value (if it is definite) determined by (27). In order 

that the value be definite it is sufficient that f(a, b, ...., p) be analytic near 

eaei of the points (αι, δι, ...., Pi) determined ‘by the distinct sets of asso- 

ciated roots. For then the derivatives in (27) are also definite. If the 

function is many valued, a definite branch must be chosen at each of the points 
(dus. ο Pi) The same branch need not however be used for all. 


8. Taylor's Series —Let f(z) be a function, of the complex variable e 
analytic in the neighborhood of each root of a matrix A. If we choose a 
definite branch of f(z) at each root (but not necessarily the same branch for 
different roots) the functions f(A), f (A), f" (A), eto. are determined by (27). 
Let Z be a matrix commutative with 4 and consider the series. 


VA, 2) =f A) HD (Z—A) +. man EVE e; s (88) 


Let z; and a, be corresponding roots of 2 and A: The series (35) will con- 
verge if each ‘root 2, lies within the circle of convergence of f(z) with center 
ata,” For then the series ^ . . 


fla) f) (804 Ho) BAO, .. i) 
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and the series obtained by substituting a, and.2,in the partial derivatives οὗ ` 

ψία, y) will converge. Hence the conditions of Theorem V are satisfied. 
Conversely, if (35) converges, (36) will converge, and so e, will lie within 
or on the circle of convergence of f(z) with center αι. For the sum of m terms 
_in (36) represents a root of the sum of corresponding terms in (35), and, if a 
. matrix approaches a limit, we have shown. that Hs roots must approach 
definite limits. Furthermore FOR l | 

| (2,—a;)™ 


Ha, ο) =F a) +F (a) (ema) F: +a) uw Lil 
. Also, if | mE | 


4 


; Qs AL (a; y) P z | 1 . 9 
o pa a (2, = = E TE 


T 18 readily seen that - | 

Paola 21) =F le), Ψοία;5)--0, BEO. mM 

Hence (27 ) gives the same expression for ψ(4, Z) and for.f(Z). Therefore 
Z— 

KZ) FU) f D (Z—A) +... efr FAP” -Ε. 


Im (87) 


. We may call this the expansion of KZ ) in the neighborhood of the matrix 4. 


Turorem VI. The Taylor's series (37) for f(Z) is valid for any matrix 
Z commutative with A if each root of Z lies within a circle iH center aí the 
‘corresponding root of A, in which f(z) is analytic. | 


_ THis theorem enables us to determine an analytic function of 8 matrix Z 
byi means of a-power series - 


: σι--ο(2--4)--.. EG A). 
and its analytic continuations just as we determine an silos function of the 
complex variable g by the series 


| e, + es (2—a) Teide (a)? H.. DM 
and its analytic continuations. The seated μα, in the η cases is 
that Z and A must be commutative and that the region of convergence of the 
matrix series consists of m circles (one for each distinct root. of 4) instead of 
one. On a range of commutative matrices the function / (Z ) is one valued if 
each- root óf Z is restricted to a region of the complex plane (not necessatily 
the same for different roots) in mh the corresponding _ branch of f(z) is | 
one valued. 


wt 


oo 
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On the-Luroth Quartic Curve. 
= t 3 . By Franx Morey. mE 

It has been known since 187 0* that the problem of inscribing a five-line 
in a planar quartie is poristie; of the ten conditions nine fall on the.lines and 
one on the curve. Thus the quartic is one for which an invariant vanishes, 
_and the degree of this invariant is sought. We use Aronhold’s construction 
of a curve of-class 4 from seven given points. And the starting point is the 
theorem of Prof, Batéman + that the seven points which have the same polar ΄ 
line as to a conie and a cubic give rise to a Lüroth quartic. 

For completeness I indicate the proof.. A conic and a cubic have the 
canonical forms (az*), (a4?) where (ο) -Ξ0. The polars of œ are (azy),. 
(Bay). Working i in.& space of three dimensions the line (y) —0, (asy) --0 is 
to touch the quadric (Bay?). This requires that ΘΟ l - 

= μμ... | LL bitt (a 0755)? =0, i 
“or | (α/β)᾽/ (αἲσ/β)--(1/βα), : p 
and this i is a quartic of Lüroth's type. The seven common polar lines are an 
Aronhold βοΐ of double. lines of this quartic, and by polarity as to the conic 
the seven points αι which have these polar lines are double points, of a Liiroth 
curve of class 4. 

LN $1. The Bateman Conic. 

Take now a conic (as)? and a: -cubic (Ba)*, - The J acobian of these and a 
line (£2) 

(az) (Bx)? [αβὲ!-- = 0 
gives the net of cubics on n the seven points αι. Referred to one of the points 
and the corresponding line let the conic be 224-222, and the cubic: be 

Oy 9Vyx)o-- (δα). 


Then for (£x) ssa, the Jacobian is 


(aß: —o40,) (ax) (02)! — Bs( 8s) ta — £i βα)αι, M 


. '80 that not only terms in 22 but also the term By is missing. 


* Lüroth, Math. uale. Vol. I. i 
T AMERICAN JOURNAL OF ΜΉΤΕ Vol. XXXVI. 
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That is, the seven cubics with double points a, have their nodal tangents 
apolar to the conic a. I will call this conic the Bateman conic. 
| Given any seven points αι, cubics on them determine by their remaining 
intersections a Geiser involution α αἲξ--θ. If ἕ is ο join of ὦ and y, then 
a% y=0, or removing the Jacobian of the net, an a's’, a’a’y=0. This is the 
eanonie form of the net.* | 
It may be written as a two-one connex a°a’*t, giving for every line £ the 
Geiser pair on & This Geiser pair is the neutral pair of the net of binary 
eubies of £,eut out by the net of cubic curves. The quartic, locus of lines E 
for whieh the Geiser pair come together, 18 found by making £ touch the conie 
a'4"£, and is an af‘. 
Write the above two-one connex ast as (yx) (cë), and consider 
(ya) (yy) | ezy| an ασ. This skew form is the polar conic of y as to its 


associate cubic, and when y is a, it is the nodal tangents to the cubic with. 


double point αι. We have seen that in the case in question these seven line 
pairs are apolar to a conic. But there are only six independent conics. Thus 
the required condition is that for arbitrary y the associate conic be apolar to 


a conic. That is, the six-rowed determinant of all coefficients yc, vanishes. 


But being a skew determinant it is a square, Thus a cubic function of the 
coefficients yc, vanishes. | 


me 


. $2. The Cubic Invariant of Seven Points. 

For the connex (γα)᾽(οξ) the possible expressions of the third degree aré 

(ey) (e!) ("y") yy’ |, (oy) (7) C) yy" |, 

(0) (7) Gy) yry h poe" | yyy]? 
Of these the first, second, and fourth! change sign on interchange of c^y' with 
c"y", and therefore are zero. Thus the invariant in question is 

(e^) (^) (ey) ΙΥΥΥ΄|. 

The invariant expressed in terms of the seven points a, is of degree 15. But 
if six points are on a conie it will vanish. T 


For the form a5a4* was made up in this way: on the line zy is a net of 


binary cubics, with a neutral pair, and zy are taken harmonie with this neutral 
pair. If gà, meet the cubic curve with double point at a, at p,, then the 


* An expression for the net of cubics on seven given points may be noted, though not of present use. 
Let A be the Jacobian of cubics on αι.... ατᾶ, and 80 on. Then the determinant of seven rows 
| afio, PEE Big, hiilis, 15010 ; Giot, (yDa:) Aal 
is the expression in question. For when ὥ--- σι, A,....A, vanish and (yDa,)A, also vanishes. Pre- 
sumably this expression for the net is canonic, l 
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neutral pair is a, and p,, and if the solu of y as to these be x ;, then the seven 
points a, are on the conic a*z?*y* associate^with y. NE 


If now à4....a; are on 8 cònic (axz)*, the points p,....p, are on the line | 


- 


(ax) (ay), and the form wary? becomes (az) (ay) [azy]. 


becomes 
2 * (tant tt tay) (nah 2) E 

and’ since there-is no term in yj the invariant of the ‘coefficients: samehe: 
Thus the- expression of degree 15 in a, breaks up, and removing the factors 
which vanish when any six of the seven points are on a conic, we are left with. 
a cubic expression in the αι... . 3° i 

Thus, given six of the points, the locus of the seventh, ἄχ, is a cubic curve. 
If once more the six are on a conic (aa)? thén the nodal tangents of: the cubic 
|a;a;2| (az)* are apolar to (αα)᾽, Which i is therefore the Bateman conic, Then 
the tangents at a; to the cubic of the. system with double point à; are apolar to 
the conic, and this defines the cubic. Thus, if the six points on the conie be 
given by the binary form (Bt)*, the loeus-of aris (B1)*(81)*—0, namely, that 
cubic on the six points to. which the conic (asa line: curve) is apolar. 


e ° » : . 
Thus & special seven-point for. which the cubic invariant vanishes is six . 


points on a conic and any point on " apolar cubic through them. 
Hence, given any six points. d... dg WO have a counter-six δι... «δα where 
b, is the extra point in which the conie on à4:...a, meets the cubic ON d... :ᾷο 


and apolar to this-conic. "The locus of a, passes through alltwelve points. It 


is to be noticed that. the relations. of the points a, arid the points b, aré mutual. 

- Expressed i in terms of Professor Coble’ s* linear invariants a.:..f-of six 
points, and linear covariants gos ah these being cubics on the points, the 
covariant cubic in question can. be no. other than Xaa. This is then.an 
| expression for the ΠΗ invariant of seven points. E 


+ 


43; The Liiroth Invariant. 


If now we map the plane on à cubic surface by means of cubics on the six 


- 


an -ᾱ 


This with gi as the reference point | a, 0,0) and (ux)? as EL | 


- 


points αι... .ᾱα, the covariant: cubie curve: becomes ‘a covariant plane of the ` 


‘isolated double- six of lines on the surface. The construction becomes as fol- 


lows: Let a, and b, be a pair of lines of the double-six. Sections of the surface - 
on-a, determine points on b, The- tangent conic sections determine two. 


points on b,.. There is a conie on the surface through these two points and 


this determines a: point on ac, on the plane required. j is. 


. Pransaotions, Vol. XVI (1915), § 4.. 
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If from any point where this plane meets the surface we draw the tangent 
lines we obtain a quarlie curve of Liiroth’s type. Now a cubic surface has 
thirty-six double-sixes, and therefore thirty-six. such planes. The locus. of 
points.on the surface which give rise to "Lüroth quarties ' is then thirty-six - 
planar cubics, i 3 | 
| But & covariant of the surface of order Ou gives an inveriant of the corre- : 

sponding quartié of degree 3u. Hence, the-Lüroth invariant 18 of degrée 04. - 

A line of the surface belongs to sixteen double ΒΙΧΘΒ.. ` Thus the thirty- 
six planes meet a line of the surface in 16 4-20 points. Thine a Luroth quartic - 


. . ean acquire 8 double point in two ways. In: the one, the lines at the double 


point are apolar to the points απ & double line. In the. other. the lines at ihe 
double point meet the curve again on a line of the curve. : ee 
This indicates the nature of the Etiroth invariant Ia; namely it Bst to the 
discriminant Iy as modulus, the product of two invariants. 
Consider a nodal cubic surface in Sylvester’s form, (xà?) where (1/ ΜΉΝ 
Τί can be proved that the plane corresponding, to the double-six-of lines .on- the 


᾿ποᾶθ is (zVx).. | - . NN MEL 
ος Hence, when (1/ Vx) is not 0, there is a τη, of order 16, product of s 
ie sixteen planes (s Vx), , meeting any line of the surface at the sixteen. ‘points | 
on it, 80 that there is an invariant Z4, which vanishes for « 8 nodal Lüroth | 
᾽ quartic of the first kind. - 
For a nodal Lüroth quartic | of the second kind. the insoribed five line: are 
| three lines on the.double point, and two lines on a fixed point of the curve. . In 
| particular, the tangents from the node fall into two sets of three, ‘each set 
having its contacts on a line. Thus such a quartic is included i in those for 
which three intersections of double linés lie on a line. ΝΠ * 
Looking then at a double-six from a point y of its cubic ο the six - 
lines from y,to each pair lie on a quadrie cone which breaks up into two planes EL 
when y is on one of ten planes ο ας to the separation oe the six. x pairs, 
into threes. | | | 
If in the case of & nodal eubie (xa) surface these ten planes formed for 
the nodal double-six have an equation. rational in x,, then an invariant I, 
vanishes for the nodal Lüroth quartic. of the second kind, and the. Lüroth 
- invariant will be Γη]]τ-|- Lal is where Ii, 18 an invariant whieh is probably the ` 
discriminant also. . | i y "ee " C 
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On the Order of à Restricted System of Equations." 
A. .. ML By F. F. Dzoxzs. 


^ 


4 


| EE Section. 1. | 

. In an earlier paper +.the writer gave a proof of the theorem—announced 
without proof by Salmon i—that the number of solutions of the system of. 
equations arising from the vanishing of all the determinants of the m-th order 
that can be formed from a matrix with m rows and n columns, m Ῥ n, by the 
suppression of n—m columns, the elements in the «th. row and j-th column 
being of ΠΡ αι -αι in n—m-+1 non-homogeneous variables is coe 


— 


| where AK Ἕοδ..ι; C, representing the sum, of all possible products of l 


different as and δι the sum of all possible products of l 0/8, repetitions being 
permissible, 

In this paper the system arising from the vanishing of all the determinants 
of the r-th order that can be formed by the suppression of m—r columns and 
m—r rows, r bm, r pn, is treated. The order is shown to be 


pom P dE. E. aai 
EN Κιν ν.μ ΤΗ Aiari : (A) 
K πλην 1 K perime τ Κα Í 


If the degree of every element 1 18 b the progr: reduces to 


i=m—r oa ος r x 


I dus aris s ? ` : ° ‘ 
= . beto m—r+D, which may be written 
m iius É ` l , too iom -—r ᾿ 
a H una hart) (mr - 
= n-—fT m—r 
ícm-—r -b . -3 (B) 


= i (crei ertt 


a result established by Segre.$ 


* Presented balore: the American Mathematical Society, April 27, 1918. 
: T “On the Order of a Restricted System of Equations," AMERICAN JOURNAL OF MATHEMATIOS, Vol, 
XXXVII, No. 2, April, 1915. 

t Salmon, * Modern Algebra,” Fourth Edition, pp. 288-313.. ] 
. § Segre, “ Gli ordini delle varietà che annullano dei diversi gradi estratti da una data aite” 
` Eendic. E. Acoad. Dei Linoei, Series 5, Vol. IX, session of October 21, 1900. 
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l In §2 the notation is defined m some preliminafy salaton are given. 
Theorem VI simplifies the derivation of the order for m>n after it has been 


derived for. m bn (Theorem ΧΤΙ). In $3 is considered the case of the van- . ` 


ishing of the determinants of two matrices having some common rows. The 
order of that part of the system for which the determinants of the common 
, rows vanish is found (‘Theorem IX).. In $4 is established by mathematical 
induction, with the aid to Theorem V, the relation (A) of $1 τν ΧΗΤ), 
and the νην (Β) 18 established i in $5 p S | 


ΠΠ ον 9, 
s (r) . . : 

Wu ee e ttin | νιν ντι, ^ . A 
σαν. or | U,,]? or G τη 2 . denotes the aggregate, of all 

Umi T" . ' a. | 

, : : an : {411 . Uin 

i determinante. of the r-th order that can be formed from thematrix| ......... 

εν oco f Umie Uman 


-- 


by '&uppressing m-—r rows and n—r columns, That all these determinants : 
vanish will be indicated by e l Te | 


: 27 
- [Kn i 
a , ES im 
see à o? t 7n n n =0 or. l U anll = 0 e(t) =O. 
a ee | ΠΝ | 
M (h, k) denotes s matrix formed from it 55 - ) by NE sing the 
| doses | 
first h rows and the last k rows, that is (s "Ed ae} 


The order of the system of equations 4-0 will be indicated by A. , When 
the (τ) is lacking from the symbol it will be understood to be the same as the 
smaller of the two numbers m,n. If r is one more than the smaller of the 
_.numbers m, n, the order symbol is to be understood to represent the number 1, 
and if r exceeds each of the numbers m,n by more tban one, the order symbol 
18 to be understood to represent zero. | 

. $ is an operator such the pM (hy, E) M(h,, hy)... M h, k,) produces the E 
aba sum of all the products that can be formed fom ; 


M (h, k) M (hs, h). Mh, k,) 


by interchanging k, with each of the other μα i in bus the sign of éach produet 
, being given by the formula (—1)'* where f, is the number of inversions of 


4 
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the natural order of the k’s in the different permutations, the A's occurring in 
| the natural order. K m Σ (645, {η and J= Σ γι. "where om BT Hu [αι y=} Tay, 
and ἆ απᾶ ὃ differ from C pum Y, πως only i in μα. Em of 
the same letter in forming homogeneous products. πισω ο να 
When J is negative the values of the symbols are zero. K,—K, 4. | 

u,, denotes a function of not less than (n—r-+1) (m—r-+ 1) non-homo- 
geneous variables, and, whenever the order is caleulated.in terms of ΚΒ or J'8, 
Uns is considered: to be of degree a, -1-a,. 

. Use will be made of the following relations (Theorems I-II), proofs of 
which may be found 1 m a previous paper on the subject.by the writer already 
referred to. 


TaHrorEM 1. (t as ET μῷ» 


THEOREM II. l...:m σι τα. ΙΙ... 
A ere) ae l..:.m l....m -. 
ici X uni Md n-—m-El....n—iJ4-1yem—P - 
cC = ΠΝ κ. «Ὅν ) ( i....m : 


Γπποπεμ ΤΠ. ` zc 1E, 70. 


- Πιπηρχαμ IV. K, =K E, dat E, Soar. σα) Ες Ens... 


; αι 
where the a’s run from T to n in al the Ks, and ihe a’s run from. 1 to m, 
except in ihe case noted. 


'To establish this relation we divide the terms of K, into TN that con- 
tain αι and those that do not. From the definition of K, K η A, , 


whence Ka =K ed Then we assume that | 


αξλ.. 
K, -K,-K,uX PNE UE NE -Ό" Kyi αγαρ. ee mal 


HODE, aas. o ... 
It follows that 
QE = Ae —€———— Σα). 
ee 1 ρου μμ. a) Ease 
=K,- -E, Bat. cs 1K, Baa. 


"Ps pus Hay nes. 


~ 
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P - 


 Tuzogmgw V. (1—4) LILURA =A mb n EE Lo. 
: 1 n 1....^ i , ^ — B 
1. πι--) \1....m—I+1 \ m-—1/|. 


T κ... 1:22. l 
where A,=|\2,...m—l) \2....m=—1-41] 





Ma) XQ) ....MG,1) |, 
: - f Mn M (1—1,1—1)....M (I—1,1) 
^ Proof: A,—X(— 1^3, 1.) HG, A)...sM(s—1, Rh), ‘where | | 


ka, ...., k, is a permutation of the numbers 1, 2, a 25/8; and t, the number of . 

inversions of the natural order of the 168 in the different permutations. . When ` 
$ operates on: M (3, 0) A, and the series-of first indices is restored-to the natural 

order, all the permutations of the second indices except ki, ἴα, ες .., Ars 0 will 
be obtained and the number of inversions of the series of second indices will 


be changed by one. Therefore o cup. 5 νι sio DEF 
1-9) 4G DA= =i (— ETT ER (,&) MG, i) = Aa. 
Tarola Vi, ASA Te 1 7 7 | M" 
K, £ÉE,;,....K,1 00....0 0 | ` Hos 1 m 
ο E MM 
ahere Amal κ ον... veces. ELL land e| e δν το acetal} 
ο ce ον "E ο ον] 
NC i Ka K ipis T Ka Kal l l | and spt. 


* For the case m —0, Theorem VI yields a relation between the total symmetrie ‘functions And. the 
elementary products of the a/s. If also a — 1, there results a formula for the total symmetric function H, 
in terms of the elementary products, a formula which has already ‘been proved by Roe in the Transactions 
of the American Mathematical Society, Vol. V, No. É, p. 202, April, 1904. we 
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f: | 0 0 κ — due d τ 1. 0.0 
0 οἳ 2 7 us 0 E A CX 2x20 
0 ! 0 eon 0 ..K. 
—={(—1) δι τω. ch ΚΕ -1 Ma ΠΣ 
(Der (KJ,—J 41) (—LD) (KJ, i4) .- σε LAES aJ μα). t E 
νο... ο αν i Honera A Gk. EOE EE ο ο | o wb 
z (c1) 4 atti 4 a (I) Russ os (--1)-Κ, J, Ky Kye... K 
(—1)97M, — (—1) 9,4 EE CS 
i (—1) ^ (KJ.—J,4) (—1)-* (KJ mid.) X κ... 
UR se € as ΠΝ s ae ee € 9 ee t5 t9 7 i * K > “8 8$ © © 3 9 * 5 * & 9 9 3 * 9 * 9 9? 9* 3» 3 " 3 
2 (—1) Kai à (—1)' 7 EK aai AL X 1)* EC 
J Jo ΜΟΝ 
T, νησι E 3 A. 
στο] μμ ed "RS ον E K 1 0 
Ha όψει Dm τας tg a 
m - M MB o hu du 1 
(1) ο» πα) ` J Los a aay οἷ, 
also let = dios | p+ r2 when s is even, 
j = : th f 
οι * (94—s—1), q x 50 erefore 


94 255, when s is odd, 
always bem: even. .. 

If for the K's of the first column of A the values given by Theorem III 
are substituted and the result expressed as the algebraic sum of s+it—1l 
determinants by using the corresponding terms of the elements of the first 

. column for the first columns, then the process repeated for the second, third, 
.., $-th column in turn, the sum of the determinants that do not vanish on 
account of columns differing by a common factor is identical with A ILA* 
is expanded by Laplace’s development in terms of its first t—s rows, the 
result is (—1)'. AH, After the factor (—1)*7 is removed from the first 


column, (—1)'7* from the second, and so on, the resulting determinant is, © 


| according to the product theorem: for μμ D-:AU. Thus 


Δ--(--1)». D: AY (—1)t Δ'--Δ'. 
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Section 3. - | p 


; /1 p VOD 1... ορ... ^ 7 ΜΝ 
ο. ο will now be ο ασ. G 4-0 unless ` 


Ud sese =0 οἱ E E —0. It vanishes with them except when 
l....m—1 ΝΕ t: κα ασ. 


στο ο. 1..." ταί. 3 MEE NE | 
= .m— j^ Πω, (i d sn si) δι αλ E 1 ο 


value of X will now be found, or rather a quantity eae & more general 
condition will be found (Theorem IX), and from it the value of X will follow - 
88 ἃ special case. ‘First, however, some preliminary theorems Ve and VII) 
will be proved. 


| στ Am ΤΟΝ (456) , /3456\ . 
7 (i x 5) - 08) 2): (545) (345 )- 
| This relation will be proved by a system of sections... The section of 


[£s i Ὅλ by the spreads ^ L. 5)= 0 degenerates into two parts of. the | 


same dimension for one of which, say A, ( 1) a and E i 5 also vanish, and 


for the other Bes HE 0. Thus (iz 2 4--B. Again, taking the 


45) =(Q, the οπή of B= —Ü by (ή 45 


taking the: section of one of the parts into which B=0 ‘degenerates by 


l Ga) 0, it is found that 


snoa οἳ A=0 by ( )= 0, and then 





πα 
ΠΠ Ὅ where-C= 1)(13)+ ri? m | 
«0-688 2 7- C) 


Now C is seen to. give the first M required and D the μι by — 


. geetions by ())- 0. The theorem follows. 


| 1. m. ποπ HET mo 
Turorem VII. n B ate © T a) uu 5) r 


gw fa : . * Bee author's paper already referred to. 
- Pi 





DzokgBR: On the Order of a Restricted System of Equations. 991 
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Beducing on — by κια H, . 


πο Fay ey πε ππγ'' 
Ὁ 7 a. 
άνω Το στα D zy Ῥω. 
.$ 
μος ος γ΄ e mM 


Hence om αγ mn dali x (M ay + F, where none of the 


pane (4) 
iJ 5 7 * 9 a * n x 
-matrices i in F contain the ο column. Therefore Y, = E M ) 


. 
- 


, THEOREM VIL. -If j=k—s+1, 


πας IER oa 
Proof: bee $ 


[τ ΓΡ aT a yn (8 a UC Oy) 


So). 
E wee TaN psg iNeo C 
| i E ( nu) p 
. Therefore | 
ᾱ---1..-.ἄνοτ. - e 
Y, (a, μὰ oe mE )Z ἅμα k l 
Í ‘k—sti2....k - Hi G—D -- Y. επ 5. (a—2) Y 
-( s+ » Y, as, JA Pr nar κ Yit: pos 
"3 | 
Put Poen im tm. ps Theorem VIe and pom ys PA : 


TPR =0 by Theorem Vite Therefore E » 


E aE YES ο. a 


25, αλ 


= 87 
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Temora VIIL The order- Y b of the € 2j the een Gu μυ, | 


(f e =0 for : which tus ΤΝ o T E 
0 ο (Quy Gum sisi 


. Proof: Suppose it was already shown that 


Ν 


744...) JNO (5) ee a E . 
Fue PETE ETD mean i 


since (3 Co TOKE e " E | | | 2 
= κ. ? T = η ο Te Piae a SNE TEENA “+D 
by Tisbron II, 


ke ca TES yr]. 


Therefore 


THEO aes 
Y= È- per "Tm m D 


Y; sub ΄ , T 


E -Σς- πο ο. PIG Ay | 


E αυ Ὅν κ F(a mo aay 


ici 
Ss CH E79 Ga Pr by Theorem IL s | NEP 


]t is to be noticed that Theorems VIIa, b, c are special cases: of Theorem 


- 


vi since: by definition of the order symbol εκ, 9 has the value 1 when r 


CILE and the value 0 when ᾱἩ E 


™ 


Teorem, IX. The order ρα , of the part of the UM d: qa : 


; a 3 3 ™ =o jor m I Vasa ο. ἐ 


ΓΝ] N^ Lu s | 
(1) ποθεινή . hpl pmpn.- 


L 
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| Proof: & ον - l Eu GIN 


---1) HE G—h41) - 
πο. h " xr ... 1) 
` (2—5--1) icu AED 73 0 4 «CD 
-— (FFE. 
an 
E e μα | = ud D d Tue Um) : 
according to Theorem- VII . Therefore | | E x 
a On) | ^ “πμ. 
WI MM 
~ ἐ-ᾶ-5 I.i -D 74 + 4--9....n G—h--3) i78 1.29 G—h--1) — (m—D . 
CFE Ubi) ση gu) i EE 3y" +1, s et y 
i=h—2 (h—1) mn i. το σα (ἰ---ᾱ D PERSON G—5--0D j4-2....n^ (m—D 
"d Ho aa). TE NON a a). ΝΕΕΣ, se pt Ἢ 
Therefore | ia - | i 
i=h—2 (h—1) sep is 44-2....f (m—D 
iz i) ; ο ΠΝ 
τ EE DRM I "bn Gh ως m) 
ir 


κ 


oA uae) μμ 1) κ 
is Theorem vin, m 


ntl 


πρ yr 


je 


E" ai T E E: Cu LI) "PT 


imj—HEh-1 


up" a G a by Theorém VIL 


COROLLARY : ἂν b= 9 ο. i λος 


"rp: mp 
.ὖ 


f "y according to the definition of Φ. 


Section cd 
Γπποπελς X. lf mn, ME ΝΣ. b =) (ae τ.) 
A 5. (3 m T zu 


pia) Go n1): m) 
—%, ο ο -- e ELA 


The theorem follows. 


Proof; Às ον ον pointed out tus 


2m aui by Theorem IX. 


~ 
μα 


Dc πρ 
itu eA 
= 


(m—A+1) . 
^. , by Theorem VII, 
m A Í 
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em 
TEE 

ΠῚ o x 

.m E 


Proof: p e 


294 


Ki Ki , where κ. = ONT 





1 TT De mpn. T 
"" P alte ἫΝ. ) ὶ 
‘a=1....m—-1 aml... mi. A ; : 
UU — qe |, by theorems X and I, 


,by Theorem IV, 


anm... mM Q—2....mM - 


| 


4 


By introducmg a into the second row ina similar way, the ως. follows. 


THEOREM XI. yf ο ο 


ee Lm) E 
ο -m— m—2) Cas 
[ON TER Ga 


ny E 
Lond dE 
pu Ce 
Bima) 1 


. 
` 
. 
. lon 4 
` _ a4 
' 
P 
` E 
. , 
5 -- T MG 
5 7 . 
1 
1 
` 


3 = say Ar: 


m To" 
It vanishes with them except when Do 4 = 0." 


1.) ο = ca ο. a 
cow | ΠΠ 


CH 
Jas (s 


=Â, by Theorem V. 


Proof: T aes 0 unless (1 


3) _¥, m 


Los jt 


2a Theorem IX, corollary, 


ma) Gum). 
2 GNE 


by Theorerà X, 


Hence’ Cn 


-ᾱ- "cA 


΄ * See author's paper already referred to. 


~ 


— 
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,. 1» ΠΠῚΝ 
eas (ee Ν 
COROLLARY: € 2) Ξτ αι K; Ky ; QE us 3 Ppa. 
| K; K, K; 


EK, Ky, Κ ΜΙ 
ᾱ--1....{4--3 anl.. ml asl unm] - : . 
(m—2) ; ; | | 
Proof: Gu m). m ea, LO ES, LL Es, |, by Theorems XI and I. 
Κι Κι: Ky S 
ᾱ--δ....1Ν---2 Ὁ απ a=b.: i 
By means of Theorem IV ies missing a's may be introduced a8 in Ane 
proof of the corollary of Theorem X, completing the proof. 


Ν 


THEOREM XII. ο πι η, 


στ uy es $ E ad - Ga D 


1] = MERE LAS HN 3 


= say Assis | 
Proof: It will be assumed that a ... — in Theorem X its valid 
1 pN (2) i 
for (T: ii ar 18 valid for Oe ndi m—t) , namely: . 


| | Ke Ja KE ΤΙ, ip EE 
(aay {C9 ERD --ᾱ- δν 


Aa e pd erm p Dee RCM m-1 


TE = say A, ,. 


: Then E eet x a UR) E may E ES 


| „ =(1— 9) Lacs MEI ice ro» y. 
: | by Theorem IX, corollary, 


= a Ομ. i πω μας by Theorem v. 


- inc] 
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— om 


ς 


te = ; ; 
7 - : m—r-tr-1 K os .... Κι 
(n 4 n 5 ? , 
COROLLARY ; it ub ^ z= r2 P—f-4-1 as s Κι 
t . o + m ee è à h^ ὁ 9 9 & » 9.9 e 9 9" peoo 


— 


/ / 

` Kien) Ker) ett M mn | f 
; where K;—K, wii, m pn. 

? Ko / 
fri Δ s Ki . 2 
Gul... .f aml... 1 aml, D 

| £" fS. r 

r) m--r+3 Ah mpl r K; 


Proof: τη E l...2m Sl ἄν δρ Q:2?.,, 74-1 awt... m Hy 
1... τα: em 


*? > 4 4 z * »2 @ ee 5. $ * @ 32 s $ 
τ 


"A t 1 í ’ . i 
K 2(m—r) +1 2(m-—r) K M a E 


Gmm-rLl...f amor... rl a=m—r+1., 


by Theorems XU and I. 


By means of Theorem IV the missing a's may be introduced as in the 
-proóf of the corollary of Theorém X, completing d proof. 


“onak XM. For all values ofn, " 
~ | Er . K cs sns Komi nad 
Gum Re RÁÁ a 


= 9 # € a es $ à 2 e <  * * 8 = += ë ε è 


* ] m M E. σσ cee Karr 


ο Proof: Theorem XII, corollary gives the result if m bn. ‘If mna, 
πω ο, 
Ev pd can be ealeulated by the method of this paper with the interchange, 


of rows and columns. The result will be the A’ of Theorem VI where 
t=m—r+1 and s=n—r+1. But when m>n the determinant of Theorem 
XII, corollary becomes the A of Theorem. YA with the same values OF ý and 8. 
The theorem follows. 


= ~ 


Gironi Por all ΜΉΝ of n, | | s | 
» CHO PX i-e. | 
“ο " - (7) Ga) UG) 2 


E A 


` eo & 8 » 9 » 


-^ 


rer ery | PENNE / 


ps MEZ (uius 


This follows from Theorem XIII by retracing the eee of the proof of 
Theorem XII, corollary. ` 


Dzoxksa: On the Order of a Restricted System of Equations. 291 | 


- 


Section 5. re 


l = 1... (η 5 - ve » κ 
. Turorem XIV. t J , where each element uy is a function of 


ἐς . . | ΣΙ ek E 
- i κα On re a 2D 
E | τα ..AhO-rEDGO-rH-HD. 
degi ee b is UP HET EE ppm ; 
i —4 
Proof: In this case the a’s may be taken each sanal to b, and the g'g s each 
(r) 
equal to zero. K, en reduces to Soa... m Hadas, C, b‘, and pos a to 
| EO MO nO nas Sees PM 
brt (art) A where A= NON μμ ο simia . 


b 
t.e: 59 e 2 * € T sse’ => 9 9 8 9 4 
Bp! x 


^ 


un pom nC strom ας κει ~ 


Next we apply the forala CC a tO each of the elements and multiply 
the resulting ΠΡ by unity in the form of the determinant ' τ 


E z E OF d . 0 uas 
n4. nro .... 0 


* > kx αμ: s <s ὁ + 
2 


CUR. DUNS eri ri s... 1 


- 


This gives for the element in the k-th. row and the k-th cdita 


^ uuo c LL m—HATAM S 0c 
sme ELTA P riti = Ca αν μην ο ο ο... —k) - 
e s (n--m—r--1— h) ere m 


—G—HER)T Em ὃς 2— grt i 


The factorial number in the ος is constant for a given row as is 
_ the denominator for a given column. Hence A=AA’, where i 


- 


h-m-»—r = EN 
Y" (tnr tica) "LX pup re | 
A= _ and A’ = = aP, =| as εἰ. 
Σ od all oia B ου 


Let D' d, k E. b^ Ga, k-19 D' ἄν 17704, 1* Then | D’ T, | sek 


Εἰ.δ.. m—r+1 


D'a, b "νη d [ πουν. —(r—1+k—h) lks 
, | - = ον Έλεν, 


wa ο ο ο ο ος ο ο ο ο ο ο ο ο ο ο ο ο ο ο ο ο ο οκ. 
> . = , 


-— 


* 
` 
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Finally | 
` Ρο a, =DE a, ,—D a, pi (h-1)yh—2). sa (h—k 1-1), εδ... 
! - (pnt if k=h 


=10, if kh. 
010 00 0 
110 0.... 0 | 
Hence A sms 24 0 e*s. 0 --. τι οἱ 
νην H 
T" IP 
. . (m—r)t] 
“TL (n+m—r—i)! TI il a Gan 
E E NR τι το E 


ἐπ ην Td 
II (r+ a—1)! II. (n--m—2r--1—3)1 It. sss 
ἐ--θ i-0 i 4x6 ; l 
The theorem follows. 


Eos MN Ν f 
COROLLARY: n m » „where each element u, is a function of degree b, ts 


ízxm—r 

II nti n—r+i 
{=0 τ 
_t=m—r 


Il EEE ὅμως 
1-0 | - 


Bee pomrDo-rnbD 4 (B) 


Proof: By ehanging the form of two of the factorial numbers in the value 
of AA’, and introducing the factor [(n—r--1)1]97*? in the numerator and 
the denominator 


l t=<m—r : : : inar | i=m—r 
II (n)! ^ Hil(n—r--1)! ^ IL,,4C, νι 
AA = 1-0 , ἐταῦ o =0 


icm—r temr — {xm—r . 
IH (r—i-i)!(n—r-1)! H (n—r+1+1)! BE D μα 
ied i=0 0 . 


The corollary follows. Ἢ - 


* See paper by Segre, already referred to. 


On the Lie-Riemann-Helmholtz-Hilbert Problem of the 


Foundations of Geometry. 


^. 


By Ropert L. Moons. 


$1. Introduction. 


Concerning Hilbert’s paper, “ Uber die Grundlagen der Geometrie," * Poin- 
earé says, according to Halsted’s translation,t “As regards the ideas of 
Lie, the progress made is considerable. Lie supposed his groups defined by 
analytic equations: , Hilbert's hypotheses are far more general. Without 
doubt this is still not entirely satisfactory, since though the form of the 
group is supposed any whatever, its matter, that is to say the plane which 
undergoes the transformations, is still subjected to being a number-manifold 
in Lie’s sense. Nevertheless, this is a step in advance, and besides Hilbert 
analyzes better than anyone before him the idea of number-manifold and gives 
outlines which may become the germ of an ας theory ‘of analysis 
situs.” - . 

The present paper contains a ae of assumptions 2; in terms of the notions 
point, region, and motion. Here the space which undergoes the transforma- 
‘tions (motions) is not subjected in advance to the condition of being a number 
plane nor is it presupposed that the regions are in one-to-one correspondence 
with portions of such a plane. Of course Poincaré’s statement that “the form 
of the group is supposed, any whatever" applies to its presupposed form. 
Hilbert/s axioms so eondition the form of the group in question as to necessi- 

‘tate that it should be simply isomorphic with the group of rigid motions in a 

. space of two dimensions. It is largely, or entirely, a question of analysis. It 
may be said that Hilbert analyzes the group of transformations (motions) but 
leaves largely unanalyzed the space that undergoes the transformations. In 
the present treatment the “form” of the transformations and their “matter” 
(the space that is transformed by them) are ο ος to what might be 
‘termed a simultaneous analysts. 

* Matematisohe Annalen, Vol. LVI (1902-03), pp. 381-422. 

_ +The Bolyai Prize," Soienoe, May 19, 1911, p. 765. 
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$2. Preliminary Explanations and Definitions. 
I consider- a class S of undefined elements called points, an undefined class . 
` of sub-elasses of S called regions and απ undefined class of one-to-one trans- 
formations of § into itself called motions.* If P is a point of δ, and M isa 
motion, the point into which P is transformed by M will be denoted by the - 
symbol M(P); If K is a point-set and M isa motion, ΕΠ will denote the 
set of all points M (P) for all points P of K. 
Derinitions. A point P is said to bea limit point of a ΜΈΡΗ K if and 
- only: if every region that contains P contains at least one point of K- distinet 
from P. The boundary of a point-set K is the set. of all points [X] such that» - 
every region that contains X contains at least one point of K and at least one- 
point that does not belong to K. If K is a point-set, K' denotes the set of 
points composed of K- plus its boundary: If Β is a region the point-set S—R’ 
is called the exterior of R. ` A point in the éxterior of R is said to be without R. 
. - K set of points is said to bé connected if however it be divided into two 
mutually exclusive subsets, one of them contains à limit.point of the other one. 
A set of points is said to be closed if it contains all its limit points. A set of 
points i is said to be continuous if it is both closed and connected. - | 
A domain is a set of points K such that if P is a point of K then there’ 
exists a region that eontains P and is contained in K. 
A set of regions G is said to cover a point- set K if each point of K 
` -belongs to at least one region of the set G. If for every infinite set of regions 
_G that covers the point-set K there exists α΄ finite subset of G that-also covers 
K, then K is said- to possess the Heine-Borel property. - 
A set of points K is said to be bounded if there exists a region R Buch . 
that K is a subset of R’: | 
If 4 and B are two distinct points, a simple continuous arc coni 4 to B 
is a continuous bounded point-set that contains A and B, but is disconnected 1 
by the omission of any one of its-points other than A and B. | 
A simple closed curve is a continuous bounded point-set which is discon- | 
nected by the omission of any two of its points. a 3 κ 
| *Bya one-to-one transformation of 8 into itself is meant a transformation T mu that (1) for 
each point Ῥ of B there exists one and only one point . P of S such that 7' transforms P into P, (2) for 
each point P of § there is one and only one point P of 8 such that 7 transforms P into P. Point is ' 
wholly undefined. Region is undefined except in so far as it is understood that every region is some sort 
of collection of points. Motion is undefined except in so far as it is understood that every motion is 
some sort of one-to-one transformation οἱ A into itself. In addition to this, information, no further 
information (aside from that furnished by the axioms of ‘the system 2) ‘is presupposed concerning. the 
terms point, region, and motion. : 


- + A connected point-set K is said to be disconnected by the omission of a a proper subset N if K. -- ο 
is not connected. 


a 


t 
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. $8. The Axioms of .X. 

Axiom. 1. There exists at least one region. — 

Axiom 2. If R and K are regions and R' is a subset of K' inea R is a 
subset of K. —— pn: | 

Axrom* 3. If the region R, contains the - -poini O in common with the 
region Rs, there exists a region R containing O such that R’ is common to R, 
and R,. | 

, ÅXIOM 4. If R, and R. are regions and Ry is a ome of R, then M R; 
18 ἃ NON- vacuous connected poini-set. | 

Axiom 5. If H,and R, are regions there exists a region R that contains 
both R and Ra.. E ; * 

, Axtom 6./ Every simple closed curve is the boundary of a region. 

Axiom T. If O isa. point and L. and N:are closed bounded point-sets 
with no point in common, there. exists a region K containing Ὁ such that 1} P | 
is a point in K then every region that contains both a point of L and a point 
of N can be transformed, by a motion that carries some point of. L into O, into 
a point-set that contains both O and P. | i 

Axiom: 8. If R 1s a region and M is a motion then M (R) i isa region. ' 

Axtom 9." If A, B,C, A’, B’, C' are points, distinct or otherwise, such 
that every three regions that contain 4, B and 6, respectively, can be trans- 
formed by some motion into regions containing - A', B', and C', respectively, 
then there exists a motion that transforms A into- 4’, B into B', and C into C'. 

Axiom 10. If M is a motion there exists a motion M such that if, 
M(A)=B then M(B) =4. --. :.. E : 
. . Axiom 11.¢ If M and N are motions there exists a motion MN such that, 
for every point P, M(N(P)) —MN (P). : | 
| Axiow 12.4 If R and R, are regions bóunded ο δα. by the. 
simple closed curves J, and J,, Ri and R, have no point in common, A,, δι, 
and C, are three distinct, points on J,, and A,, Bı, and C, are three distinct 
points on Ja, and there exist three simple continuous arcs A,X A,, B,Y B,, and 
C42 04 such that no two of these arcs have a point in common and no one of 
them has any point other than an end-point in common either with Ry or with 
R, and M is a motion such that Ri and M (R) have no point in common and 


. 





* Of. Hilbert's Axiom ΤΠ, loo. oit., p. 169. - xA K 

1 Cf. Hilbert, loc. oit., p. 167. - s 

1 Cf. Hilbert’s EM ‘too. cit., P 187." 

8 Cf. J. R. Kline, “A Definition of Sense on Closed Curves in Non- ο Plane Analysis Situs: " 
Annals of Mathematics, Vol. XIX (1918), pp..185-200. Axiom 12 corresponds: to Hilbert’s assumption 
(loo. oit., p. 167 ) that motion does not change senge on n any simple closed curve. 


- 
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, there exist three arcs AXM (4), B,YM (B:), and C,ZM (Ca) from A, to` 
M (A), from B, fo M (Bs), and from Οι to M (Ca), respectively, then there 
exist three such arcs such that-no two of them have a point in common'and no 
one of them has any point other other than end-point in common either MONS 
Ri or with M (R;). 


r 


t 


$4. Consequences of Axioms 1-4 and 7-11. 


Disks 1. If the point P isa limit point of the point- -set K, ang M isa ` 
motion, then M (P) 1s a limit point of M(K). 

Proof. If M(P). were not a limit point of M(K) there would didit 8 
region E containing M(P), but no point of M(K) other than M CES; But in 
this case M AUR would be a region containing P but no point of K other than 
E contrary to the hypothesis that P is a limit point of Κ᾿ : P 

ΠΙΗΒΟΕΕΜ 2. Νο point of a region is a boundary point of that region: | 

Τπποπεμ 3. Every region contains infinitely many points. ` - 

Theorem 3 can be easily proved with the use of Axioms 3 and 4. 

" THEOREM 4. If A and, B are distinct points, and C 18 any point what- 
ever, there exists a region containing C which can.not be transformed by a 
motion into a potnt-set K such that Κ' contains both A and B. * 

Proof. If no region contains the point C then it is vacuously true that if 
-Ό-ι, Fs, and R, are three regions containing. C there exists & motion M such 
that M(R,) contains A, and M (R) and M (Hg) contain B. It follows by | 
Axiom 9 that there exists a motion that carries C into both A and B. Thus 
' the supposition that there is no region containing C leads to a contradiction. 


. , Suppose that every region containing C can be transformed by a motion into 


à point-set K such that K’ contains both 4 ‘and B. By Axiom 3, if R is a 
region containing C, there exists a region R containing -C such that Risa 
subset of R. By hypothesis there exists a motion M such that [M (19) 1’ con- 
. tains both A and B. By Theorem 1 [M (R)|—M(E). Hence M(R) contains 
. both.A and B. ‘It follows by Axiom 9 that there exists a motion that trans- 
forms C into both A and B. This the κ ας. that Theorem 4 is false 
leads to a contradiction. 


"TzEOREM 9. If Land N are two closed, bounded point-sets with no point 
in common, and O is any point whatever, there exists a region R containing O 
such that H' can not be transformed by a motion into a point-set that contains — 
both a point of L and a point of N. 


Ν 
1 ; Mo. 
. 
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Pryor By ln 1 and Theorem 3. there exists a point Ρ Gael from ° 


| O such that every region that contains both a point of L and a point of. N car 
. be transformed by a motion into a point-set that contains both O and P. By 
Theorem 4 there exists about * O a region R which can not be moved into 8 


` . point-set containing both O and P. i there should. exist a motion M such 
. that M(&) contains both a point of L and a point of N, then there would exist 


. a motion M such that MM (R) contains both O and P. But this would involve 
a contradiction.. By Axiom 3 there exists about O a region R such that R’ is 
a subset of R. The region R clearly satisfies the condition of Theorem o. 

TasokmM 6. If P isa limit κά of M +H ut 45 a ae point either of. 
MorofN. . i -.. l 

Theorem 6 can be proved with the use of Axiom 3. 

T'zrsonEM 7.. If the point P isa linit poini of ‘the point-set M, then εν, 
regiow that contains P contains infinitely many -points of M. l 
_. _ Proof. Suppose the region R contains the point P and has in common 
. with M only a finite set of points Pis Py, Pss -ooog P, distinct from P. By 
Theorem 4 for each 1(1 «1 E n) there exista about P a region R, that can not 
be transformed by a motion into a point-set containing P and P;. But there 
exists a motion that leaves all points fixed. This motion carries R, into R;: 


But R, contains P. It follows that R; does not contain P;. The regions R ` 


and R, contain in common a region K, containing.P. The region, K, contains 


neither P, nor P}. . Similarly there exists in K, a region K, that contains P, ` 


but no one of the points P,, Pa, Pe. -This process may be continued. It 
follows that there exists about P a region K, that.lies in E but contains no 
point ol the set P. T. ipie Ἐπ Hence P is not a limit point of M. 
Thus the supposition that Theorem T 18 false leads to a contradiction. 


Γπποπεμ 8. If the region R contains a point O in the region K and a 
point P without K, then tt contains a point on the boundary of K. 


| Proof. By Axiom 3 there exista about O a region E, which is a subset 
both of R and of K. By Theorem 3 there exists in. Βι Ὁ point P distinct 
from O. By Theorem 7. and Axiom 3 there exists about O a&. region Rs such - 
that R, isa subset of R,—P. By ‘Axiom 4 R— R; is connected. "But it còn- 
' tains the point P in K and Mermi P a K. Hence it contains 8 pout 
of the Λη of K. 





* In this connection “about” is synonymous with “ containing.” 
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oe 9. I f O is a point there apais α΄ Μία. infinite sequence of B 


regions Ri, Re, T ... ., Sich that (1): P is the only point.they have in com- 
mon, (2) 1} τι 15 ὦ ΜΉΤ integer and M is a motion such that Μ(Β, μι) con- 
tains O, then M (R,,,) is a subset of R,, (3) sf R is a region containing O- 
there exists an n such that R, is a subset of R. 


| Proof. By Axiom 1 and Theorems 3 and 4 there exists a region K, con- 
taining O. By Axiom 3 there exists a region K, containing ο such that Κε is 


a subset of. Κι and.a region Ks containing O such that Kj is a subset of K,. It 


. follows by two applications of Axiom 4 that K,—K; is a connected point-set . 
containing at least two distinct points. Let P denote a definite point of 
K,—K;.. Then P is a limit point of K,— .K;—P. It follows that there exists 
8 countable sequence of points P,, P,, P;, .... all distinct from P such that l 
P is a limit point ‘of the point-set PPP. . By Theorem 7 and- 
Axiom 7 there exists a motion M such that M (P) —0. For every n let P, 
denote -M(P,). Then O is a limit point of the point-set. P,+P,+P,+.. 
By Theorem 4 there exists about O a region R, such that if M is a motion ibat 
transforms E, into a point-set containing O tlen M (Hj) does not contain P,. 
By Theorems 6, 7 and 5 there exists a region R, containing O such that if Μ΄ 
is a motion that transforms R, into a point-set containing O; then M(H;) con- 
- tains no point of the closed, bounded point-set P,-+Z,' where L is the boundary : 
- of R,. It follows by Theorem 8 that, for every. such motion M, M(R;) isa 
‘subset. of Βι. . This process may be continued. It follows that there exists a 
sequence of regions Ri, R,, Fa, .... containing O such that if n is a positive 
Integer and M is a motion that transforms R, into a point- set, containing O, 
then M (Ban contains no point of the point-set P,+P,+Ps+...-+P,+S—R,. 
The sequence Βι, R, Ra, .... satisfies the requirements of ποιο 9. That 


it satisfies requirement (2) is obvious.. Suppose it does not satisfy both (1) . 


and (3). Then there exists a point P distinct from O and a region R con- 
. taining O such that for every n R, contains a point of the closed and’ bounded 
. point-set P-L where L is the boundary of R. It follows by. Axiom 7. that 
there exists a positive integer m such that, for every n, R, can be transformed x 
by some motion into a point-set containing P, and O. But Rap can not be 
moved into such a point-set. Thus the supposition that Ri, Γι, Ri, .... does 

not satisfy requirements (1) and (3) has led to a contradiction. | 


THEOREM 10. Every : region 48 a connected set of points. 


Proof. Suppose R, is a region. There exists in R, a Sont P. By 
Theorem 9 there exists a sequence of regions Ἐν, Rs, RQ,2...,8lllying in R, 


A - 
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and having in common only the point P and such that- (1) for each n, Riy, is 
a subset of R,, (2) if R is a region containing P there exists an n such that 
RE contains R,. .By Axiom 4, R,—R, is connected. But: | 


HE (R,—-R)) T (RyRy) + GS —R) +... +P, 
Rı—R, is a subset of (B, Bias) and P i is a limit point of ] 
i | (1ες--- Ε) + (B, — Rs) + (G5, —82) +. 
It easily follows that R, i i8 connected. . 


, ÜmsongM ll. Every boundary point of. a region 18 a linit point of. ihe 
— exterior of that region., | 


Proof. Suppose κο of T region R contains a point. X which 


is not a limit point of S—R’.. Then there exists a region R that contains X 
and lies wholly in H. It fọllows that Ε’ is a subset of Β’. Therefore; by 
Axiom 2; Risa subset of R. Thus X — to R and 18. therefore not 8. 
boundary point of R. . 


Tuzorem 12. If Βι, Re, Ra, ενω 48 a sequence of regions closing down * 
_on the point O; Μι, M,, Ms; C are motions. and L and N are-two closed and 
bounded point-sets with no pòiñt in common, then there do not exist infinitely 
many positive integers n such that M Gs ) contains both a point of L and a 
point of N. 


. Theorem 12 is a consequence of Theorem 5. 


Tuzongw 13. If R, R., Rz, .... is a sequence of regions closing down 
on. the point O, Μι, Ma, Mg, .:.. are motions, and A,, As; Ag, .... and 
Bı, δε, Bs, ....-are two infinite sequences of points such that, for every n, A, 


and D, are both in M, (R,), then if. Ay+A,+Ast.. ... has a limit point every 
such point is also a limit point of By BB... B 

~ Proof. Suppose X is a limit point of nor .., and R is a 
region containing X. By Axiom 3 there exists a region R containing X such 
that Δ’ is a subset of R. The region & contains infinitely many distinct points. 
Fe E: dis cvs sf Le sequence 4, , Αν, ἂν. . " :. lt follows with the help 
‘of Theorems 8 and 12 that, for infinitely many positive integers 1, AH, , and - 
-therefore ἕνας 18 8 subset of R. it follows ` that X is a limit point of 
: B,+B,4+- B+ .. : 


THEoREM 14. — Every bounded infinite set of points has at least one limit 


poii. - > l a 


ΚΑ sequence of regions R,, Ra, Re, .... is said to close down on tho point O if it satisfies with - 
9 80th. : £ 


respect to O all the requirements of Theorem 9. -. _ i 
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Pr oof. Suppose that # isa region NT that Αα. Xs, .... is an infinite 
set of distinct points lying in R’ and having no limit point. "Let R, 1i; Bs, P 
denote a sequence of regions closing down on a point O. For each n there 
exists a motion M, such that M, (0) =X,.. For each n there exists in the region 
M,(R,) a point X, distinct from every point of the set Χι,.Χι, Χι,..... and 
lying in R’.. By Theorem 13 the point-set X,+X,+4,+.... has no limit 
point. Thus X,+X,+X,+..... and X,+X;+4,+.... are closed, bounded 
point-sets with no point in commen, But, for every n, M,(R,) contains a ` 
point of each of these sets. This is contrary to Theorem 12. | 


TuzongM 15. There does not -ewist a compact* point-set K and an 
uncountably infinite set G of mutually exclusive regions such that every region 
of the set G contains a point of K. 


Proof. : Suppose there does exist a compact point-set K and an üncount- 


able set-of regions G satisfying such conditions. Let Ri, Ra, Rg, .. . denote -- 


a sequence of regions closing down on some point O. If X is a sei of K 
lying in a region g of the set G then for each n there exists a motion M, such 


| , that M,(O) —X.. By Theorems 8 and 12 there exists a positive integer m such . 


‘that M,,(B,,) isa subset of g. It follows by Zermelo’s Postulate that there: 
exists aset G of regións such that (1) each region of the set G' contains one 
and only one región of the set G, (2) for each region g of the set G' there 
exists a motion that transforms somé-region of the set R,, Ps, Rz, ... into g 
and transforms the point O into a point of K that lies in g: In view of the | 
fact that G is an uncountable set it follows that there exists a positive integer - 
n and a set of motions Μι, Με, Ms, ~... such that, for every 7, M,(O) is a 
point of X and such that no two of the regions M,(R,), Μ.(Ε,), Με (109), .. 

have a point in common. By hypothesis the set of points M,(O) ΓΗ, (6) < 
+M,(Q).. . has at least one limit point Z. There exists a motion M such 
that -M (Ry) contains Z. There. exists k such that M,(O) is in M (2,41). 
 Henee 0 is in M,?M(R,,,). It follows that MyM (Ris) is a subset of R,. 

Hence M (Ras) is a subset of M,(R,). Therefore M,(E,) contains Z. Hence 
there exists an index ὁ distinct from & such that M,(R,) contains Μ.Ο): It’ 
follows that M,(B,) and M,(k,) have a point in common, Thus the BUDEOSE 
. tion that Theorem 15,is false leads to a contradiction. | | 


ΤΉΞΟΠΕΜ 16. Every compact set: of points . is a 1 subset of a “compact 
domain.. - : i 


* A set of points K is said to be compaot if every infinite subset of K has at least one lunit point. 
Cf. M. Fréchet, “Sur quelques points du caleul fonctionnel," Rendiconti -dol ᾿ circolo ii α di 
Palermo, Vol. XXII (1906), p. 6. 
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infintiy of elemen:s in (hi? sequerce y. For if there were, inore would exist, 
in AW an uncountable inü:ty of distinct regions, no two cf whieh have a point 
in common, which js coutvary to Theorcm 1 10. it fellows thet there exists a 
countable subset (r; of the xi of regions T such ingt cvor; point of T either 
is In & region oi ‘he set G, or is a limit point of the pontt-set L. obtained by 
adding together ail ine tenions Mp (Rahs Mj ade Ἦν Cte), .... of the set 
G,. Lat ο. denote the set of ο ο Mp ss ο ο ME bens 
The set G, covers 7;. For suppose there exists a point X of T. which Hes in 
no region of ike sei m then X is n luni point of 7,. There exists a 
posilive integer k; such thst the region R, can not be Lransforined by a notion 
into a point-set containing bolh a point in ZZ, anda point in S—R, 4. But 
there exists a motion a sich that πο coninins ΑΝ ‘The region M (Ft, ) 
coutains a point of ©, ius iherefore, for some 7, & point jn common wita 
Mp (Pmp. If it also contatved a point in common with S— Mp, (Bar) Ihen 
NO) would contain s polut of R, and a point of S42, ... Bui this is 
impossible. Jt follows that, for every d, 7", is covered by G,. But every 
region of G, is a subset o" some region of ^, and Z is the gun of ihe finite ΟΥ 
countably imunite set of poit-seis Τι, T4, T34,..... Tt follows- that Z is 
covered by a countable subset of a. 

Trizorem 18. If a closed and compact poiui-zev is covered by an titfintte 
set af regions then i is u'so covered by some jinile subset of that set of 
ferions. - l 

Proof, d '""heorem l7 if a compact point-set is coverec by an infinite 
set of regions d it is covered by a countable subset of έν. oas i if a closed ard 
compact point-set is covered by a countable set of regions buex“ ib 18 coverec 
by ο fiuite subset of thal coratable set. 

T'axongw 19. If ΕΠ’ is a closed and bounded set of ululis there exisis ai. 
infinite sequence of regions Nyy. Kays, Rape, .... ouch that (1) if mis a posi 
tive integer and P is a potul of H', there exists an integev τι, grealer thai m, 
such lluent Kyn contains P, .2) if Pand P are distinct points oj IL lying in a 
region It, there exists an integer à such that if nè ond Kg contging P the. 
Kip, is u subset of R—P. 

Proof. Let li, Γι, Ry, .... beaset of region: closing dows on a polut 2 
If X is a point of 11’ and s 1. a positive integer, the vesion di, can be trans- 
formed by a motion into a region Hy, containing X. Ivor gay fixed n consider 


e—a ie 9 A" w—— ——— ——— — 





—— ος Me aem mmis t —À 


κ Of. Y, JExusdortff, Gruncz lge der Mengenlehre,” Veit & So., Liiozig 1014, p. 931. 


- 


